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ON RIGHT INVERSE I'-SEMIGROUP

SUMANTA CHATTOPADHYAY

ABSTRACT. Let S = {a,b,c,...} and T' = {o,3,7,...} be two nonempty
sets. S is called a I'-semigroup if aab € S, for all & € I" and a,b € S and
(aad)Bc = aa(bBc), for all a,b,c € S and for all o, 8 € I'. An element e € S
is said to be a-idempotent for some o € I' if eae = e. A I'- semigroup S is
called regular I'-semigroup if each element of S is regular i.e, for each a € S
there exists an element = € S and there exist «, 8 € " such that a = aaxfa.
A regular I'-semigroup S is called a right inverse I'-semigroup if for any a-
idempotent e and [-idempotent f of S, eafBe = fBe. In this paper we
introduce ip - congruence on regular I'-semigroup and ip - congruence pair on
right inverse I'-semigroup and investigate some results relating this pair.

1. INTRODUCTION

Let S ={a,b,c,...} and I' = {«, 8,7, ...} be two nonempty sets. S is called a
I'-semigroup if
(i)aadb € S, for all « € " and a,b € S and
(ii) (aab) Be = aa(bBe), for all a,b,c € S and for all a, 8 € T

A semigroup can be considered to be a I'-semigroup in the following sense. Let
S be an arbitrary semigroup. Let 1 be a symbol not representing any element of S.
Let us extend the binary operation defined on S to S U {1} by defining 11 = 1 and
la = al for all @ € S. Tt can be shown that S U {1} is a semigroup with identity
element 1. Let I = {1}. If we take ab = alb, it can be shown that the semigroup
S is a I'—semigroup where I' = {1}.

In [8] we introduced right inverse I'-semigroup. In [2] Gomes introduced the
notion of congruence pair on inverse semigroup and studied some of its properties.
In this paper we introduce the notion of ip - congruence on regular I'-semigroup, ip
- congruence pair on right inverse I'-semigroup and studied some of its properties.
We now recall some definition and results.
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Definition 1.1. Let S be a I'-semigroup. An element a € S is said to be regular
if a € al'STa where al'STa = {aabBa : b € S,a, 5 € T'}. S is said to be reqular if
every element of S is regular.

FEzample 1.1. [8] Let M be the set of all 3 x 2 matrices and T" be the set of all 2 x 3
matrices over a field. Then M is a regular I" semigroup.

Example 1.2. Let S be a set of all negative rational numbers. Obviously S is not
a semigroup under usual product of rational numbers. Let T' = {— % : p is prime
}. Let a,b,c € S and a € T'. Now if aab is equal to the usual product of rational
numbers a, o, b, then aab € S and (aab)Bc = aa(bBc). Hence S is a I'-semigroup.

Let a = "> € S where m > 0 and n < 0. Suppose m = p,p,.......... p, where p,’s are
i DaPprvvePy ¢ 1y 0 m (1 ym _ PiPyreee Py i
prime. Now - ( P ) P— - ( Pk) T = - . Thus taking
b=—" a=(—21)and 8= (—) we can say that a is regular. Hence S

Poeeeeenens Py_1 Py Py

is a regular I'-semigroup.

Definition 1.2. Let S be a I'-semigroup and o« € T'. Then e € S is said to be an

a-idempotent if eae = e. The set of all a-idempotents is denoted by E, and we

denote U E, by E(S). The elements of E(S) are called idempotent element of S.
acl

Definition 1.3. Let S be a I'-semigroup and a,b € S, a,B € I'. b is said to be an

(v, B)-inverse of a if a = aabBa and b = bBaab. This is denoted by b € V.2 (a) .

Theorem 1.1. Let S be a regular I'-semigroup and a € S. Then V%(a) is non-
empty for some «, 8 € I

Proof: Since S is regular there exist b € S and «, 8 € I" such that a = aabfa.

Now we consider the element bfaab. ac(bBaab)Ba = (aabfa)abfa = aabfa = a
and (bfaab)Bac(bfaad) = bB(aad)Ba)abfacb = bBaabBacb = bBaab. Hence
bBaab € VP (a).
Definition 1.4. Let S be a I'-semigroup. An equivalence relation p on S is said to
be a right (left) congruence on S if (a,b) € p implies (aac, bac) € p, ((caa, cab) € p)
for all a,b,c € S and for all « € T'. An equivalence relation which is both left and
right congruence on S is called congruence on S.

Definition 1.5. A regular I'-semigroup S is called a right orthodoz T'-semigroup if
for any a-idempotent e and B-idempotent f of S, eaf is a f-idempotent.

Definition 1.6. A regular I'-semigroup M is a right orthodoz I"-semigroup if and
only if for a,b € S, a,,a,,p,,8, € T, a' € V:f (a) and V' € V;f (b), we have
b'p,a € V;lz (ace,b).

Definition 1.7. A regular T'-semigroup S is called a right inverse I'-semigroup if
for any a-idempotent e and B-idempotent f of S, eafBe = ffSe.

Theorem 1.2. Every right inverse I'-semigroup is a right orthodox I'-semigroup.

Theorem 1.3. Let S be a regular I'-semigroup and F, be the set of all a-
idempotents in S. Let e € E, and f € Ez. Then

RS(e, f) = {g € Vi (eaf)NE, : gae = fBg = g}

is non-empty.
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Proof: Since S is regular, there exist b € S and 7, € I such that ea fybdeaf =
eaf and bdeafvyb = b. Now (eaf)B(fvybde)a(eaf) = eafvybleaf = eaf and
(fybde)aleaf)B(fybde) = fybdeafybde = fybie. Hence fybde € Vi*(eaf). Thus
Vil(eaf) # ¢. Now let z € V§(eaf) and setting g = fBrae we have gag =
(fBrae)a(fBrae) = fB(xae)afBr)ae = fBrae = g. Thus g € E,.

Again gaeaffBg = fBrxaeaeafBfpfrae = fLraeaffrae = fBrae = g and
eafBgaeaf = eafffPraecceaf = eafBraeaf = eaf implies that g € Vé)‘(eaf)
. Hence gae = fBraeae = fBxae = g and fBg = fBfBrae = fBrae = g .
Therefore RS(e, f) # 0 .

Definition 1.8. Let S be a reqular I'- semigroup and e and f be o and - idempo-
tents respectively. Then the set RS(e, f) described in the above Theorem is called
the right sandwich set of e and f.

Theorem 1.4. Let S be a regular I'-semigroup and e and f be a and S-idempotents
respectively. Then the set RS(e, f) = {g € V§*(eaf) : gae = g = fBg and eagaf

=eaf}.
Proof: Let P = {g € V§'(eaf) : gae = g = fBg and eagaf = eaf} and let
g € RS(e, f). Then g € E,,gae = g = fBg and g € V§'(eaf). Now eagaf =

eagaeaffBgaf = eaffgaecaffgacaf = eafBgacaf = eaf. Hence RS(e, f) C P.
Next let ¢ € P. Now gag = gaeaffg = g. Hence g € E,, which shows that

P C RS(e, f) and hence the proof.

Theorem 1.5. Let S be a regular I'- semigroup and a,b € S.If a’ € Vi(a), V' €
Vj(b) and g € RS(a'Ba,byb’) then b'dgaa’ € VP (aab).

Proof: Let ¢ = a/Ba and f = byb. Then e is an a-idempotent and f is
a d-idempotent and also g is an a-idempotent. Now (aad)y (b dgaa’)B(aad) =
aafdgaeab = aagab = aad Baagabyb' §b = aceagacab = aceafdb = aaa’ facd
vb'0b = aadb. Again (Vdgaa’)B(aad)y(Vdgaa’) = Vdgaeafigaa’ = b'dgagaa’ =
b'6gaa’. Hence b'dgaa’ € V.2 (aab).

Corollary 1.1. For a,b € S, if V5(a) and Vf(b) are nonempty then Vf(aab) is
nonempty.
Proof: Let o' € V/(a) and b’ € V(b) then we know that RS(a'Ba,byb’) # ¢.
For g € RS(a'Ba,byb) and hence we get b'dgaa’ € V. (aab). Hence the proof.
2. IP- CONGRUENCE PAIR ON RIGHT INVERSE I'-SEMIGROUP

In this section we characterize some congruences on a right inverse I' - semigroup

S.

Definition 2.1. Let S be a I'-semigroup. A nonempty subset K of S is said to be
partial T'-subsemigroup if for a,b € K,aab € K, whenever V2 (a) # ¢. for o, 3 € T.

Definition 2.2. A partial T'-subsemigroup K of S is said to be reqular if V2 (k) C K
forallk € K and o, € T.

Definition 2.3. A partial T-subsemigroup K is said to be full if E(S) C K where
E(S) is the set of all idempotent elements of S.

Definition 2.4. A partial T'-subsemigroup K of S is said to be self conjugate if for
alla € S,k € K and o’ € V2 (a),d Bkya € K whenever Vj(k) % ¢ for some § €T,
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Definition 2.5. A partial T'-subsemigroup K of S is said to be normal if it is
regular, full and self conjugate.

Definition 2.6. An equivalence relation p on S is said to be left partial congruence
if (a,b) € p implies (ca,a, ca,b) € p whenever Vaﬁ;’ (¢) is nonempty. Note that every
left congruence is a left partial congruence.

Here we consider these left partial congruence which satisfy the following condi-
tion:
(a,b) € p implies (acic,basc) € p whenever each of the sets Vo’il (a), aiz (b) is
nonempty for «;, B; € I'yi = 1,2. We call this left partial congruence as inverse
related partial congruence (ip - congruence).

Ezample 2.1. Let A = {1,2,3} and B = {4,5}. S denotes the set of all mappings
from A to B. Here members of S will be described by the images of the elements
1, 2, 3. For example the map 1 — 4,2 — 5,3 — 4 will be written as (4,5,4)
and (5,5,4) denotes the map 1 — 5,2 — 5,3 — 4. A map from B to A will be
described in the same fashion. For example (1,2) denotes 4 — 1,5 — 2. Now
S = {(4,4,4),(4,4,5),(475,4),(4,575),(5,575),(5,4,5), (5,4,4), (5,5,4)} and let
r = {(1,1),(1,2),(2,3),(3,1)}. Let f,g € S and a € T'. We define fag by
(fag)(a) = fa(g(a)) foralla € A. So fag is a mapping from A to B and hence
fag € S and we can show that (fag)Bh = fa(gBh) forall f,g,h € S anda, B € T.
Hence S is a T' - semigroup.

We can also show that it is right inverse. We now give a partition S = U S;

1<i<5
and let p be the equivalence relation yielded by the partition where each S; is given
by:
Sl - {(4a 474)}7
Sy = {(5’ 9, 5)}7
Sz ={(4,5,4),(5,4,5)},
Ss={(4,5,5),(5,4,4)},
55 = (4a 47 5)7 (5a 5; 4)}

Here we see that (4,5,4)p(5,4,5) but (4,5,4)(3,1)(4,4,4) = (4,4,4) and (5,4,5)
(3,1)(4,4,4) = (5,5,5) i.e p is not a congruence.
Now for f € S we observe the following cases:
(a) (4,4, 4)af = (4,4,4) for alla €T,
(b) (5,5,5)af = (5,5,5) for alla er,

(¢) (4,5,4)(1,2)f = [ and (4,5,4)(2,3)f = [,
(5,4,5)(2,3)f = f and (5,4,5)(1,2)f = f',
(d) (4,4,5)(2,3)f = f and (4,4,5)(3,1)f = f,
(5,5,4)(3,1)f = f and (5,5,4)(2,3)f = [,
(e) (4,5,5)(1,2)f = f and (4,5,5)(3, 1) f = [,
(5,4,4)3,1)f = f and (5,4,4)(1,2)f = [,

From the above cases we can easily verify that p is a ip - congruence on S.

Definition 2.7. An ip - congruence & on E(S) of S is said to be normal if for
any a-idempotent e and B-idempotent f,a € S and o' € Vf(a), (e, f) € & implies
(a'deaa,d'd fBa) € & whenever a'deaa,d’§fBa € E(S).
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Let p be an ip - congruence on a regular I' - semigroup S then we can define
a binary operation on S/p as (ap)(bp) = (aab)p whenever V.5 (a) exists for some
B € T. This is well defined because if ap = a’p and bp = V'p then
(ap)(bp) = (aab)p (Since V.2 (a) # ¢ for some o, 3 € T)
= (aad')p
= (d'a,b)p(Since Voi1 (a') # ¢ for some «,, 3, €T)
= (d'p)(¥'p).
The operation is easily seen to be associative, and so S/p is a semigroup.

Definition 2.8. Let p be an ip - congruence on a reqular T'-semigroup S. Let
a €T, then the subset {a € S : ap € E(S/p)} of S is called kernel of p and it is
denoted by K.

Definition 2.9. Let p be an ip - congruence on a reqular I'-semigroup S. Then the
restriction of p to the subset E(S) is called the trace of p and it is denoted by trp.

We now treat S as a right inverse I'-semigroup throughout the paper.

Definition 2.10. A pair (&, K) consisting of a normal ip - congruence & on E(S)
and a normal partial T'- subsemigroup K of S is said to be ip - congruence pair for
S if for all a,b € S,a’ € VP(a) and e € E,

(i) eva € K, (e,aad) € = a e K

(it) a € K = (acevyad',eyaaa') € €

Given a pair (£, K) we define a relation p, ., on S by (a,b) € p,, ., if and only
if there exist a’ € V/(a) and b’ € V2 (b) such that aab’ € K, (a/Ba,b'db) € &.

Theorem 2.1. Let S be a right inverse I'-semigroup. Then for an ip - congruence
pair (¢, K) and a p-idempotent e, aab € K implies aceub € K for all a,b € S and
VP (a) # ¢ for some B €T.

Proof: Let aab € K. Since S is regular there exist 7,6 € I such that Vf (b) #
¢. Then by Corollary 1.1 , Vf(aab) #+ ¢. Let b € Vf(b). Then byb' is a 6-
idempotent and since S is a right inverse I'-semigroup (byb')deu(byb’') = ep(byd’).
Now acepb = aceubyb/db = ac(byd')deu(byb')ob = (aab)y(b'deub). Since S is right
inverse I'-semigroup b'deub € E, C K . Since K is a partial I-subsemigroup and
aab € K, (aab)y(b'deub) € K. So aceub € K.

Theorem 2.2. Let (£, K) be an ip - congruence pair for S and a,b € S are such
that (a,b) € p ., then there exist a’ € V2 (a) and b' € V2(b) such that

(i) aad’ € K and (a/fa,b'dd) € &

(ii) bya’ € K and so (b,a) € p,

(iil) (byb', acd' Bbyb') € € and (aaa’, byb'daaa’) € €

Proof: (i) Let a,b € S and (a,b) € p ,- Then (i) follows from definition of
Pie.xcy- Now from (i) we have aad’ € K and (a'Ba,b'0b) € £. Let g € RS(V'db, a’ Ba),
then g is a y-idempotent. So by Theorem 1.5 we have aagyb’ € Vg (bya’). Also
by Theorem 2.1 aagyb’ € K since aad’ € K and g € E,. On the other hand
bya' € Vf (aagyb') and so bya’ € K, since K is a normal subsemigroup of S.
Therefore (b,a) € p,, ., since § is symmetric. Hence (ii) follows.

Again for g € RS(V'6b,a’Ba), g = gyb'db = d/Baag and (V' 6b)ygy(a’'Ba) = (b'0b)~y
(a’Ba) by Theorem 1.4. Hence bygyb' € Es. Now b'ob = (b'db)y(b/db) £ (b'ob)y
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(a'Ba) = (V'ob)ygy(d'Ba) & (V/6b)ygy(b'db) and so by normality of & we have
by(b'6b)yY € by(V Sbygyb' )b ie byb £ bygyb'. Now aagyb’ € Vﬁ‘f(b’ya’) and
so we have

by & bygyt’

= by(a’'Bacg)yb’ (Since g € RS(V'6b,a’Ba))

(bya)B(aad Ba)agr
(bya')B(aca’) B(acgyb’) (Since aaa’ € Eg and bya' € K)
(aca’)B(bya')B(aagyb’) (by Definition 2.6 and acgyb’ € Vﬁé(b'ya’))
aaa’ Bbygyb'
(aaa')B(byb).
Similarly interchanging the role of a and b we can get the second relation.

]

Theorem 2.3. Let (¢, K) be an ip - congruence pair for S and a, b € S are such that
a,b € p i, then for all a* € V2 (a) and b* € V2(b), aab* € K and (a*Ba,b*ob) € &

Proof: Since (a,b) € p ¢ k), there exist a’ € Vfll (a) and V' € lel (b) such that
all the three conditions of Theorem 2.2 are satisfied. Now
aB,a = dBaca*Pa
= d'Baaa*Pac,d B, a
¢ d'B,aa,a*Baca’Ba (Since € is an ip - congruence and V2 (a) and
Vfll (a) are nonempty.)
= (@B,a)a, (a"Ba)ala’B,a)
= (a*Ba)a(d Ba)
¢ a*Baa,d'Ba (Since £ is an ip - congruence and V/(a) and Ve (a)
are nonempty.)
= a*fa.
Similarly we can show that (0'6,b,b*db) € . Hence we have a*fa & o/f,a £ V'6,b
€ b*0b. Hence (a*fa,b*0b) € £. We now prove that aad® € K. To prove this we
proceed by five steps.
Stepl: by,a’ € K.
Step2: V6,0 € K.
Step3: b*da € K.
Step4: (byb*, aaa*Bbyb*) € €.
Steph: aab* € K.
Let ¢ € RS(b'4,b,a'B,a), then g is a yi-idempotent and we have aa, gv,b" €
V:ll (by,a’). Also since aa,b" € K and g € E., , by Theorem 2.1 aa, gv,b" € K. On

the other hand by,a’ € V(ffl (acx, gv,b"). Since K is regular we have by,a’ € K.

Let h € RS(by,V',ac,a’). Then o/B,hé,b € Vi* (b'6,a) ie, V'6,a € Vy' (a'B,h
0,b). Now since by,a’ € K and K is full self conjugate partial I'-subsemigroup of
S, we have

(6/51 b)71 (alﬂl a)al (a/61 h51 b) - b/51 ((b71 a/)ﬁl h)§1b € K.

Now
hé, (ax,a’) = (aa,ad')B,hé, (aa,a)
& (by,b)d, (ac,a’) B, hé, (acr,a’)(By Theorem 2.2)
= (by')d,hd, (aaa’) (Since S is right inverse)
= (byb')d, (aaa’) (Since h € RS(by, V', ac,a’).
¢ aa,d (By Theorem 2.2).

Again
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(a/61 h(slb)’% (b/(sla’) = a/51h61a
¢ aa,d
& (V'4,b)v,(d'B,a) (By Theorem 2.2).
Now since S is a right inverse I'-semigroup, it is right orthodox and hence (b'6,b)~,
(a/B,a) is an a,-idempotent. Thus by Definition 2.10 a’8,hd,b € K and since K is
regular, b'd,a € K.

Now we have v'd,a € K. Hence we get b'0,(byb*)da € K by Theorem 2.1.
Again b*da = b*ébyb*da = b*0(by,b',0)vb*0a = (b*0b)~y, (V/dbyb*da) € K since
b*obe E, C K, lel (b) is nonempty and K is a partial I'-subsemigroup.

We now prove step 4.

byb* (b,0)8, (00")
(act,a)B, (03,15, (75")
(aca™)B(ac,a’) B, (by,b')6, (byb*)
(aaa™)B(by, b')d, (byb*)
(aaa™) B(byb*).

Finally we show the last step. Now we have b*da € K. Since a* € V/(a) and
b* € V2(b), we have (a*3b) € V7 (b*da) and hence a*Bb € K, since K is regular. Let
x € RS(a*Ba,b*6b). Then byraa* € Vf(aab*). Now ((aca®)B(byb*))d(byzaa*) =
aca*fbyraa® = aa((a*Bb)yr)aa* € K, since a*fb € K,x € E_ C K and hence
(a*Bb)yx € K and also K is self conjugate. Again

[l |l v |

za(b*db) = (b*0b)yxza(b*db) (Since S is right inverse)
€ ((b*0by(a*Ba))axa(b*b) (Since (a*Ba,b*ddb) € &
= (b*0b)y(a*Ba)a(b*ob) (Since x € RS(a*Ba,b*db).)
& ((b*5b)y(b*db)~y(b*b)(Since ¢ is an ip - congruence and
(a*Ba,b*sb) € &)
= b*0b.
Thus
byxab® = by(xa(b*ob))yb*
£ bbb’
— byt
Now
(byxaa®)B(aad*) = by(za(a*fa))ad*
= byzad*
£ byt

£ (aaa”)B(brb").

Again since S is a right inverse I'-semigroup, (aca*)S(byb*) is a d-idempotent and
by Definition 2.10(i) byzaa* € K and hence aad* € K since K is regular. Hence
the Theorem.

Remark 2.1. From the previous Theorem, we can say that in the definition 3.11 of
Pe.rcy and in the Theorem 2.2 "there exist” can be substituted by “for all”.

Theorem 2.4. Let (£, K) be an ip - congruence pair for S and a,b,c € S and let
a’ € VPi(a), b € V2(b), ¢ € Vi3 (c),g € RS(¢Byc,aa,a’),h € RS(¢Bye,bayl).
Then (a'B,a,b' B,b) € &, ac, b’ € K implies (a’f3, ga,a,b' B,ha,b) € €.

Proof: Let (¢, K) be an ip - congruence pair for S and a,b € S are such that
for some o’ € Vfll (a), V' € ij (b), (a'B,a,b'B,b) € € and aa, b’ € K. Given ¢ € S
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and ¢ € V(;B; (¢), let g € RS(Byc,aa,a’) and h € RS(c'B,¢,ba,b’). Then g and
h are a,-idempotents. Choose an arbitrary element = € RS(a'S,a,b' 8,b). Then
ba,zaya’ € Vﬁil(aalb’). So aa,b' B,ba,xa,a’ € Eg,. Also let t € RS(g,aa, V' B,ba,
ra,a’) thent € E,, and t = ta,g and hence ba,ra, a’ B, ta,g € Vﬂa;' (gazaa,b’) and
ba,za,a' B tasac, b = (bayza,a’)B, (ta,g)a,aa, b = (ba,xa,d B, ta, g)a, (gagan,
V') € Ep,. On the other hand ba,za,a’ € K, since it is an (B,,3,)-inverse of
ac, b which belongs to K. Now since (£, K) is an ip - congruence pair for S, by
definition we have ((ba,za,a’) B, ta, (aa, V') , ta,ba,za,a’ B, ac,b’) € €. Again since
za, (d'B,a) = x we get

(2.1) (ba,za, d B tagaa, b taba,za,b’) € €

for all x € RS(a'B,a,b'B,b)

Now since ¢ is an ip - congruence and (a’3, a, b’ 8,b) € £, we have b'8,ba, xa, V' 3,b
¢ d'Baa,xa b B,b = ' Baa /B0 € VBbab/ B, = b B,b.  Again and hence
(ba,za, V') B, (ba,za,b') = ba,za, (V' B,ba,x)a, b = ba,za, b’ and hence ba, xa, b €
Ejg, . Hence ¢ is normal, we have (ba, (b'53,ba,xa, V' B,b)a, b, ba, (b 8,b)a,b') € €
which implies
(2.2) (ba,za, b’ ba,b') € €

Similarly we can show that
(2.3) (aa,zayd’ ac,a’) € €

Using (2.1)and(2.2) we get
(2.4) (ba,za, a' B taac, b taba, b') € €

Since aa,d'f,t = ac,d' B, ((ac, b’ B,ba,xa,a’)B,t) = aa, VB, b,z d Bt = t, we
have a'f,ta,a € E, . Since (V',b,d'$3,a) € £, we have

b B,ba,xand Bita,ac, ' 8,0 € d/ B ac,xayd Bita,an,d/ B a
= dpaa,zad B taa
a' B ac, (xa,d B,a)a, d B taga

& dpaaza, (W B,b)a,d B taga (Since € is an
= ip - congruence)
= d'paa b/ B,ba,d B ta,a (Since z €
RS(d'B,a,b'B,b))
¢ dBaa,d B aa,d Btaga
= d B ta,a.
Hence
(2.5) (b'B,ba,za,a’ B ta,ac, b/ B,b,d’ B ta,a) € €

Next since g € RS(c'B,¢,aa,a’), aa,a’ B, g = g and hence we have a'3, ga,a € E, .
Now since z € RS(a’B,a,V'B,b),ac,b'B,ba,xa,a’ = aa, a0’ € Eg, and hence t €
RS(g,aa,za,a’). Thus we have ga,ta,ac, xa,a’ = gagaa, za,a’. Now by (2.3) we
have ((ga,t)a,ao,za,d, (gat)a,aa,a’) € € ie, (gazaa, za,d, gataan,a’) € €
since t € RS(gaa, za,a’) and again using (2.3)we have gaac,a’ € gayaa, zaya’ €
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gagtagan, a’ ie, we get (gag,aa,d, gatasana’) € €. Now since S is a right inverse
I'-semigroup ta,ga,t = ga,t and hence we have ga,to,ac,d’ = ta,go,ta,an,ad’ =
tag ac, a’ since ta,g = t. Thus (ga,aq, d, tagaa,a’) € € by transitivity of £&. Now
since £ is normal, we have ('8, (ga,ac,a')B,a , ' B, (taac,a’)B,a) € €. e,

(2.6) (a'B,ga,a,ad B, ta,a) € &

Again since S is a right inverse I-semigroup and the fact that ¢ € RS(g, ac, za, a’)
and g € RS(c'B,c,aa,a’) we see that
ta,bayb! = ba,b/ B, ta,ba,b’ (Since S is right inverse I'-semigroup)
= ba,V'B, (tas 9)013 (ba, ')
= ba,b' B, (ta,ga,c Byc)a,bal.
Now since (a'8, a,b'3,b) € £ and aa, b’ € K, proceeding the same way of Theorem
2.2 we have (ba,b',ac,d'8,ba,b’) € §&. Now
taba,b/ = ba,b B, ta, ga, d B, ca,bay b’
& ba, VB, ta,ga,d B, coy (aay a/ B, ba,b') (Since
(b, b, ace,a' B, bab’) € €)
= ba, VB, (ga ta,g)a,d B cajan, a’ B,ba,b’ (since S is right inverse)
= ba, V' fB,g9a ta, (aa,d B, g)a,d B, ca,an, d B,ba,b’ (Since g €
RS(d B,c,aa,a’))
€ ba,bB,ga,ta, (a0, za,0)B, ga, ¢ Bcaan, a'B,ba,b’ (by (2.3))
= ba,b'B,(ga,(ac, zaya’) B, g)a,d Bca an, a B, ba, b’ (since t €
R8(g,a0, 70, a"))
& ba, VB, (ga,(ar,a’)B,g)a,c Bycaan,a’ B ba,t’ ( By (2.3))
= ba,V'f,ga,c B cajan, a’ B, bay b’ (Since (aa,a’)B, g = g)
= ba,b'B,(d B,ca,ga,d Byc)a,an, d B, ba,b’ (since S is right
inverse)
= ba,b'B,c Bca,ga, (aa,d' B, ¢ B,ca,an, a’) B, ba, b (Since S is right
inverse)
= ba,b'p,(d B ca an,a’) B, ¢ B, caan, a B, ba, b (since g €
RS(dB,c,aa,a’))

ba,b' B,ac,d' B, ¢ Bycazaa, a’ B, ba, b (since S is right inverse)
ba,b' B, Bycaan,a’ B, ba,b
= baQb/52(Clﬁsca3aa1a,)ﬁ1ba2b,
' Bycaaa,a’ B ba,b’ (Since S is right inverse and hence right orthodox)
' Bycaba, b’
d By hagba,b (since h € RS(' B, ¢, ba,b')
= ha,d B ca habo,b’ (since S is right inverse)
= ha,ba,b’ (Since h € RS(c'B,¢, ba, b))
Hence we have
(2.7) (taba, b, hagba,b') € €

[| o

Finally from (2.4) and (2.7) we have (ba,zc,a’ S, ta,aa, b, ha,ba,b’) € € and by
normality of & we have (V/3,ba,za,a' B taac, b/ 8,0,V 5, ha,ba,b' 8,b) € € i.e,

(' B,ba,xan d Bitagac, b 5,0, 0 B, hayb) € €. Tt is to be noted that both the elements
belong to E, . Also by normality of { together with (2.5) and (2.6) we have
(d'B,ga,a,b B,hayb) € €. Hence the proof.
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Theorem 2.5. If (§, K) is an ip - congruence pair for S,then p . is an ip -
congruence with trace £ and kernel K. Conversely if p is an ip - congruence on S

then (trp, Kerp)is an ip - congruence pair and p = Pltrp icers) -

Proof. Let (¢, K) be an ip - congruence pair for S and p, ., and let p=p ..
Since E(S) C K and ¢ is reflexive, p is also reflexive. Again from Theorem 2.2 and
Remark 2.1, we see that p is symmetric. We now show that p is transitive. For this
let us suppose that (a,b) € p and (b,c) € p and let o’ € Vfll (a), b € Vaﬂ; (b),c €
Vf;(c). Then we have (a'B,a,b' 8,b) € &, (V' B,b,c'B,¢) € & a0,V € K, ba,c € K.
Since ¢ is transitive we have (a/f, a, ¢'5,¢) € £&. We now show that aa, ¢’ € K. Now
by Theorem 2.2, ba,a’ € K and ca,b’ € K. Hence ca,b'f,ba,a’ € K, Since K is a
I-subsemigroup. Let g € RS(c'B,¢,b'3,b) and h € RS(c'B,¢,a’B,a). By Theorem
2.1 and since g = ga,c/Byc € Eas, we have,

(2.8) (ca, b/ B,b), (g0, Bye)ad’ € K

Again since ba,ga,c € Vﬂﬁj (cagb'), ca,b'B,ba,ga,c’ € Eg . Now c'B,c = ' B;ca,
' Byc & ¢ Byeab B,b = Byea,gab' B,b € ¢ Bca, ga,d Boe = Bycayg, since (b 5,b,
c'Bye) € £ and g € RS(B,e,b'B,b). Also since cayga,c’ € Eg, and ¢ is normal, it
follows that (ca,(c'B,c)a,c, coy, (¢ B cay9)a,d) € € ie(ca,d, caga,d) € €. Simi-
larly since (¢',¢,a’B,a) € § and ca ha,c’ € Eg, we have (cayc, cazhagc’) € €. By
transitivity of £ , (ca,ga,c, cazha,d) € €. Again ca, (V' 8,ba,g)a,d = ca,ga,c €
cazha,d = ca,(d'Baa h)a,c. ie,

(ca,b' B,ba, g,y caga B aa, ha,d) € €. Again since ba,ga, ¢ € V;j (ca,b), ca,t/
B,ba,ga,c’ € Eg and since aa, ha,c' € Vﬂﬁf (caya’), from (2.8) and Definition 2.10
we can say that ca,a’ € K and by Theorem 2.2 we have aa, ¢ € K. Hence p is
transitive. Hence p is an equivalence relation.

We now prove that p is an ip - congruence. Let us suppose that (a,b) € p. Then
for all @’ € Vo’il (a),b € ij (b), (d'B,a,b'B,b) € £ and aa, b’ € K. Let ¢ € S and
¢ € Va2 (c). Wenow prove that (ca,a,ca,b) € p. Let g € RS(¢'B,¢,aa,a’) and h €
RS(dB,c,ba,b’). Then o/ B, ga,c € fo (caya) and V' B,ha,d € Vf; (ca,b) and by
Theorem 2.4 we have o', ga, ¢ B,ca,a = o' B, gaza € b B,ha,b = 0 B, ha, ¢ B, cab.
Also (caga)a, (b'B,ha,c) = cay(aa,b)B,ha,c € K since aa, b’ € K and h € B,
and K is self conjugate. Hence by definition of p we have (ca,a,ca,b) € p.
Next we prove that (ac,c,b8,¢) € p. For this let g € RS(d'B,a,ca,c’) and
h € RS(V'B,b,ca,c’). Then ¢fB,ga,a € Vf; (ac,c) and /B ha,b’ € Vf;(bazc).
Now
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ga,ca,d = go,d B ac,ca,c (Since g € RS(d'B,a, ca,c))
¢ ga,bBba,cad
= ga, VB, ba,ha,ca,d (Since h € RS(V'B,b, ca,d))
¢ ga,(d B a)a ha,ca,d (Since € is an ip - congruence and
(B0, H5,b) € &)
= (d'B,aa,g9a,d' B, a)a, ha,ca,c’ (Since S is right inverse)
= d'paa,ga,d B an, (ca,d B h)a, ca,c (Since h €
RS(V' B8,b, ca,c))
= alﬂlaoﬁgoﬁ(alﬂlaalca3cl)53hazca3d
= d' B aa,ga, (ca,d B,d' B, aq, ca,d) By hay, ca,d (Since S is
right inverse)
= d'paa, ga, ca,d B,d B aa, ha,ca,d (Since h € RS(V 3,0, ca,c))
= (d'B,aqa,co,d Byd B, a)o, hoyca,d (Since g € RS(d' S, a, cayc'))
= ca,dpB,(a'B,aa,h)a,ca,c (Since S is right inverse)
= ad'p,aa, ha,ca,d (Since S is right inverse and
hence right orthodox)
¢ bB,ba,hayca,d
= U B,ba,ha, b B,ba,ca,c (Since h € RS(VB,b, ca,c’))
& ha,b'B,ba,ca,c (Since S is right inverse)
= ha,ca,c.
Hence
(2.9) (ga, ca,d hayca,d) € €

Now since g € RS(a'B,a,ca,c’) and h € RS(V'B,b,ca,c’),c'Bha,c € E,, and
c'Byga; ¢ € By, . Again by normality of § and by (2.9) we have (¢'B,(ga, ca,c’)B,e,
B, (hayca,d)B,c) € €. ie, (¢B,g9a,¢,d B,ha,c) € £ Thus (¢'B,9a,a’)8, (aa,c) €
(¢ Byha,b') B, (bayce). Finally (aw,c)o, (¢ B.hat’) = aa, (ca,d B h)a,b € K since
ao, b’ € K. Hence (ac, ¢, ba,c) € p by definition of p.
Let us now show that trp = £. Let us suppose that e be an a-idempotent and f be
a [-idempotent are such that (e, f) € p. Then by definition of p we have (e, f) € &,
since e € V%¥(e) and f € Vﬂﬁ(f). Hence trp C €. Conversely let e € E, and f € Eg
and (e, f) € &. We now show that (e, f) € p. Since S is right inverse I'-semigroup,
eaf € Eg C K. Again considering e € V*(e) and f € Vﬁﬁ(f) we can say that
(e, f) € p. Hence & = trp.
Let us now show that K = kerp. For that let a € Kerp. Then there exists an
a-idempotent e € S such that (a,e) € p and hence (a’da,e) € £ for all a’ € Vf(a)
and aye € K. Then by Theorem 2.2 and Remark 2.1 eaa’ € K and so by definition
of (&, K) we have o’ € K and hence from regularity of K,a € K.
Conversely suppose that a € K. Let a’ € V(a) then (a'Ba,d'Baad’Ba) € ¢ and
aad'Ba € K i.e, (a,a’fa) € p by definition of p. Thus a € Kerp. Hence K = Kerp.
We now prove the converse part of the Theorem. Let us suppose that p is a
ip - congruence on S. We show that (trp, Kerp) is an ip - congruence pair and
P = Plorp rcerp - L€0 @b € kerp and let VB (a) # ¢. Hence ap = ep and bp = fp for
some y-idempotent e and d-idempotent f. Now ape implies aab p evb p ey f. Since
S is a right inverse I'-semigroup ey f € Es and hence aab € Kerp. Thus Kerp is
a partial I-subsemigroup of S. Clearly Kerp contains E(S). Let a € Kerp and
a’ € VP(a). We show that a’ € Kerp. Since a € Kerp, ap = ep for some e € E.,,.
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Now o’ = d'Baad’ p o' feya’ = o’ Beyeya' p o’ Baceya’ p o’ Bacaad’. Since (a'fa)a
(acd’) € Eg,a’ € Kerp. Thus Kerp is regular. Next let « € S and o €
VP(a) and k € Kerp where Vf(k) # ¢. Since k € Kerp,kp = ep for some p-
idempotent e. Now since S is a right inverse I'-semigroup, (a/fepa)a(a’Bepa) =
a' B(epaad’ Be)pa = d’' Blaca’ Be)pa = o' Bepa i.e,a’ Bepa € E,,.
Now a'Bkva p o’ fepa and hence o’ Bkya € Kerp i.e, Kerp is self conjugate. Thus
Kerp is a normal partial [-subsemigroup of S. We now prove that (trp, Kerp) is
an ip - congruence pair for S. Since p is a ip - congruence and for o’ € V)?(a)
and e € E,,d'feya € E,,trp is a normal ip - congruence. Now let a € S and
a’ € Vf(a) and e € E, be such that eya € kerp and (e,aaa’) € trp. Now a p
(acd’)Ba p eya p f for some f € E(S) since eya € Kerp. Hence condition (i)
of Definition 2.10 is satisfied. Next let a € Kerp and e € E,, and let o’ € V()
. Now since a € Kerp,ap = fp for some d-idempotent f and a’p = gp for some
p-idempotent g.
Now aceya' = acevya'Baca’ p féeygufdg p féeyfég p evfdg p eyaaa’. Now
since aaevya',eyaaa' € Eg,we have (acevya',eyaaa’) € trp. Thus condition (ii) of
definition 2.10 is also satisfied. Finally we show that p = p, , .., i€, we prove
(a,b) € p if and only if for all a’ € Vaﬁl1 (a) and for all b" € Vo2 (b),aa, b’ € Kerp
and (a'B,a,b'8,b) € trp . Suppose (a,b) € p and d’ € Vfll (a),t € Vf;(b). Now
aa, b’ p ba,b’ since p is an ip - congruence. Again since ba,b’ is a (,-idempotent
we can say that aa, b’ € Kerp. Now a'f,a p a’8,b = a'5,ba,b'B,b p a’3,ac,b'B,b p
(a'B,a)a, (V' B,a) = (a'B,a)a, V' Bac,d’ Ba p (a'B,a)a, (V' B,b)a, (a'B,a) = (VB,b)a,
(a'B,a) = V' B,ba,(d'B,a) p VB, (ac,d'B,a) = V' B,a p V' 3,b. Now since o/, a and
b'B,b are o, -idempotent and «,-idempotent respectively, we have (a’S,a,b'8,b) €
trp. Hence p C p,, . o -
Conversely let (a,b) € S such that for all o’ € Vi (a), b € Vo7 (b), (a'B,a,b'B,b) €
trp and ac, b’ € Kerp.
Now

(aoﬁb/)/@)z (baza/)/@1 (CLOélbl) = aq (b/ﬁQb)az (a’/ﬁla)al (b/ﬁzb)O‘Qb/
ac, (a B, a)ar, (b Bb)ast
= aa,b

and
(ba2al)ﬁl (aalb/)ﬁ2(ba2a/) = ba2(alﬁla)al (b/ﬂZb)a2(al/Bla)ala/
= ba,(V'5,b)a,(a'8,a)a,a
= ba,d

Hence aa, b’ € V;f (baya’).  Again since aa, b’ € Kerp,ba,a’ € Kerp and let
(aa, V') p e and (ba,a’) p f for y-idempotent e and d-idempotent f. Now a =
aal (alﬁla)al (al/Bla) paal (b//BZb)aQ (a//Bla) p (aalb/)52 (ba2a/)5lape’}/f6a = fae’yf
6a p (ba2al)/31 (aalb/)ﬁQ (ba2a/)61a/ = ba2 (alﬁla)al (b/52b)a2 (a/ﬂla/) = baZ (bl/32b)a2
(a'B,a) p ba, (V' B,b)a, (b’ B,b=0. i.e, (a,b) € p. Hence the proof.
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