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HYERS-ULAM-RASSIAS TYPE STABILITY OF POLYNOMIAL
EQUATIONS

N. EGHBALI

ABSTRACT. In this paper we introduce the concept of Hyers-Ulam-Rassias
stability of polynomial equations and then we show that if x is an approximate
solution of the equation an,z™ + an_12" "1 + arz+ ag, then there exists an
exact solution of the equation near to x.

1. Introduction

The basic problem of the stability of functional equations had been first raised
by Ulam [7] which Hyers in [3] gave a partial solution of Ulam’s problem for the case
of approximately additive mappings. And then Rassias provided a generalization
of the Hyers'theorem for additive and linear mappings in [6].

Moreover the approximately mappings have been studied extensively in several
papers (See for instance [4], [5]).

Li and Hua [2] investigated the Hyers-Ulam stability of the polynomial equation
2"+ ax+ =0on [—1,1]. Later Bikhdam et al. in [1] proved that if |a1] is large
and |ap| is small enough, then every approximate zero of the polynomial of degree
N, a2 +an_12" 1 + ...+ a1z +a = 0, can be approximated by a true zero within
a good error bound.

In this paper, we prove the Hyers-Ulam-Rasssias stability for the following two
equations

A"+ ap_ 12" P+ Faz+a=0

e +ar+p=0

on a Banach space X with real coefficients.
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2. Preliminaries

In this section, we provide a collection of definitions and related results which
are essential and used in the next discussions.

Definition 2.1. One says that the equation
™ + ap_12" P+ .. +ax+a=0

has the Hyrs-Ulam stability if there exists a constant K > 0 with the following

property:
for every e > 0, y € [-1,1], if

lanx™ + 12" '+ . 4 ax + ap| <e

then there exists some y € [—1, 1] satisfying
U™ + ap12" P+ . +az+a=0
such that |z — y| < Ke. One call such K a Hyers-Ulam stability constant for 2.1.
Theorem 2.1. For a given integer n > 1, let the constants ag, aq, ..., a, € R satisfy
la1| > 2|az|+3l|as|+...+(n—1)|an—1]|+n|ay| and |ag| < |a1]— (Jaz|+]as|+...4|an]).
If v € [—1,1] satisfies the inequality

|anx™ + ap_12™" 4+ ... +arx +agl < €

for some e > 0, then there exists a zero y € [—1,1] of polynomial 2.1 such that
ly —v| < Ke.

Proof. [1] O

3. Hyers-Ulam-Rassias Stability of power series equations

We start our work with definition of Hyers-Ulam-Rassias stability of power series
equations.

Definition 3.1. Let X be a complex Banach algebra with unit. The equation
ant” + ap12" '+ . taxz+a=0

from X into X with constant coeflicient, has the Hyers-Ulam-Rassias stability if
there exists a constant K > 0 with the following property:
for givene > 0,pe Rand y € X, if

lanz™ 4+ ap_12" 1+ ...+ a1z + ag| < €| X||"P
then there exists some x € X satisfying
ant” + ap12" '+ . taxz+a=0
such that ||z — y|| < Ke. One call such K a Hyers-Ulam-Rassias stability constant
for 2.1.
Theorem 3.1. Let X be a complex Banach algebra with unit, the constants ag, a1, ..., a, €
R and r € Rt satisfy
lai|r > |ag| + r2|az| + ... + nr" Yay),
and
lao| < r%|as| + 3r3|az| + ... + (n — 1)r"|a,]).
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If a v € {x € X;||z|| < r} satisfies the inequality
(3.1) l|ans™ + ap_12" 1 4 ...+ a1x + ao|| < el|z||™?

for some e > 0 and p € R, then there exists a zero xg € {z € X;||z|| < r} of
polynomial 2.1 such that
P
(1- /\)lall
where A — \ — 2\a2\+3|a3\+...+|(n|—1)\an,1\+n\an\
ay
it is independent of € and xg.

||z — 2ol <

18 a positive constant less than 1 and

Proof. If we set g(x) = ;fll(ao +agx? +azx® + ...+ ap_12" "t +apa™), for x € {x €
X;|lz|| <7}, then we have

(@)l = llao + asa? + ... + an_12" + apa]| < 1.
Now, we show that g is a contraction map:

1 n 1 n
(3:2)  llg(@) =gl =1 (ao +azz® + ..+ apa”) — o (0 F eyl <
\Hﬂ? yll{lazllle + yll + .. + lanl[la" " + ..+ y" 7|} <
‘al‘ |z — y|[{2r|az| + 3r3|ag| + ... + nr" " an|}.

la1

Here, with \ = 2lazl+Slaslt. +|EZ| Dian-sltnlanl 9 ¢ i5 a contraction map. By

the Banach contraction mapping theorem, there exists a unique zg € {z € X;||z|| <
1} such that g(xg) = xo. It follows from (3.1) and (3.2) that

e = 2ol| < [z — g(@)]| + llg(x) — glao)l| < llr — & (~ag — aze? - ... — arz + aol| +
Al = 2]l = lana™ + an12"=1 + .. & arz + aol| + Allz — o]l

Thus we have

)
lle = zoll < Gra=ellelI™ < w5y

O

Theorem 3.2. Let X be a complex Banach algebra with unit, r € RY, |a| >
Maz {300, mr < tlﬁl} and x € {x € X;||z|| < r} satisfies
lle” + ax + | < e[|
Then e* + ax + = 0 has a unique solution x¢ € {x € X;||z|| < r}, such that

np oo nr™
[lz — zo]| < Tafi=y s where A = 72"@‘ ol

Proof. We define the function g(x) = _Tl(ex 4 B). Tt follows that [jg(x)|| <
Wlh,ﬂ(er +|B|) < r. Now, we have

lg(@) — gw)l| < fhlle” — e¥ll < by oo, Ut <
LT, bl =yl 4 22y 2y 4y 1||<Z|i"'||x—y||

co  nrnTl

By putting A = %ﬁ“ and Banach’s contraction mapping theorem, g has
a unique fixed point. So

llz = ol < [lz — g(@)Il + llg () — g(@o)ll < rpellz]|™” + Al — woll.
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er™P

Therefore ||z — z¢]| < Tald=x "
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