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ON THE GROWTH PROPERTIES OF GENERALIZED
ITERATED ENTIRE FUNCTIONS

DIBYENDU BANERJEE AND NILKANTA MONDAL

ABSTRACT. In this paper, we study some growth properties of generalized
iterated entire functions to generalize some earlier results.

1. INTRODUCTION AND DEFINITIONS

If f and g be two transcendental entire functions defined in the open complex

: s T(r,.fog) _ iy T(r,fog)
plane C, then Clunie [4] proved that Tlgrolo T = and rlggo )

In [10] Singh proved some comparative growth properties of logT(r, f o g) and
T(r, f) and raised the problem of investigating the comparative growth properties
of log T'(r, fog) and T(r, g). After this several authors {see [3], [7] etc.,} made close
investigation on comparative growth of logT'(r, f o g) and T'(r, g) by imposing cer-
tain restrictions on orders of f and g. In the present paper, we study such growth
properties for generalized iterated entire functions.

= Q.

Definition 1.1. Let f be a meromorphic function and 7'(r, f) be its Nevanlinna’s

characteristic function. Then the numbers p(f), A(f) defined by

1 log T(r.f)
p(f) = lim sup=5

and A(f) = lirg inf % are respectively called order and lower order of f.

Definition 1.2. ([3]) Let f be a meromorphic function. Then the numbers p,(f),
Ap(f) defined by
log®! T'(r,f)

po(F) = lim sup 22 1L
r—00

]
and A, (f) = Hgg%gf%, where p =1,2,3, ...
are respectively called p-th order and p-th lower order of f.
For p = 1, the above definition coincides with the classical definition of order

and lower order.
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If f is entire one can easily verify that

. logP+11 o )
pp(f) = limsup-t————"0 Toar (r.f)

700

and M\, (f) = 1£Igg1f%, where p=1,2,3, ...

Definition 1.3. ([3]) Let f be a meromorphic function. Then the numbers p,(f),
Ap(f) defined by
logPt1] T(r,f)

ﬁp(f) = lim sup Togr
r—00

flogl” ! T(r, f)

Togr , where p=1,2,3, ...

and  \,(f) = limin
r—>00
are respectively called pth hyper order and pth hyper lower order of f.

If f is entire one can easily verify that

_ . logP+2] pr ,
py(f) = llgsnggTrW)

and A, (f) = hminfm, where p = 1,2,3, ...

r—00 logr

Definition 1.4. ([3]) Let f be a meromorphic function of order zero. Then the
numbers py(f) and A;(f) are defined as follows

logl”) T(r,f)

*(f) = limsup
Pp( ) . logl@ 1

« .. ploglPlT :
and  N5(f) = hrlggfogl?w, where p =1,2,3, ...

T

Definition 1.5. ([7]) A function A;(r) is called a lower proximate order of a mero-
morphic function f if
i) Af(r) is non negative and continuous for r > rq say;
ii) A¢(r) is differentiable for r > ro except possibly at isolated points at which
)\} (r—0) and )\/f (r+0) exist;
) Jim As(r) = X(f) < e :
iv) Tli_)r{)lor)\f(r) logr =0 ; and

v) lim g}fff;;{)) =1.

Definition 1.6. A real valued function ¢(r) is said to have the property P; if
i) (r) is non negative and continuous for r > r( say;
ii) p(r) is strictly increasing and ¢(r) — oo as r — 0o;
iii) log ¢(r) < d¢(%) holds for every 6 > 0 and for all sufficiently large values of r.

Remark 1.1. If (r) satisfies the property P; then it is clear that 1og[p] o(r) <op(%)
holds for every p > 1.

Definition 1.7. ([1]) Let f and g be two non-constant entire functions and « be
any real number satisfying 0 < a < 1. Then the generalized iteration of f with
respect to g is defined as follows:
frg(2) = (1— )z +af(2)
fa9(2) = (1 = a)gu 5 (2) + f(91,4(2))
f3.9(2) = (1 = a)ga 5 (2) + f (92.1(2))
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L )= ) gn1.4(2) + af (gn_1.1(2))
g14(2) = (1 - a)z + ag(2)
42 7(2) = (1— a) fry(2) + ag(fre(2)
4 1(2) = (1 — ) farg () + ag(frg(2))

n(2) = (1= @) fa14(2) + ag(Fa_1,9(2)).

Definition 1.8. ([3]) Let a be a complex number, finite or infinite. The Valiron

deficiency d(a, f) of a with respect to a meromorphic function f is defined as:
c+« o N(ra;
5((7“’ f) =1- hrniggf 75(7,f{)
m(r,a;f)
T(r.f) -

= lim sup
r—>00

We do not explain the standard notations and definitions of the theory of entire
and meromorphic functions as those are available in [5] and [11]. Throughout we
assume f, g etc., are non-constant entire functions such that maximum modulus
functions of f, g and all of their generalized iterated functions satisfy property P;.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. ([5]) If f(z) be regular in |z| < R, then for 0 <r < R
T(r, f) <log® M(r, f) < F2T(R, f).
In particular, if f be non-constant entire, then for all large values of r

T(r,f) <log M(r, ) < 3T(2r, f).

Lemma 2.2. ([7]) Let f be a meromorphic function. Then for § > 0 the function
rAMO+=2:(") s an increasing function of r.

Lemma 2.3. (/8]) Let f be an entire function of finite lower order. If there exist
entire functions a;(i = 1,2,3,..m;m < oo) satisfying T(r,a;) = of{T(r, f)} and
> d(ag, f) =1 then

i=1

; Trf) _ 1
TgnolologM(T‘,f) T

Lemma 2.4. ([2]) If f is meromorphic and g is entire then for all large values of
r

T(r,fog) < (1+0(1) a2 T(M(r,9), f).

Since g is entire so using Lemma 2.1, we have

T(r,fog) < (1+401)T(M(r,g),f).
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Lemma 2.5. ([9]) Let f and g be transcendental entire functions with p(g) < oo, 1
be a constant satisfying 0 <n <1 and § be a positive number. Then

T(r,fog)+0(1) = N(r,0; f o g)
(1og N(M((nr )11T’g) ) _ O(1)]

log(M((nr) 1+9,9)—0(1))
as r — oo through all values

Lemma 2.6. Let f and g be two non-constant entire functions. Then
M(r,fog) < M(M(r,g), f) holds for all large values of r.

Lemma 2.7. ([8]) For a meromorphic function f of finite lower order, lower proz-
imate order exists.

3. MAIN THEOREMS

In this section, we present the main results of this paper.

Theorem 3.1. Let f(z) and g(z) be two entire functions such that A\, (f) and py(g)
are finite and A\,(g) > 0. Then for even n

[(n=1)p] (.
i) lim infleg " T fug) 3p,(f)2*@

r—00 T(r.9)
. . logl"= VP (£, ) Ap(f)
i) lim sup—2 Tog) o 2 aat-ia@
r—00

Proof. If A(g) = oo, then (i) and (ii) are obvious. So we suppose that A(g) < oc.
If p,(f) = oo then ( ) is obvious. So we suppose that p,(f) < co. Since f and g
are non-constants so
(3.1) M(r, f) > pr and M(r,g) > pr for some 0 < p < 1.
Now by Lemma 2.1 we get for all large values of r and arbitrary ¢ > 0
T(r, fr.g) <log M (7, frng)
Zlog M(r, (1~ @)gn_1.5 + 0 f(gn_14))
< IOg{(l _0‘)%M(M(ragnfl,f) ) i (M(ragnfl,f)’f)}»
using (3.1) and Lemma 2.6

(3. 2) =log M(M(r,gn-1,7), f) + O(1)
or, log”! T(r, f,,.4) < 1og®" ™ M(M (7, gu_1,4), f) + O(1)
< (pp(f) +€)log M(r,gn-1,r) + O(1)
or, log[Qp] T(r, fn,g) < log[p] log M (7, gn—1,7) + O(1)
< log" {log M(M(r, f,_2.4),9)} + O(1), using (3.2)
< (pp(g) + €)log M (r, fn—Q,g) O(1).
So, logP*! T(r, fu.4) < (pp(f) + €) log M(r, gn—3.) + O(1).

Proceeding smnlarly after some steps we get

lo g[(n 2 T(r, fn,g) < (pp(g) +€)log M(r, f2,4) + O(1).
So, log!"~ 1P ] T(r, fng) < (pp(f) + €)log M(r,g1.7) + O(1)
(pp(f) + €)log M(r, (1 — a)z + ag(z)) + O(1)
(pp(f) + €){log M(r, z) +log M(r,g)} + O(1)
(pp(f) + €){logr +log M (r,g)} + O(1).

A

(3.3)
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On the other hand, since hm 1nf Aqgf)) = 1, we get for a sequence of values of r

tending to infinity

(3.4) T(r,g) < (1+e)r*9)
and for all large of values of r,
(3.5) T(r,g) > (1 —€e)r 9,

Therefore, for all large values of r, we get from (3.3) and (3.5)
log! "V T(rfng) . (pp(f)+e){logrtlog M(r,g)}+O(1)
T(r.9) (1—e)rra(m)

(pp(](?t))i(;i%(r 9) | o(1) [since TlLrgloAg(r) = A(g) > 0]

» €)3T (2r
< @OTeng) | o),

Therefore we get from (3.4) for a sequence of values of r tending to infinity

log! " VP T(r fr ) — 3(pp(f)+e)(1+e)(2r) @+
= T(ng)r ’ S(k%(zr);(gwsixg(rzmMg(r) o(1)

3(pp(f)+e)(1+e P9 +8—Ag(r)
LU M) 10200 )

< 3(P;n(]8“_’3(1+5) 2)\(9)4-5 +O(1)

because rM9)+9-2(") is an increasing function of r.
Since € > 0 and § > 0 are arbitrary we get

lim inf 28" T (s fn.q) < 3p,(f)2*9) and (i) is proved.

r—00 T'(r,9)
If \,(f) =0, then (ii) is obvious. So we suppose that A,(f) > 0. Then we have
for all large values of r
T(r, frog) = T(r, (1 — @)gn_1.5 + @f (gn1.1))
> T(r,af(gn1.4)) = T( (1 — @)ga_1.7) + O(1)
> T(T, f(gnfl,f)) - T(T7 gnfl,f) + 0(1) [fOI‘ @ 7é 1]
> % exp[p_l]{éM(ivgnfl,f)}hp(f)_e - T(Ta gnflhf) + O(l)a
see [10], page 100}
or, og?” T(r, fug) > log{gM (5, gn—1,7)}**\ = = log? T(r, g—1.) + O(1)
> ()‘P(f) - 6) logM(gagnfl,f) - %()‘P<f) - 6) IOgM(Zagnfl,f)

+0(1),
using property P, and Lemma 2.1
(3.6) = 5 (Mp(f) = ) log M(§, gn-1,5) + O(1)
or, log?”! T(r, fn,g) > log[p]{log M(5,9n-1,5)} +0O(1)
> log!”! T(% 9n-1,5) +0O(1), using Lemma 2.1
> 10(9) — ) log M(4, fa_24) +O(1).  using (3.6)

Proceeding similarly after some steps we get
(37)  1ogl"TIT(r, f9) > 300(9) — ) log M (572, fag) + O(1).
So, log!™= VPl (., frng) > 3(Ap(f) — €)log M (55, 91,7) + O(1)

E0(f) — ) log M (5, (1 - a)z + ag(2)) + O(1)
(3.8) L00(f) — ){log M52+ ) — log M( 2+, 2)} + O(1)
(3.9) > L00() — T (521.9) - log r } + O(1).
From (3.4), (3.5) and (3.9) we get for a sequence of values of r tending to infinity
logl " TVP T(r,fg) 5 (N -{T(F57,9)—log 77 }+0(1)

VIV

T(r,g) (1+e)r o
3 Op(N—-OT(F=1,9) . .
=2 p(1+e)rxg(4,. D9y o(1) {since rlggo)\g(r) = A(g) > 0}
o 3 (D)-90-0 (5= ey o)

(14€)rra()
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_ 30u(D=00=9) (1 \A(g)+s_ 0T
= 15 (g=r)N@OF (o @R 7 +o(1)

n—1
gqn—1 4

FOw(H—e)(1—¢)
> Froioowrs T o(l)

because rM9)+9-2¢(7) ig yltimately an increasing function of r.
Since € > 0 and ¢ > 0 are arbitrary, so we have from above that
3 logl(m=1p] g A, .

llg%.}p e T(r’g)(rf 2) > 2'4(;1({))”9) and (ii) is proved.

Theorem 3.2. Let f(z) and g(z) be two entire functions such that A,(g) and pp(f)
are finite and A,(f) > 0. Then for odd n

. . elogl VPP f, Y A

Z) hTH_lJ;l Wq S 3pp(g)2 (£
.. . logl» VPl P(r £, Ap(9)

i) 1171~ri>8;o1p T(r,f)r “2 2.4("p—gk(f>'

Theorem 3.3. Let f(z) and g(z) be two entire functions such that \p(g) > 0.

Also suppose that there exist entire functions a;(i = 1,2,3,...,m;m < 00) such that

T(rya;) = o{T(r,9)} asr — oo(i = 1,2,3,...,m) and >_ 6(a;,g9) = 1. Then for
i=1

even n

logl " VP T(r £ ) o TAL(S)
T(r,g) = 2.4(n-1)A(g) *

lim sup
T—>00

Proof. If A(g) = oo or A,(f) = 0, then the theorem is obvious. So we suppose
that A(g) < oo and A,(f) > 0.
For 0 < € < min{A\,(f), A\p(g),1} we get from (3.8)
g™ VT (r, fu) > FOy (1) — ©)flog M(gr, ) — log g} + O(1)
logl™= VPl 7 (p £, ) T (Ap(f)—e){log M (=7 ,9)—log -1 }+0O(1)
Therefore, ) 9> 4T(T’g) 4

L (f)—€) log M(571,9)
=2 T(r,g) A +0(1)

log M(7=7,9) T(7=1-9)
=30 (f) -t + o)
But from (3.4) and (3.5) we get for a sequence of values of r tending to infinity

and for 6 >0

T(Fm=7.9) s (1=9) (=)0 1
T(r,g9) (1+e) (7 YT (GRET) rre ()
(1=€) 1

= (THe) @ —1)2@+s
because A (9)+0=29(") ig an increasing function of r.
Since e(> 0) and (> 0) are arbitrary, so we have from Lemma 2.3 and above
that

lim sup
T—>00

logl "V T(r fn9) < T3 Ap(f)
T(r,g) = 4(n=1)X(9)

— TAp (f)
T 2.4(n=1)X(9) "

Theorem 3.4. Let f(z) and g(z) be two entire functions such that A\,(f) > 0.
Also suppose that there exist entire functions a;(i = 1,2,3,...,m;m < 00) such that

T(rya;) =o{T(r,f)} asr — oco(i =1,2,3,...,m) and in: 0(ai, f) = 1. Then for odd
i=1

n
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: lOg[(n_l)p] T(r fn.qg) mAp(9)
lim sup o) > SRy -
T—00

Theorem 3.5. Let f(z) be an entire function and g(z) be a transcendental entire
function such that pp(f), A(g) and pp(g) are finite. Also suppose that there exist
entire functions a;(i = 1,2,3,....,m;m < o0) such that T(r,a;) = o{T(r,g)} as

r—oo(t=1,2,3,..,m) and > 6(a;,g) = 1. Then for even n
i=1

logl(m=1pl .,
lim inf <5 prer e < m(f).

Proof. We have for all large values of r
T(T7 fmg) = T(T‘, (1 - a)gn—Lf + af(gn—l,f))
<T(r,gn-1,7) + T(r, f(gn-1,5)) + O(1)
<T(r,gn-1,£) + 1 +o(1)T(M(7,gn-1,f), f)+O(1), using Lemma 2.4
or, 1Og[p] T(Tv fn,g) < IOg[p] T(T, gn—l,f) + 1Og[p] T(M(Tv gn—l,f)a f) + O(l)
<10g T(r, gn—1,7) + (pp(f) + € log M(r, g1 5) + O(1)
< T(2r, gn-1,7) + (pp(f) + €)3T(2r, gn—1,5) + O(1),
using Lemma 2.1

(3.10) = {3(pp( )+€)+1}T(2r, gn—1,5) + O(1)
or, log®?! T'(r, f,, g) < log”! T'(2r, gn—1,§) +O(1)
<{3(pp(9) +€) + 1}T(2%r, fn_2,4) + O(1), using (3.10)

or, logl®”! T(7, fn,g) < log!?! T (227, fr_2,4) + O(1).
Proceeding similarly after some steps we get
logl ™= VPI7(p, fng) < logl?! T (2727, fa.q) +O(1)
=log” T(2" 21, (1 = a)g1.s + af(g1,5)) + O(1)
<log®” (2721, g1 ;) +10g® T(2" 21, f(g1.5)) + O(1)
(3.11) <log®' (2721, g1 4) + log® T(M (221, g1 4), f) + O(1).
using Lemma 2.4
Therefore, for a sequence of values of r tending to infinity
logl(»=Vrl T(7, frng) < log!”! T(2" 21, g1,8)+ (Ao (f)+€) log M(2" 21, g1.¢)+O(1)
= log” (272, (1 — a)z + ag) + (\(f) + €)
xlog M (2" 2r, (1 — a)z + ag) + O(1)
< logl?! (2" 2r, z)—i—log[p] T(2"2r, g)+(A\p(f)+€){log M (22, 2)
+log M(2"2r,g)} + O(1)
< log*1(2772r) +10gP T(27=27, g) + (A, (f) +€){log (2" ~?r)
+log M (2" 2r,g)} + O(1).

logl "= DP T(p f,0 log®! T (27 2r,g)+(Ap (f)+e) log M (2" 2r,9)+0O(1
Therefore, T 2r.9) 2) < ( ) (75)((273727")9) ( ol)

= Op(f) + )M ) o).
Since €(> 0) is arbitrary, we get using Lemma 2.3 that

logl" " VP T(r £, 4)
hTrglorng(zn—Qrg)g <A (f).

Remark 3.1. Under the hypothesis of Theorem 3.5 we have also

]Og[(nfl)P] T(’I”,fn,g) < ﬂ'pp(f).

lim sup T2 g)

T—00
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Theorem 3.6. Let f(2) be a transcendental entire function and g(z) be an entire
function such that py(f), M f) and p,(g) are finite. Also suppose that there exist
entire functions a;(i = 1,2,3,...,m;m < oo) satisfying T(r,a;) = o(T(r, f)) as

r—oo(t=1,2,3,...,m) and Z d(ai, f) = 1. Then for odd n

log[(" 1)p] T(r,fn.q) <7T)\ ( )

lim inf T )

r—00

Remark 3.2. Under the hypothesis of Theorem 3.6 we have also
. logl(m=1pl " fng
lim SUPgT(WfQT(’f)f’) < pr(g)~

T—00

Theorem 3.7. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) <00 and 0 < Ap(g) < pp(g) < co. Then for even n

Aplg) log[’”’*” T(rfng) — 1; logl"? U T(r.fr 4) _ Ppl9)
orte) = NI gt~ S HMSUP T omrr gy~ < Xla)
fork=0,1,2,..

Proof. We have for all large values of r from (3.9)
log!" =V T (r, fr4) > 3O () — T (55, 9) —log 7=} + O(1)

or,
(312) gl T(r, fug) > log T3, 9) — log? ™ (i) + O(1)
or,
(3.13)  log" T fg) > log" ! T(5r,9) — 10" () + O(1).
P (k
Since lim sup% = pp(g) so for all large values of r we obtain
r—00
(3.14) log?! T(r, g®)) < (pp(g) + €) log .
Now from (3.13) and (3.14)
log P+ T(r £, o) log? T T(ZE1,9)—logP 2 (721)+0(1)
log ™ T(r,g") [ (]pp(g)+e) log r
. 1 loglP 1 T(—21 g) log(—2)
= ¥ Toaloir) ogr T o(1)-
Since € (> 0) was arbitrary, by Definition 1.3
x ( ) log[mp+1] T(Tfﬂ q)
(3.15)  Gagy < M Gy
From (3. 3) for all large values of r and arbitrary € > 0
log "V T(r, fo.4) < (pp(f) + €){logr +log M(r, g)} + O(1)
or,

(3.16)  log"P T(r, £, 4) < log?™ 4 10gPH U M (r, g) + O(1)
or,  log"T(r, f,,) <log®t 7 +10gPt M(r, g) + O(1).
Therefore,

(317) IO e o lospm Mg 4 o).

logl?] T'(r,g (%)) logl?) T(r,g (M)
[v) ()
Since lim inf % = Ap(9), it follows for all large values of r
r—o0 X

(3.18) log?” T(r, g®)) > (A\,(g) — €) log .
Now from (3.17) and (3.18)

logmP+1l T(r,fn,q) log[?t2] M(r,g)
Tog TP T (r,g (M) fogrOo(g—a T ().
Since €(> 0) is arbitrary, we have
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. log[np+1] T(T:fn, ) p (g)
(3.19) hinjcgp log 7] T(,«,goc))“’ < /\z(g)'

The theorem follows from (3.15) and (3.19).

Theorem 3.8. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) < oo and 0 < A,(9) < pp(g) < co. Then for odd n
A IOg[anrl] T(r,fn.g) IOg[np+l] T(rfn.g) < Pp(f)

X)) < qir s
po() < NN Cnrrtr, 7)) logPTT(r f®) = (D)
for k=0,1,2,..

< limsup
T—00

Theorem 3.9. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) <00, 0 < Ap(9) < pp(g) < 00 and A(g) < co. Then for even n

)\p(g) < i : IOg[np] T(van,g) IOE[HP] T(van,g) < Pp(g)
ol < it ey 10gP T(r,g) = Ap(9)”

<1< limsup

r—00

Proof. From (3.12) we get for all large values of r
log#) T(r.fug) o logl” T'( - ,9)—logP ! (1) +0(1)
logl?P! T'(r,g) logl?I T'(r,g)
o log!! T(7=7:9) log r—log 4" 1 + 0(1)

3

log( 71 logl? T(r,9)

log!?! T°( - ,9) log r
(3.20) = log(4:+1) logl?! T'(r,g) +o(1).

log!”! T'(r,g)

Since lim sup Togr

r—00

(3.21) log” T(r, g) < (pp(g) + €) log .
Since €(> 0) is arbitrary, we get from (3.20) and (3.21)

Ap(9) LI IOg[np] T(r,fn.q)
(3:22)  Gtay < B omrreg
From (3.16) we get for all large values of r
(3:23)  10g!" T(r, fug) <log M r 4 log”  M(r,g) +O(1).
Again from Lemma 2.1 and (3.4) we get for a sequence of values of r tending to

infinity and for § > 0
log M(r,g) < 3(1 + €)(2r) (")
(2r)M9)+d
= 3(1 + &) Gryswr—sy

= pp(g), for all large values of r, we obtain

A(9)+6—Ag(r)
=3(1+ 6)2/\(9)%(27;)@%,"&@)

< 3(1 4 €)2M9) g (1)
because rM9)+9-29(") is an increasing function of r.
Using (3.5) we get for a sequence of values of r tending to infinity
log M(r,g) < ?’(11726)2)‘(9)+5T(r,g).

Therefore, log?+ M (r, g) < log?! T(r, g) + O(1).

So, from (3.23) we get for a sequence of values of r tending to infinity

log" " T (1, fn4)

ot gy~ < 1+ o(1).

So,

s s IOg[np] T("'vfn.g)
(.24 i Semrg s < b

Also from (3.16) we get for all large values of r
logl"?] T(r,fn,q) log!Pt 1 r4+10gP T M (r,g)+0O(1)
loglP! T'(r,g) logl?! T'(r,g)
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_ logPtY M(r,9) +0o(1)

lo%Jr"{(r ,9)
_ lo P M (r,g) log r
(3.25) S M) leer (1),

Since hTH_l) ioréf % = A\p(9), it follows for all large values of r

(3.26) log? T(r, g) > (Ap(g) — €) logr.
Since €(> 0) is arbitrary, we get from (3.25) and (3.26)

. log!™?) T(r, fr o) Pp(9)
(3.27) hﬁs;}p logl?] T(T,g)g < /\Z(g)'

From (3.12) we get for all large values of r
og!™ T(r, fn.q) — 108 T(7,9)—logP T (21)+0(1)
logl?] T'(r,g) logl?l T(r,g)

log! T'( 75+ ,9)
(328) W + 0(1)

Now from (3.5) we get for all large values of r
T(g5r,9) > (1 — &) (=)ol

_ . 1 Ag46 PO F5=2g(r) Ag (1)
= (1= &)(gz=r)" RS viewas L
(7m=1)

)
> (1 &) (g o or)
A(g)+0—XAg(

because r T) is an increasing function of r.
So, by (3.4) we get for a sequence of values of r tending to infinity
T(g=r,9) > (1 - €) (500 Tl

So,
(3.29)  log® T(5,g) > log®” T'(r, g) + O(1).

Therefore by (3.28) and (3 29) we get for a sequence of values of r tending to infinity
log!"" T(rfn.g)  log” T(rg) | o(1).

- logl?] T'(r,g) logl?] T'(r,g)
ence,
. log!" ™ T(r, fn.g)

The theorem follows from (3.22), (3.24), (3.27) and (3.30).

Remark 3.3. If in addition to the condition of Theorem 3.9, we suppose that p,(g) =
Ap(g) then for even n

lim log["” T(r,fn,g) _ -1
7—00 Iog[P] T(r,9) '

Remark 3.4. The conditions A,(f) > 0 or p,(f) < oo cannot be omitted in Theo-
rem 3.9 and Remark 3.3 which are evident from the following examples.

Example 3.1. Let f(z) =z, g(z) =expz, p=1and a = 1.
Then p,(f) = A\ (f) =0,0 <1 =p,(g) = \p(g) < o0 and f, 4(2) = expl] 2 for
even 7.
Now, log™! T(7, fn,g) = log!™ T(r,explz] 2)
< log"™ (log M (r, expl%] 2))
log[E‘H] 7.

log[”p] T(r fng) _ 0.

Therefore, lim
T roo log!?] T(r,9)

Example 3.2. Let f(z) =exp? 2, g(2) =expz,p=1and a = 1.



102 DIBYENDU BANERJEE AND NILKANTA MONDAL

Then p,(f) = A\p(f) = 00, pp(9) = Ap(g) =1 and f,, 4(2) = expl ]z for even n.
Now, log™?! T'(r, f,, g) = log™ T(r, expl%] 2)

> log™ (§ log M (5, expl ¥ 2))

= expl#1(5) + O(1).

. logl™ T(r £ )
Therefore, lim —=>——— /™9’
P r oo loglPl T(r,g)

= 0.
Theorem 3.10. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) <00, 0 < Ap(y ) < pp(g) < 00 and A(f) < oo. Then for odd n

An(f) mg T(r.fos) 10g" T(r.fn ) — pplf)
o S Mt =G g T(f) = A

<1 < limsup
T— 00

Remark 3.5. If in addition to the condition of Theorem 3.10, we suppose that
pp(f) = A (f) then for odd n

. log("?] T(r,fn,g) _
rlin)o log!?! T'(r, f)g =1

Remark 3.6. Similarly the conditions A,(g) > 0 or p,(g) < oo cannot be omitted
in Theorem 3.10 and Remark 3.5, which are evident from the following examples.

Example 3.3. Let f(z) =expz, g(z) =2, p=1and a = 1.
Then p,(g) = Ap(g) = 0, 0 < 1= p,(f) = Ap(f) < 00 and fo (2) = expl57 2
for odd n.
Now, log""! T'(r, f,..,) = log" T'(r, expl “12)
< log!™ (log M (r,expl"s7] 2))
—log[ =y,

. log!™ T(r fr )
Therefore, lim —=——2"%92 = (),
T r oo 10g[p] T(r,f)

Example 3.4. Let f(2) =expz, g(z) =exp? z, p=1and a = 1.
Then p,(f) = M\p(f) = 1, pp(g) = A\p(g) = o0 and f, 4(2) = expl'*
exp[ =12 for odd n.
Now, log!™ T(r, frg) = log!™ T(r, expl¥s] 2)
> log[”]( log M (%, expl 75 2))
= expl*z1(5) + O(1).

. logl"™P T(r, £ g)
Therefore, lim —5———2mmdl
’ r—00 log[p] T(r,9)

3(n—1)]
2 z

= Q.

Theorem 3.11. Let f(z) and g(z) be two entire functions such that 0 < A\,(f) <
pp(f) < oo and 0 < Ay(9) < pplg) < oo. Then for even n

Ap(9) log[np T(r,fn,g) log!"”! T(r, fr.q) Pp(9)
potp) < Hminf e sy Tog Pl T ) <3 nEd)

fork=0,1,2,3,...

< lim sup
r—00

Proof. From (3.12) we get for all large values of r
10g!"P T(r,fn.g) - 108" T(g557.9)—log" ! () +0(1)
log T T(r,f () log T T(r, 1)
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o log!?! T(5=1:9) logr—log4™~? +O(1)
log(7=1)  logl?! T'(r,f(*))

log!” T( 57 9) 1
(3.31) = TaGen e 1t + )

Since lim sup% = pp(f), so for all large values of r
r—00

(3.32)  log® T(r, ™) < (pp(f) + €) log.

From (3.31) and (3.32)

log[”p] T(r,fn,q) Ap(g)—¢€
log® T(r, f(k)) > pp(f)te + 0(1)'
Since €(> O) is arbitrary
Ap(9) . . elog™P T £, )
(3.33) (g) < hrrgg.}filogg[p T 99
Also from (3 16) for all large values of r
log["”] T(r,fn,qg) log[p'H] r+log[7’+1] M(r,g)+0(1)

TogPT T (r, fF)) Togl?l T(r, f (%))
]og[p+1] M(r,g) 1
(334) log log!?] ’;‘g(:,f(k)) + 0(1)

log!?! T(r, f(*))
lo

g T

Since liminf
r—00

(335)  log® T(r, f®)) > (A,(f) - €) log .
Since (> 0) is arbltrary, we get from (3.34) and (3.35)

»l
(3.36) limsuplog T(rifng) ~ Pol9)
r—00

= A\p(f), it follows for all large values of r

log!Pl T(r,f(®))  — Xp(f)
The theorem follows from (3.33) and (3.36).

Theorem 3.12. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) < o0 and 0 < A ( ) < pplg) < o0. Thenfor odd n
log!" ]T(r fng) < pp(f)

Ap lo Ty fn .
ﬂpgf)) = hrrggéf logg T((r gf(’“>g)) = llgsup loglPl T'(r,g(®)) = Ap(9)
fork=0,1,2,3,...

Theorem 3.13. Let f(z) and g(z) be two entire functions such that 0 < A\, (f) <
pp(f) < 00 and py(g) < oo. Then
log[(nil)P] T(r,fn.g)

T (explpl(2n—2y), (k)

hmsuplogp =0 fork=0,1,2,3,..

r—00

Proof. First suppose that n is even. Suppose 0 < € < A, (f).
From (3.11) we have for all large values of r
logl " T(r, f,,4) < log? T(2"~2r, g1 5) + log” T(M (2"~ 2r,g1.5), f) + O(1)
<1og” 72721, g1, 1)+ (pp(f) +€) log M(2"2r, g1 ) +O(1)
=log”! T(2"2r (1 — a)z + ag) + (pp(f) +€)
xlog M (2" 2r, (1 — a)z + ag) + O(1)
< logl? T(272r, 2)+log T(272r, 9)+(pp(f)+e){log M (2" 2, 2)
+log M(2"2r,g)} + O(1)
(3.37) < log" (2" =2r) 4 (p, (9)+€) 1og (2" ~2r)+(py () +e€) log(2"~2r)
+(pp(f) + €) explP=H(2n=2r)prlo)te 1 O(1).
On the other hand we get for all large values of r
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log!?! 7(r, £ >) )\p(f)—e

logr
or, logP =1 (r, fB)) > pAr(F)—e,
Therefore,
(3.38) logP =Y T(explPl (27727), FR)) > (explP) (20— 27)) e (H) e
From (3.37) and (3.38) we have for all large values of r
logl(n— D)7l T(van,g) (pp(f)+e)eapl?~ (2" 2r)rr(9)te
log!?=1 T'(explPl (2n—27),f (k) < (explPl(2n—2p)) p(f)—¢ + 0(1)
log!" “IPI T(r, fr, )
T (explel(2n=2r), f ()

and hence, hm sup Toalr— =0 and the theorem is proved for even

n.
Also for odd n we get as in (3.37)
log " VP T(r, f,4) < log? (27 72r) 4 (py (f)+€) 1og(2"2r)+(pp (9)+¢) log (2"~ ?r)
+(pp(g)+e) explP= (20 2r)r (e 10(1)
and consequently the theorem follows immediately.

Remark 3.7. The condition p,(g) < co cannot be omitted in Theorem 3.13 which
is evident from the following example.

Example 3.5. Let f(z) =expz, g(z) =expll z, p=1and a = 1.
Then pp(f) = Ap(f) = 1, pp(g) = 00 and
fr.g(2) = exp?™ 2 when n is even.
= expl?”~1 2 when n is odd.
Therefore for even n
log! "= VPl (., fnyg) = log" M T'(r, expl2n] 2)
> log[" (3 log M (5, expl2 2)]

= expl™l(5) +0(1),
and for odd n
0" VT (r, f,4) = logh" " T(r, explr =1 2)
> log" " U[L log M (5, expl2»—1 2)]
= exp"~1(5) + O(1).

Also, log[p 1] T(explPl(272r), fF)) = T(exp(2"~2r), f))
_ exp(2"2r)

11
3
)+

Thus it follows that for any n > 2
10g[(" 1)p] T(’l‘ fn.g)
=1 T (explel(2n=2r), F (1)) ™

lim Sup = 00.

T—00

Theorem 3.14. Let f(z) and g(z) be two entire functions such that 0 < A\,(g) <
pp(g) < 00 and pp(f) < oo. Then

logl(" =PI 7 (r £, )

lim sup g o =0 fork=0,1,2,3

- =
00 log!?=1 T'(explPl (2n—27),9(k)) ) Ly 4y Dy

Remark 3.8. The condition p,(f) < co cannot be omitted in Theorem 3.14 which
is evident from the following example.

Example 3.6. Let fz) = exp[3] 2, 9(2) =expz, p=1and a = 1.
Then p,(g9) = A\p(9) =1, pp(f) = 0o and
frg(2) = eXp[Q”] z when n is even.



ON THE GROWTH PROPERTIES OF GENERALIZED ITERATED ENTIRE FUNCTIONS105

= expltll 2 when n is odd.
Therefore as in Example 3.5 we get for even n
log!" VT (r, f,,4) > exp™(3) + O(1),
and for odd n
log! "=V T (1, £,4) > expl*1(5) +O(1).
Also, logl? =1 T'(explr! (272r), g%)) = %M.
Thus it follows that for any n > 2
log[(” 1)p] T(r fr.g)

lim sup s
1 2 k
oo loglP=H T (explpl(2n=2r),g())

= Q.

Theorem 3.15. Let f(z) and g(z) be two transcendental entire functions such that
(i) 0 < Ap(9) < pp(9) < plg) < o0;
(i) 2 (f) > 0
and (i) 6(0; f) < 1.
Then for any real number A and for even n

: lOg[(nil)p] T(Tafn.g) — —
thupW =0 fO'I" k= 07 ]., 2, 37
r—00

Proof. We suppose that A > 0, because otherwise the theorem is obvious.
From (3. 7) we get for all large values of r
log!" 2P (1, fr4) > 3(Ap(9) — €)log M (5, fa,9) + O(1)

= L0 (9) — ) log M52, (1 — a)gu.g + af(g1.)) + O(1)
> 5(M(9) — ){log M (7=, f(91.7)) — log M (==, 91.5)}
+0(1)
> 1((9) — T (552, f(91.5)) — log M(57=2, 91,5)} + O(1)
or,
(339)  logl™ " VPIT(r, £, ) > log® T3, f(gr.5)) — log ! M (55, g1.5)

+0(1).
For given €(0 < e < 1—4(0; f))
N(r,0; f) > (1 =6(0; f) — e)T'(r, f) for all sufficiently large values of r.
So, from Lemma 2.5, for all sufficiently large values of r

(1 7fg7 +0 log (1-6(0;f)— GT{M((WT”)H'Yaglf)f} —0(1
(z==,f(91,5)) + O(1) = (log )] TP =——— (1)]

or, log” T(52, f(gr.)) > log? T(M((nr) ™5, g1 5), £)—log? ™ M((yr) T, g1.5)

+0(1)
(3.40) = log® T(M((1r) ™7, g1.1), f) + Ollog 7).
Again log[p+1] M(z==,91,f) = log[p‘H M (5=, (1 — o)z + ag)
> log[pH] M(z==,9) — log[pﬂ} M(g==,2)
> (Ap(g) —€)lo ( ) — logP ! 5
(3.41) = O(log ).

Therefore from (3.39), (3.40) and (3.41) for all sufficiently large values of r
log "=V T (1, £, ) > logl?! T(M((nr) ™7, g1 1), ) + Olog )
> (A (f) = ) log M((gr) ™7, g1.5) + O(log)
= (Ap(f) = ) log M((nr) 77, (1~ @)z + ag(2)) + O(log)
> (A\p(f)—€)(log M((nr) ™7, g)—log M((nr) 77, 2))+O(log r)
> (p(f) =€) (explr = (nr) 7 A2 (979 _log(nr) 57 ) +O(log 7)
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(3.42) = (p(f) — € explr=1 () 5 2979 1 O(log 7).
Also,

(3.43) log?! T(r4, g < A(p,(g) + €) log r

for all sufficiently large values of r.
So from (3.42) and (3.43) for all sufficiently large values of r

1 e
logl " VP (1 £, ) Ollogr) __  Op(f)=a) explt” yr) 17 Or 70
loglP! T(r4,g(%)) A(pp(9)+e) logr A(pp(g)+e) logr ‘
. logl(n =02 T f
Therefore, lim sup 26—~ Lsfna) _ o

[p] A gk
M SUP ™ oe T T (A (R

Theorem 3.16. Let f(z) and g(z) be two transcendental entire functions such that
() 0 < M) < pplF) < plf) < 0
(i1) Mplg) >0 ;
and (i11) 6(0;g) < 1.
Then for any real number A and for odd n

. logl(m=1pl o,
hmsupw =00 fork=0,1,2,3,....
o0

Theorem 3.17. Let f(z) and g(z) be two entire functions such that p,(f) = 0,
py(f) < oo and p(g) < oo. Then for even n, pi—1)p(fn,g) < 00.

Proof. To prove the theorem we first prove that p,(g1,¢) < oo for any p > 1.
We have g1,(z) = (1 — a)z + ag(z), p(z) = 0 and p(g) < cc.

So, plgr.s) < max{p(2), pl9)}-

Therefore, p(g1,f) < 0.

Again py(g1,7) < p(g1,5) < 0.

From (3.11) for all large values of r

log! " VAT frg) o Mog® TR Prgry) | log TOM(R" 2rgr 1) f) | (1)

logr — log r logr
_ logP (2" "2r, g1 1) log 2" 2 4logr log”! T(M (2" *r,g1.4),f)
- log(2n—2r) logr log log M (2" ~2r,g1,5)
log log M (2" 27,g1,¢)
X logr + 0(1)

Therefore, p(,,—1)p(fn.g) < 00

Theorem 3.18. Let f(z) and g(z) be two entire functions such that p,(g) = 0,
py(g) < oo and p(f) < oo. Then for odd n, pi—1)p(fn,g) < 00.
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