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COMPARATIVE GROWTH ESTIMATES OF DIFFERENTIAL
MONOMIALS DEPENDING UPON THEIR RELATIVE ORDERS,
RELATIVE TYPE AND RELATIVE WEAK TYPE

SANJIB KUMAR DATTA AND TANMAY BISWAS

ABSTRACT. In this paper the comparative growth properties of composition of
entire and meromorphic functions on the basis of their relative orders (relative
lower orders), relative types and relative weak types of differential monomials
generated by entire and meromorphic functions have been investigated.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let f be an entire function defined in the open complex plane C. The maximum

modulus function relating to entire f is defined as My (r) = max {|f (2)| : |2| = r}.
If f is non-constant then it has the following property:
Property (A) ([2]) : A non-constant entire function f is said have the Property
(A) if for any o > 1 and for all sufficiently large values of r, [M (r)]* < M (r°)
holds. For examples of functions with or without the Property (A), one may see
[2].
When f is meromorphic, My () can not be defined as f is not analytic. In this
situation one may define another function T (r) known as Nevanlinna’s Character-
istic function of f, playing the same role as My (r) in the following manner:

Ty (r) = Ny (r) +mg(r) .

Given two meromorphic functions f and g the ratio ;f E:; as r — oo is called
g

the growth of f with respect to ¢ in terms of their Nevanlinna’s Characteristic
functions.

When f is entire function, the Nevanlinna’s Characteristic function T (r) of f
is defined as

Ty (r) =my (r) .
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We called the function Ny (r,a) <J\? £ (7 a)> as counting function of a-points

(distinct a-points) of f. In many occasions Ny (r, c0) and N 1 (r, 00) are denoted by

Ny (r) and N ¢ (r) respectively. We put

T

Ny (r,a) :/nf (t,a);nf (O’G)dtqtv{f(o,a)logr,

0

where we denote by ny (r,a) (n} (r, a)) the number of a-points (distinct a-points)
of fin |z| <r and an oo -point is a pole of f . Also we denote by ny—;(r,a) ,the
number of simple zeros of f —a in [z| < 7. Accordingly, Ny—;(r,a) is defined in
terms of ny—;(r,a) in the usual way and we set

o1(a; f) =1 —liﬁsogp]w {cf. [17]},

the deficiency of ‘a’ corresponding to the simple a- points of f i,e. simple zeros of
f — a. In this connection Yang [16] proved that there exists at most a denumerable
number of complex numbers a € CU {oco} for which

d1(a; f) > 0 and Z d1(a; f) < 4.

a€CU{oo}

» F—a
by my (r) , which is called the proximity function of f. We also put

On the other hand, m (7‘ #) is denoted by my (r,a) and we mean my (r, c0)

2w

my (r) = %/10g+ ’f (Tew)‘ df, where
0

logt # = max (logz,0) for all z >0 .
Further we denote O(o0; f) as

: Ny(r)
O(oco; f) =1 —limsu .
( f) T—>oop Tf(r)
However, a meromorphic function b = b(z) is called small with respect to f if

Ty (r) = Sy (r) where Sy (r) = o{T} (r)} ie., %Eg — 0 as r — oco. Moreover for

any transcendental meromorphic function we ca = 0 L k
y dental phic function f W P[f] = bfro(fM)m . (fH))nm,

k
to be a differential monomial generated by it where > n; > 1 (alln; | i =0,1,...,k

i=0
are non-negative integers) and the meromorphic function b is small with respect to
k k
J- In this connection the numbers vp(s) = > n; and I'ps; = > (i + 1)n; are called
= i=0

i=0
the degree and weight of P[f] respectively {cf. [5]}.
If f is a non-constant entire function then T (r) is rigorously increasing and
continuous function of r and its inverse T’ L (Ty (0),00) — (0,00) exist where

lim Tf_1 (s) = oo. Also the ratio ?E:; as r — 0o is known as growth of f with re-
S§—00 g9

spect to g in terms of the Nevanlinna’s Characteristic functions of the meromorphic
functions f and g. Further in case of meromorphic functions, the growth markers
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such as order and lower order which are traditional in complex analysis are defined
in terms of their growth with respect to the exp z function in the following way:

: log T (r) . logTy (r) .. log T (r)
= limsup———"—-7/— = limsup————~ = limsup—————2—
P 108 Ty (1)~ P Tog (2) e log (1) + O(1)
logT logT logT
Af = liminfiog 7 (1) = liminfiog 7 (1) = liminfiog £ () ,
r—oo log Toxp 2 (’I") r—oo  log (%) r—oo log (T’) + 0(1)

and the growth of functions is said to be regular if their lower order coincides with
their order.
In this connection the following two definitions are also well known:

Definition 1.1. The type o and lower type o of a meromorphic function f are
defined as

s Ty (r) e Ty ()
of—hgs;}pri and Uf—hrrgg.}f TR 0<pr<oo.
If f is entire then
log M log M
of = limsupw and oy = liminfogif(r)7 0<pr<oo.

r—00 rPf r—o0 r

Definition 1.2. [7] The weak type 7; and the growth indicator 74 of a meromorphic
function f of finite positive lower order Ay are defined by

_ . Ty (r) D
Tf:hiisip oy and Tf:h}g}}.}f yat 0<Af<oo.
When f is entire then
_ log M¢(r) . clog My(r)
Tffhgs;}pT and Tffhrrgg.}fT, 0<Af<oo.

However, extending the thought of relative order of entire functions as initiated
by Bernal {[1], [2]}, Lahiri and Banerjee [13] introduced the definition of relative
order of a meromorphic function f with respect to another entire function g, sym-
bolized by pg (f) to avoid comparing growth just with exp z as follows:

pg (f) = inf{u>0:Ty(r) <Ty(r*) for all sufficiently large r}
: log Ty Ty (r)
= limsup————=.
00 logr

The definition coincides with the classical one if g (z) = exp z {cf. [13] }.
Similarly, one can define the relative lower order of a meromorphic function f
with respect to an entire function g denoted by A, (f) as follows :

logT'T
Ag (f) = liminfw.

r—o0 logr

To compare the relative growth of two entire functions having same non zero
finite relative order with respect to another entire function, Roy [14] introduced
the notion of relative type of two entire functions in the following way:
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Definition 1.3. [14] Let f and g be any two entire functions such that 0 < p, (f) <
oo. Then the relative type o4 (f) of f with respect to g is defined as :

og (f)
= inf {k >0:Ms(r) <M, (krpg(f)) for all sufficiently large values of r}

Mg My (r)
rpy(f)
Likewise, one can define the relative lower type of an entire function f with
respect to an entire function g denoted by 7, (f) as follows :

My My (r)

7—00 rPg

= limsup
T—>00

Analogously, to determine the relative growth of two entire functions having
same non zero finite relative lower order with respect to another entire function,
Datta and Biswas [8] introduced the definition of relative weak type of an entire
function f with respect to another entire function g of finite positive relative lower
order Ay (f) in the following way:

Definition 1.4. [8] The relative weak type 7, (f) of an entire function f with
respect to another entire function g having finite positive relative lower order Ay (f)

is defined as:
MMy ()

7o (£) = lim inf =5

Also one may define the growth indicator 7, (f) of an entire function f with respect
to an entire function g in the following way :

_ o MMy (r)

T4 (f) = limsup g)\(f) , 0<Ag(f) <0

r—00 ree
In the case of meromorphic functions, it therefore seems reasonable to define

suitably the relative type and relative weak type of a meromorphic function with
respect to an entire function to determine the relative growth of two meromorphic
functions having same non zero finite relative order or relative lower order with
respect to an entire function. Datta and Biswas also [8] gave such definitions of
relative type and relative weak type of a meromorphic function f with respect to an
entire function g which are as follows:

Definition 1.5. [8] The relative type o4 (f) of a meromorphic function f with
respect to an entire function g are defined as
Ty ' Ty (1)

oy (f) = limsup—~

s oD where 0 < p, (f) < 0.

Similarly, one can define the lower relative type 74 (f) in the following way:

-1
o, (f) = liminfw

im inf =" where 0 < p, (f) < 0.

Definition 1.6. [8] The relative weak type 74 (f) of a meromorphic function f
with respect to an entire function g with finite positive relative lower order A, (f)
is defined by

Ty ' Ty (r)

7y (f) = lminf =3
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In a like manner, one can define the growth indicator 7, (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order A\, (f) as

Considering g = exp z one may easily verify that Definition 1.3 , Definition 1.4,
Definition 1.5 and Definition 1.6 coincide with the classical definitions of type (lower
type) and weak type of entire are meromorphic functions respectively.

For entire and meromorphic functions, the notion of their growth indicators
such as order, type and weak type are classical in complex analysis and during
the past decades, several researchers have already been continuing their studies in
the area of comparative growth properties of composite entire and meromorphic
functions in different directions using the same. But at that time, the concept of
relative order and consequently relative type as well as relative weak type of entire
and meromorphic functions with respect to another entire function was mostly
unknown to complex analysists and they are not aware of the technical advantages
of using the relative growth indicators of the functions. In this paper we wish
to prove some newly developed results based on the growth properties of relative
order, relative type and relative weak type of differential monomials generated by
entire and meromorphic functions. We do not explain the standard definitions and
notations in the theory of entire and meromorphic functions as those are available
in [11] and [15].

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [3] Let f be meromorphic and g be entire then for all sufficiently large

values of r,
ST (0, ()

Trog (r) < {1+o0(1)} Tog M, (r)

Lemma 2.2. [4] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < 00. Then for a sequence of values of r tending to infinity,

Tfog(r) = Ty (exp (1)) -

Lemma 2.3. [12] Let f be meromorphic and g be entire such that 0 < p, < co and
0 < Ay . Then for a sequence of values of r tending to infinity,

Tog(r) > Ty (exp (1)) ,
where 0 < p < pg .

Lemma 2.4. [6] Let f be a meromorphic function and g be an entire function such
that Ay < p <00 and0 < Ay < py < 0o. Then for a sequence of values of r tending
to infinity,

Trog(r) < Ty (exp (r*)) .

Lemma 2.5. [6] Let f be a meromorphic function of finite order and g be an entire
function such that 0 < Ay < p < oo. Then for a sequence of values of r tending to
nfinity,

Trog(r) < Ty (exp (")) -
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Lemma 2.6. [9] Let f be an entire function which satisfy the Property (A), 8 > 0,
6>1and a > 2. Then

BTy (r) < Ty (on";) .

Lemma 2.7. [10] Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and > d1(a; f) = 4. Also let g be a transcendental
a€CU{oco}
entire function of reqular growth having non zero finite order and >, d1(a;g) =
aeCU{c0}
4. Then the relative order and relative lower order of P[f] with respect to P[g] are
same as those of f with respect to g.

Lemma 2.8. [10] If f be a transcendental meromorphic function of finite order
or of non-zero lower order and Y, 01(a;f) = 4 and g be a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite type and >,  d1(a;g) =
a€eCU{co}

4. Then the relative type and relative lower type of P[f] with respect to Plg] are

(Fpm (Cps)=7p(r1)O(00:f)
T pig)—(Tpig)—7P(g))©(0039)

finite.

)pg times that of f with respect to g if py (f) is positive

Lemma 2.9. [10] Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and >, 01(a; f) =4 and g be a transcendental en-

a€CU{oco}
tire function of reqular growth having non zero finite type and >,  01(a;g) = 4.
aceCU{oo}
Then g (PLf1) and Trig (PLf]) are

Cpis—(Cpis—pis) )9(00 f)
T pig)— (U pig)—7P(g))©(0039)
finite i.e.,

1
)pg times that of f with respect to g if Ay (f) is positive

([ Tpi— (Tpyp 7P[f] O(c0; )\ 77
o (PU) = (P20 ) (1) and
o0

( )O(
( )6(
)~ (ppy VP[f)G( S\ -
FP[.‘J] - (FP l9] —Yp q])@(oo’ )) Ty (f) .

3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{oco}
4,0 < pp (f) < 00, pr (f) = pg, 04 < 00 and 0 < oy, (f) < co. Also let h satisfy
the Property (A). Then for any 6 > 1,

log Ty ' Tyoq (7) < (5 “pn (f) '0g> (FP[h] — (Tpm — 'YP[h])@(OO;h)) o
on (f) Tpis) — (Cppp — vpi)©(00; f)

lim inf <
rree TM[h]TM[ ()
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Proof. From (3.9), we get for all sufficiently large values of r that

(3.1) log Ty Tyog (1) < 6 (pn () + £) log My (1) + O(1) .
Using Definition 1.1, we obtain from (3.1) for all sufficiently large values of r that
(3.2) logT,fleog (r) <(pn(f) +¢)(og+e)-rPe+0(1) .

Now in view of condition (ii), we obtain from (3.2) for all sufficiently large values
of r that

(3.3) log Ty, M Trog (r) < 6 (pn (f) +¢) (04 +¢) -r7) +0(1) .

Again in view of Definition 1.5, we get for a sequence of values of r tending to
infinity that

TA}[h]TM[ﬂ (r) = (UM[h] (M[f]) = 5) remin (M)

Therefore in view of Lemma 2.7 and Lemma 2.8, we obtain for a sequence of values
of r tending to infinity that

Tt Toats) ()

Upis — (Dpis — vep)©(00; f)) o
3.4 > o AT
. - ( ) (FP[h] — (Tpn) — vpn))©(00; h)

Therefore from (3.3) and (3.4), it follows for a sequence of values of r tending to
infinity that

log Th_leog (r) < S(pn (f)+e)(og+e)- rer(f) 10O(1)

Tyt Targs (1) T~ (T o —7pi)O(00if) \ 71 '
st ©) (o () (FoAFEBmSe) ¥ — o) e

Since € (> 0) is arbitrary, it follows from above that
-1 . . Tpr — (D — R)\
limianOgTh Trog (r) _ ((5 pn (f) Ug)< pin) — (Cpppy 7p[h])9(007h)) "
on (f) e — (Cpg — vpep)©(00; f)

720 Ty Taargy (1)
Hence the theorem follows. O

Using the notion of lower type and relative lower type, we may state the following
theorem without its proof as it can be carried out in the line of Theorem 3.1 :

Theorem 3.2. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with >  §1(a; f) =4, g be entire and h a transcendental
acCU{c0}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{c0}
4,0 < pp (f) < o0, pn(f) = pg, Tg < 00 and 0 < T, (f) < co. Also let h satisfies
the Property (A). Then for any 6 > 1,

tim it 28 Ti Lres (1) _ 8- pn (£) -7 (FPUL] — (T — vpin)O(0; h)>ph
e Ty T (1)~ an (/) Upisy = (Cpisy = vp111)0(00; f)

Similarly using the notion of type and relative lower type, one may state the
following two theorems without their proofs because those can also be carried out
in the line of Theorem 3.1 :
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Theorem 3.3. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
a€eCU{oo}
entire function of reqular growth having non zero finite order with Y. d1(a;h) =
a€CU{co}
4,0 <A, (f) < pn(f) <00, pr (f) = pg, 0g < 00 and 0 < Ty, (f) < oo. Also let h
satisfies the Property (A). Then for any 6 > 1,

log Ty, "Tyoq (r) _ 0 An (f) -0 (FP[h] — (Uppny —WP{hD@(OO;h))””

lim inf < —
r=oo Ty Ty (1) an (f) Lpisy = (Cpisy) = vpis1) (005 f)

Theorem 3.4. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y.  §1(a; f) =4, g be entire and h a transcendental
a€CU{co}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co0}
4,0 < pp (f) < o0, pp(f) = pg, 04 <0 and 0 < T, (f) < co. Also let h satisfies
the Property (A). Then for any 6 > 1,

1
limsuplOgT}:leOg (r) _0-pn(f) oy <FP[h] — (TP _'YP[h])@(OO§h)> on
roo Ty Ty (r) — () Ly = (Cpps) — vp11)©(005 f)

Similarly, using the concept of weak type and relative weak type, we may state
next four theorems without their proofs as those can be carried out with the help of
Lemma 2.9 and in the line of Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem
3.4 respectively.

Theorem 3.5. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y.  &1(a; f) =4, g be entire and h a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co}
4,0 <M (f) < pn(f) <00, A (f) = Ag, Tg <00 and 0 < 7y, (f) < 00. Also let h
satisfies the Property (A). Then for any § > 1,

log T}, ' Toq (r) 0pn(f) 7y (Temg = (Crpy = vpp)O(00; h)\ 71
L) = (Tppsy — vpi)O(00; f)

lim inf < —
r=oe Ty Taagpy (7) 7n (f)

Theorem 3.6. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{o0}
entire function of reqular growth having non zero finite order with >~ d1(a;h) =
ac€CuU{oco}
4,0 <A (f) < pn(f) <00, M (f) = Ag, Ty <00 and 0 < 73, (f) < co. Also let h
satisfies the Property (A). Then for any § > 1,

log Tj ' Tog (7) < §-pn(f) g <FP[h] — (L) — vpn)O(00; h))”"

lim inf <
r=oe T Taagy) (1) ™ (f)  \Tppy — (Crrs) = vp1)O(00; f)

Theorem 3.7. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
a€CU{oo}
entire function of reqular growth having non zero finite order with . d1(a;h) =
a€CU{oco}
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4,0 < A (f) <00, Ap (f) = Ag, Tg <00 and 0 < 1, (f) < co0. Also let h satisfies
the Property (A). Then for any 6 > 1,

1
lim i 2870 Lrog (1) 8- M (/) -7y <Fp[h1 — (Tpp _'YP[h])@(OOJh)>ph
roe Ty T ()~ () \Tepg — Cegsy = vp11)0(00; f)

Theorem 3.8. Let f be a transcendental meromorphic function of finite order or of

non-zero lower order with Y. d1(a; f) =4, g be entire and h a transcendental
aeCU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{oco}
4,0 <A (f) < pn(f) <00, M (f) = Ag, Tg < 00 and 0 < 13, (f) < 00. Also let h
satisfies the Property (A). Then for any § > 1,

log Ty " Tyoq (r) _ 8- pn(f) Ty (FP[h] — (Cpp —VP[h])G(OO;h))Ph
ey — (Tp — vpiy)©(00; f)

lim sup—= <
r—00 TM%}L]TM[f] (’I“) Th (f)

Theorem 3.9. Let f be a transcendental meromorphic function of finite order or of
non-zero lower order with > d1(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with . d1(a;h) =
a€CU{oco}
4,0 < Ap (f) < pn (f) < pg < 00 and oy, (f) < co. Then

1

An (f) (FP[h] — (Tppy — '7P[h])@(oo;h)>p’t -
ey — (Tpy — vpis)©O(00; f)

log T, ' T4,
lim sup Og_lh / 9(7’) >
r—00 TM[h]TM[f] (7") Ohp (f)

Proof. Since py, (f) < py and T, ' (r) is a increasing function of 7, we get from
Lemma 2.2 for a sequence of values of r tending to infinity that

log T) ' Trog(r) > logTy 'Ty (exp (r*))

(An (f)—¢g)-r"

An (f) —e) - rPr(H)

Again in view of Definition 1.5, we get for all sufficiently large values of r that

Tagi i) (r) < (onr) (MIf]) + €) P MIUD

i.e., log T,;leog(r

>
(3.5) i.e., log Ty ' Trog(r) >

Therefore in view of Lemma 2.7 and Lemma 2.8, we obtain for a sequence of values
of r tending to infinity that

—1
s Traip) (r)

U'piyy) = (Cppsy — vps)) ©(00; f)) 0 ()
(3.6) < <0h (f) (Fp[h] (T o — 1p)O(00; 1) +elr .

Now from (3.5) and (3.6), it follows for a sequence of values of r tending to infinity
that

log Th_leog(r)
1
Ty Taars (r)

(n () = &) ronth)

T .
Cpis—(Cpis—vr1s)©(00if) ) Pr L
<Uh, (f) (PP[h]_(FP[}L]_’YP[}L])@(OO;h)) + 6) ron)

>
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Since € (> 0) is arbitrary, it follows from above that

log Ty " Trog(r) _ An(f) <FP[h1 — (TP —VP[hl)Q(OO;h)yh

lim sup— >
r—00 TM%h]TM[f] (r) ~ on(f) \Ipiyy — (Cpy — vp1s)O(005 f)

Thus the theorem follows. O

In the line of Theorem 3.9, the following theorem can be proved and therefore
its proof is omitted:

Theorem 3.10. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, d1(a;9) =4 and h a
a€CU{oo}
transcendental entire function of reqular growth having mon zero finite order with

oo d1(ash) =4, 0< A (f), 0 < pp(9) < pg < o0 and oy, (g) < 0o. Then
a€CuU{oo}

—1 Tpn — (Cpm — : o
imsop 28T Tretr) o, 1) (Lo = Py Ol )
oo Ty Taalg) (1) — 0 (9) \Tpig) = (Tpig) = 1p[)) O (005 9)

The following two theorems can also be proved in the line of Theorem 3.9 and
Theorem 3.10 respectively and with help of Lemma 2.3. Hence their proofs are
omitted.

Theorem 3.11. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 01(a;f) = 4, g be entire and h a
acCU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4,0 < A (9), 0 < Ap, 0 < pr(f) < pg < 00 and oy, (f) < oo.
a€CU{oo}
Then

1
limsup 28 T Lrea(r) o An(9) <FP[h] — (Tpp ’YP[h])@(oo;h)> o
roo Ty Taagsy (1)~ on (f) \Tppgy = (Ceisy = vps7)O(00; f)

Theorem 3.12. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{oco0}
transcendental entire function of reqular growth having mon zero finite order with
Yo di(ash) =4,0 < AR (9), 0 < Af, 0 < pr(9) < pg < 00 and oy, (g) < oo.
a€CU{co}
Then

log T, ' T+,
lim sup O%lh / g(r) >
r—00 TM[h]TM[g] (7") Oh (g)

An (9) (FP[h] - (FP[h] — ’Yp[h])@(oo; h))ph
Lpig) — (Tppg) — 1p1g))O(003 9)

Now we state the following four theorems without their proofs as those can be
carried out with the help of Lemma 2.9 and in the line of Theorem 3.9, Theorem
3.10, Theorem 3.11 and Theorem 3.12 and with the help of Definition 1.6:

Theorem 3.13. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
a€eCU{c0}
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transcendental entire function of reqular growth having non zero finite order with

Yoo di(ash) =4, 0 < A, (f) < pg < 00 and T (f) < oco. Then
a€CU{oo}

log T, ' T4,
lim sup O%Ih oo (r) > =
r—oo TM[h]TM[f] (7”) Th (f)

An (f) (FP[h] — (U'pppy — vpn))©(00; h))”lh
Lpip — Ty — ) ©(00; f)

Theorem 3.14. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
ac€Cu{oco}
transcendental entire function of reqular growth having mon zero finite order with
Yo bi(ash) =4,0< XA (f), 0 < An(9) < pg <00 and Tp (g) < co. Then
a€CU{oco}

1
lim suplog Th_le"g(r) An (f) <FP[h] — (Tppy) — vpn))©(00; h)> o
r=oo Ty Targgl (1)~ Th (9) \Tpig) = (Upig) = 1p())O(2039)

Theorem 3.15. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having mon zero finite order with
Yoo d1(azh) =4, 0< A (g) < pg <00, 0 < Ap and T, (f) < 0o. Then
a€CU{oo}

log T; ' T
lim sup O%Ih fog () > JL
r—0o0 TM[h]TIVI[f] (’I“) Th (f)

An (9) (FP[h] — (Cpip) — vp[n))©(00; h))”h
Lpig = Tpig) — vpis)O(005 )

Theorem 3.16. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having mon zero finite order with
Yo di(ash) =4,0< A (g9) < pg <00, 0 < Af and Th, (g) < co. Then
a€CU{oco}

log T 1T,
lim sup 08 Ty Tyog(r) >

A (9) (FP[h] — (T ppr) — pin))©(00; h)>oh
rooo Ty Tagg) (1)~ Th(9)

Lpig = (Tpig) — vp(g)) O (003 9)

Theorem 3.17. Let f be a transcendental meromorphic function of non zero finite

order and lower order with > 61(a; f) =4, g be entire and h a transcendental
a€CU{c0}
entire function of regular growth having non zero finite order with . d1(a;h) =
acCU{oco}
4,0 <Ay < pp(f) <ooanday (f) >0. Then

pu () <FP[h] — (Pppny — vpin)O(00; h))’;’b
an (f) \Tpis) — (T — ve)0(00; f) '
Proof. As Ay < pi (f) and T, ' (r) is a increasing function of r, it follows from
Lemma 2.4 for a sequence of values of r tending to infinity that
log T) ' Trog(r) < logTy, 'Ty (exp (r*))
i.e., log Ty " Trog(r < (pn(f)+e) 1"
(3.7) ice., log Ty "Trog(r) < (pn (f) +e)-rPnd)

log T, Ty,
lim inf Og_lh / Q(T)
700 Ty Taay) (7)

<
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Further in view of Definition 1.5, we obtain for all sufficiently large values of r that
TosingTaats) (1) = @arg (MIF]) =€) rPrmGIID

Therefore in view of Lemma 2.7 and Lemma 2.8, we get from above that
(3.8)

- _ Lo — ey — vpi)O(00; f) ) o
Tt T (1) > | @ ( R AN
wpn Taags) (r) 2 < n(f) T = (Co —1rp)0(0i )

Since e (> 0) is arbitrary, therefore from (3.7) and (3.8) we have for a sequence of
values of r tending to infinity that

log T, " Trog(r) < (pn (f) +&) - rrrlh)
Ty Taais) ()~ <Uh ) (rpm—wpm—w[mexoc;f))p% B 6) on )

Cpin)—(Tpin)—vp[r])©(o0sh)

- o I — (T — (C) ;h Lh
ie., ]jminfw < ) ( pn) — (Lpn) = vpR)O(0 ))p .
72 Ty Do) () an (f) \Tpis) = (Tpiy = vps))O(00; f)

Hence the theorem is established. O

In the line of Theorem 3.17, the following theorem can be proved and therefore
its proof is omitted:

Theorem 3.18. Let f be a meromorphic function with non zero finite order and
lower order, g a transcendental entire function of finite order or of non-zero lower

order with Y. d1(a;9) = 4 and h a transcendental entire function of reqular
a€CU{co}
growth having non zero finite order with Y.  d1(a;h) = 4, pp (f) < 00, 0 <
acCU{oco0}
Ag < pn (g) < o0 and 7p, (g) > 0. Then

on (f) (FP[h] — (Cppn) — ven))©(00; h)) o .

i 08 Th Trog (1)
imin s
an(9) \Tpig — (Lprg — vrig)O(00; 9)

r=oe T T (1)

Moreover, the following two theorems can also be deduced in the line of Theorem
3.9 and Theorem 3.10 respectively and with help of Lemma 2.5 and therefore their
proofs are omitted.

Theorem 3.19. Let f be a transcendental meromorphic function of finite or-

der or of non zero lower order with Y  01(a; f) = 4, g be entire and h a
aceCU{oo}

transcendental entire function of reqular growth having mon zero finite order with

> di(a;h) =4, pr(g) <00, 0 < Ag < pp (f) < oo and Gy (f) > 0. Then
a€CU{oo}

1
liminflogTh_leog(r) < lo) <FPUZ1 — TP _'YP[h])@(OO§h)>ph
r=oo Ty Ty (r) ~ O (F) \Tpps) = (Tpgsp = vp(1)O(00; f)

Theorem 3.20. Let f be a meromorphic function with finite order, g a transcen-

dental entire function of finite order or of non-zero lower order with >, d1(a;g) =
a€CU{oo}
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4 and h a transcendental entire function of reqular growth having mon zero finite

order with >~ di(a;h) =4, 0< Xy < pr (g) < o0 and 71, (g) > 0. Then
a€CU{oco}

log Ty Tyog(r) _ pn (9) (FP[h} — (Cppy _VP[h])@(OO?h)>’”‘

lim inf
Lpig) — (Lprg) — 1p(g))O(003 9)

ree Tzﬁh]TM[y] (r) ~ an(9)

Finally we state the following four theorems without their proofs as those can be
carried out in view of Lemma 2.9 and in the line of Theorem 3.17, Theorem 3.18,
Theorem 3.19 and Theorem 3.20 using the concept of relative weak type:

Theorem 3.21. Let f be a transcendental meromorphic function of non zero finite

order and lower order with > 61(a; f) =4, g be entire and h a transcendental
acCU{oo}
entire function of reqular growth having non zero finite order with Y. 61(a;h) =
a€CU{co}
40< g <M (f) <pn(f)<ooandt,(f)>0. Then

1
hminflogT}:leog(r) < Pn (f) (FP[h] — (Cppy — ven))©(00; h)) oh
r=oo Ty Tags) (1)~ 70 (F) \Tpiy) = (Tppry = vpis1)O(00; f)

Theorem 3.22. Let f be a meromorphic function with non zero finite order and
lower order, g a transcendental entire function of finite order or of non-zero lower
order with >,  d1(a;g) = 4 and h a transcendental entire function of regular
a€CU{co}
growth having non zero finite order with Y. d1(a;h) = 4, pp (f) < 00, 0 <
a€CU{oco0}
Ag < Ap(g) < oo and 13, (g) > 0. Then

log T}, " Tyoq(r) _ pu (f) (FP[h] — TPy —VP[hl)@)(OO%h))““

lim inf
Lpg = (Tplg) — YP1e)) O (003 9)

reo Tl\;[l[h]TM[g] (r) = 7 (9)

Theorem 3.23. Let f be a transcendental meromorphic function of finite or-

der or of non zero lower order with Y.  01(a; f) = 4, g be entire and h a
a€CU{oo}

transcendental entire function of reqular growth having mon zero finite order with

> di(azh) =4, pr(g) <00, 0 < Ag < A (f) < 00 and 7, (f) > 0. Then
a€CU{oo}

it 98 Tn Troa(r) _ pn(9) <FP[h] — Tpp — VP[h])@(OO%h)>"h .
r=oe T Ty (1)~ 7a (F) \Tpigp = (Tppy) — vpis1)O(00; f)

Theorem 3.24. Let f be a meromorphic function with finite order, g a transcen-
dental entire function of finite order or of non-zero lower order with >, 61(a;g) =
acCuU{oo
4 and h a transcendental entire function of reqular growth having non{ zgro finite
order with >~ d01(a;h) =4, 0 < Ay < A (f) < pn(g) < 00 and 1, (g) > 0.
a€CU{co}
Then

log T{leog (r)
1
M|

lim inf
77— 00

~ P (9) (Fp[h] — (Cppn) — ven))©(00; h)) o
g (r) — 7 (9) \ Tpig) — (Tppg) — Vpie))O(003 9)
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Theorem 3.25. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 61(a;f) = 4, g be entire and h a
a€eCU{co0}
transcendental entire function of reqular growth having mon zero finite order with
oo di(azh) =4, 0 < M (f) < pn(f) < 00 and 04 < c0. Also h satisfy the
ac€CuU{oo}
Property (A). Then for any 6 > 1,

log T, 1 T, oy
lim sup (igl h Log (1) < d-aq-pn(f) .
r—00 10g TM[}L]TM[f] (exp ’l“pg) >\h (f)

Proof. Let us suppose that a > 2.

Since Tj, ' (r) is an increasing function r, it follows from Lemma 2.1, Lemma 2.6
and the inequality T, (r) < log M, (r) {cf. [11]} for all sufficiently large values of r
that

Ty 'Thog (1) <
ice., T 'Trog (1) <
(3.9) i.e., logT; ' Trog (r) <

Tyt ({14 o(1)} Ty (Mg (r))]
o [Tflef (Mg (T))]é
§log Ty, " Ty (Mj (r)) + O(1)
log T}, ' Toy (r)
log T3y Thr() (exprre)
_ Slog T, 1Ty (M, () + O(1) _ 6log T, Ty (M, (1)) + O(1)

i.e

e

log TJ\_Ah] Tarpp) (exprPo) log My ()
(3.10) log My (1) _1og exp rPs
P9 log TM[h]TM[f] (exprPo)

log T, ' T'o
i.e., limsup Cigl n Treg (1)
r—oo log Ty Ty (exprPo)

§log T, ' Ty (My (r)) + O(1)

i sup 28 Mo (7).

<l
- 111Ls§p log My (1) r—00 rPa
i log exp rPs
im sup —
r—+00 IOg TM%h] T]V[[f] (exp Tpg)
log Tj, ' Tog (1) 1

i.e., limsup —
r—oo  lOg TM%h] Tarpp) (exprPo)

§6-ph(f)"7g'm'

Therefore in view of Lemma 2.7, we obtain from above that
—1
lim sup kingh Tyoq (1) < 099 pr(f)
r—oo log Ty 0 Thry) (exprPo) An (f)
Thus the theorem is established. ([l

In the line of Theorem 3.25 the following theorem can be proved :

Theorem 3.26. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{oc0}

transcendental entire function of reqular growth having mon zero finite order with
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> di(azh) =4, Ap(g) > 0, pr(f) < o0, 04 < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

—1
s T Thea ) 80011
r—oo 1og Ty 0 Thrlg) (exprPe) An (9)

Using the notion of lower type, we may state the following two theorems without
their proofs because those can be carried out in the line of Theorem 3.25 and
Theorem 3.26 respectively.

Theorem 3.27. Let f be a transcendental meromorphic function of finite or-
der or of non-zero lower order with >, 01(a; f) = 4, g be entire and h a
acCU{o0}

transcendental entire function of reqular growth having mon zero finite order with

Yo dilash) =4, 0 < M (f) < pr(f) < 00, Ty < 00 and also h satisfy the
a€CU{oco}
Property (A). Then for any § > 1,

log T), ' Ty Ty

r=+00 log Ty Taags) (exprPs) An (f)

Theorem 3.28. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 01(a;g) =4 and h a
a€CU{co}

transcendental entire function of reqular growth having mon zero finite order with

Yo dilash) =4, M(g9) > 0, pr(f) < 00, T4 < 00 and also h satisfy the
a€CU{oco}
Property (A). Then for any § > 1,

log T), ' Ty Ty
o0 log Ty Thalg) (exprPs) An (9)

Using the concept of the growth indicators 7, and 7, of an entire function g,
we may state the subsequent four theorems without their proofs since those can be
carried out in the line of Theorem 3.25, Theorem 3.26, Theorem 3.27 and Theorem
3.28 respectively.

Theorem 3.29. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >, 01(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4, 0 < M (f) < pr(f) < 00, Tg < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

log Ty, ' To Ty
lim sup (igl h Lyes (1) S 07 prlf)
r—oo log Ty Ty (expris) An (f)

Theorem 3.30. Let f be a meromorphic function, g a transcendental entire func-
tion of finite order or of non-zero lower order with >, 61(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(azh) =4, Ap(g) > 0, pr(f) < 00, Tq < o0 and also h satisfy the
a€CU{oo}
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Property (A). Then for any 6 > 1,

log T, ' T, STy
lim sup———o 1 f“’(T)A < 2T nld)
r—00 logTM[h]TM[g} (expria) An(9)

Theorem 3.31. Let f be a transcendental meromorphic function of finite or-

der or of non-zero lower order with >,  61(a;f) = 4, g be entire and h a
acCU{oo}
transcendental entire function of reqular growth having mon zero finite order with
o di(azh) =4, 0 < A (f) < pr(f) < 00, T, < 00 and also h satisfy the
a€CU{oo}
Property (A). Then for any § > 1,

long;leog (r) < 074 pn(f)
r—oo log T;ﬁh] Ty (exprda) = An(f)

Theorem 3.32. Let f be a meromorphic function, g a transcendental entire func-

tion of finite order or of non-zero lower order with >, 61(a;g) =4 and h a
a€CU{co}
transcendental entire function of reqular growth having non zero finite order with
> di(a;h) =4, M(g) > 0, pr(f) < 00, T, < 00 and also h satisfy the
acCU{oco}
Property (A). Then for any § > 1,

lim inf log Th_leOg (1) < 875 pn(f)
T—00 log Tl\jf%h]T]VI[g] (exp T)‘Q) — >\h (g)
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