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ON NEW INEQUALITIES OF HERMITE-HADAMARD-FEJER
TYPE FOR GA-s CONVEX FUNCTIONS VIA FRACTIONAL
INTEGRALS

MEHMET KUNT AND IMDAT ISCAN

ABSTRACT. In this paper, some Hermite-Hadamard-Fejer type integral in-
equalities for GA-s convex functions in fractional integral forms are obtained.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

(1.1) f <a+b> < ! /abf(:v)d:r < fla+ /)

2 b—a 2

is well known in the literature as Hermite-Hadamard’s inequality [2].

The most well-known inequalities related to the integral mean of a convex func-
tion f are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities.

In [1], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality (1.1):

Theorem 1.1. Let f : [a,b] = R be convex function. Then the inequality

an (%) / oo < [ st < IO [y

a

holds, where g : [a,b] = R is nonnegative,integrable and symmetric to (a + b)/2.

For some results which generalize, improve, and extend the inequalities (1.1) and
(1.2) see [3, 12, 13, 15].
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Definition 1.1. [10, 11]. A function f: I C (0,00) — R is said to be GA-convex
(geometric-arithmetically convex) if
flty'™) <tf(@) + (1 —1) f(y)

for all z,y € I and ¢ € [0,1].
Definition 1.2. [14]. A function f: I C (0,00) — R is said to be GA-s convex on
Iif

fy'™) <t f (@) + (1 -1)" f (y)
for all z,y € I and ¢ € [0, 1].

In [9], Latif et al. established the following inequality which is the weighted
generalization of Hermite-Hadamard inequality for GA-convex functions as follows:

Theorem 1.2. Let f : I C (0,00) — R be a GA-convex function and a,b € T
with a < b. Let g:[a,b] — [0,00) be continuous positive mapping and geometrically
symmetric to vV ab. Then

(1.3) f(@)/abgﬂ(f)mg/abf(x)xg(x)dxgf(a)+f(b) /:g(“")dx.

2 T

In [8], the authors established new Hermite-Hadamard type inequality for GA-
convex function in fractional integral forms and new Hermite-Hadamard-Fejer in-
equality for GA-convex function in fractional integral forms as follows:

Theorem 1.3. Let f : [a,b] C Ry— R be a GA-convex function with a < b and
f € La,b], then the following inequalities for fractional integrals hold:

(1L4)  f(Vab) < m (75 f @) + T, £ (9] < OO

Theorem 1.4. Let f : [a,b] C Ry— R be a GA-convex function with a < b and
f € Lla,b]. If g : [a,b] = R is nonnegative,integrable and geometrically symmetric
with respect to vV ab, then the following inequalities for fractional integrals hold:

(15)  f(Vab) [I50 (@) + 50 g )] < [J505_ (£9) (@) + TS, (f9) ()]

b
< LT o @)+ 15,0 0)]
with o > 0.

Lemma 1.1. [8]. Let f : [a,b] C Ri— R be a differentiable mapping on (a,b) with
a <band f' € Lla,bl. If g : [a,b] = R is integrable and geometrically symmetric
with respect to \ab then the following equality for fractional integrals holds:

(16) 7 (Vab) [159 (@) + T 0 0)] — [T (F9) (@) + T3, (Fo) )]
[T T ) o

F(Oé) Jrf\b/% (ftb (hl g)afl g(s)if) F () dt

with o > 0.

We will now give definitions of the right-hand side and left-hand side Hadamard
fractional integrals which are used throughout this paper.
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Definition 1.3. [7]. Let f € L[a,b]. The right-hand side and left-hand side
Hadamard fractional integrals Jg, f and Ji* f of order a > 0 with b > a > 0 are

defined b
e . 1 (" a\o-ldt
JaJrf(.'L') = @/a (ln ?) f(t)7, x> a

and , )
1 t\ " dt
@ = — 1 —_— —
Jb—f(x) I‘(a)/z (nl') f(t)ta .13<b
respectively, where I'(a) is the Gamma function defined by I'(a) = [~ et~ 1dt.

Because of the wide application of Hermite-Hadamard type 1nequaht1es and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type
inequalities involving fractional integrals not limited to integer integrals. Recently,
more and more Hermite-Hadamard inequalities involving fractional integrals have
been obtained for different classes of functions; see [4, 5, 6, 16, 17].

In this paper, we obtained some Hermite-Hadamard-Fejer type integral inequal-
ities for GA-s convex functions in fractional integral forms.

2. MAIN RESULTS

Throughout this section, let ||g||, = sup;e(q,4) [9(7)], for the continuous function
g:la,b]— R,
Theorem 2.1. Let f : I C Ry— R be a differentiable mapping on I° and f' €
Lia,b] with a <b. If |f'| is GA-s convex on [a,b] and g : [a,b] = R is continuous
and geometrically symmetric with respect to Vab, then the following inequality for
fractional integrals holds

[ (Vab) [79m_g (@) + T, 0 0)] = [T50_ (F9) (@) + TSz (F9) )] |

M[ (@)1 (a)] + Ca(e) | ()]
< F(a+ 1) 1 « a 2l
where
(R @)
Cl(Oé) = ( +0f 1— ’LL oc+s (al—ubu) du )
_ J%a“<1%ﬂw
Cy (04) = < +f 01 —u (a1—ubu) du )
with o > 0.

Proof. From Lemma 1.1 we have

| (Vab) [%_gwuaﬁg )| =[5 (F9) (@) + T, (P9 0]
1 fﬁ%toz %Mf )|t
= T +fr( n )" g(s) L) |7 (1) de

- )" lds)lf’ )| dt
S T +fr( n)* ) () dr




HERMITE-HADAMARD-FEJER TYPE INEQUALITIES

133
Setting ¢t = a' 7“b* and dt = a*~“b*In (2) du gives

b
7 (Vab) [79-9 (@) +Jm9 )| = [ G @) + T3, (F9) 0|
ol [ o (1 %)|f’ =g (al=ub) In (2) du
Py | gt

al_nbu d?) |f/ 1— ubu lfubu) In (g) du

o | (““,f)“ ) @) @ ()

I(e) L ((lni)a '

. ) 7 (a1 ) n (2)
L al—ubu
lgll.o (n2)**

|f/( 1— ubu)| (alfubu) du ‘|
INa+1)

IN

N|=

+f 1 _ u Ot |f/ ( lfubu)| (alfubu) du
Since |f'] is GA-s convex on [a,b], we know that for u € [0, 1]
(22) et < (1 -

Hence, if we use (2.2) i

W) | (@)] +u* |f (b)),

n (2.1), we obtain

[ (Vab) [ 159 (@) + TS5, 0 )] = [T (F9) (@) + T, (F9) ®)]|

lolle (02" [ fF w1 - )s\f’(a)|+us|f’(b)|] (a¥="b") du
Tlat1) | +fy (0= u) [(1—w|f @] +u | f O] (a'~") du

C lgll (2 JEue (1= w)® (a=ub) du )
- mm{( Jra - w0 @y da ) )
f uaJrs ( 1— ubu) du ,
( +f 1 —u (alfub“) du ) |f (b)|}

This completes the proof.

O
Corollary 2.1. In Theorem 2.1;

(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3)

(i) [ £ [ 12

< lallot® (2) 017 @1+ G017 0],

(2) If we take g (x) = 1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side
of (1.4):

7 (Vab) - 2“0‘(1“)) [T (@) + TS, £ )] |
o ()

sica (C1(Q) [f ()] + Co() [ (O]
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(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function

’f(@ [

< I (Z> [CLD) S (@) + Ca(1) [/ (D)) -

Theorem 2.2. Let f : I C Ry— R be a differentiable mapping on I° and [’ €
Lla,b] with a < b. If |f'|",q > 1, is GA-s convezx on [a,b] and g : [a,b] — R
is continuous and geometrically symmetric with respect to \/ab, then the following
inequalities for fractional integrals hold:

1 (Vab) [755_9 (@) + T3 0 )] = [T55 () (@) + T3, (F9) 0]

a+1 (g)

a

1g1loo
20D(1-3) (0 + 1) T T(a + 1)

[Cs(a) £ (@] + Caa) | ( >|q]31]
Q]E

|+ [es@) 1 (@) + Cole) 7 O)
where
Cya) = A;u (1—w)* (a*b") du,
Cila) = /0 : ot (a1 du,
Cs(a) = /; (1 =)™ (a' ") du,
Cola) = /;(1—@ () du,
and o > 0.

Proof. Using Lemma 1.1, we have

| (Vab) [755_9(a)+ J‘hg )] = |75 (F9) (@) + T, (F9) 0)]|
LR ) T a1 ) 1 )l
I(a) +fr(ff’ nt)*” <>?) | ()] dt

||g|| S U S IO
(@ +fr<ftb n8) Y ) dr |
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Setting ¢ = a'~*b* and dt = a’~"b" In (£) du gives
£ (Vab) [1955_9 (@) + I 0 O)] = [I505_ (F9) (@) + T55, (F9) )]
||g|| Jy (f;““”“ (In2)" 7 42) [ (a'0")] (al0") In (%) du

(@) | +J3 (Jhup 2)* 7 L) |57 (@ 0v) | (a!=0") In (4) du |
el | S (fa T ()" ) | (@) () du

P@) | 4 fd ([hape )" 2) |57 (@700 (al o) du |

Using power mean inequality we have

(23] (Vab) [J9m_9 (@) + IS, 0 0)] = [T50_ (F9) (@) + T, (F9) ()]
' (" ) )]

Q=

191l

in (%)

= I'(a)

191l s

[ )™ ) | ) 7 ) ]

+ Uél (fal wpu (1 b)a 1 %) dur—%

2 (B O 2 5 ) )]

2

" (2)

2(+D(1=3) (a4 1) T(a + 1)
) { [ w7 (@) (@) ] ] |
+[JE A= (@) | (o) dul
Since |f’|? is GA-s convex on [a,b], we know that for u € [0, 1]
(24) | (@ o) < [ =) If (@) +u* £ B))].
in (2.3), we obtain

Q=

Hence, if we use (2.4)

7 (Vab) [Jr 9(0) + 50,9 0)] = [T50 (F9) (@) + 5, (F9) )] |
gl oo " (a)

olat+1)(1-71) (a + 1) i L(a+1)

| e e wn i @ o) @) ad”

[ = [ =0 I @I 4wt | )] (') du]
9]l I (2)
200073 (a4 1) T(a+ 1)
|: {(fo 1 - U ( liubu)q du) |f/ (a)|q + (foé uts (alfubu)q du) |f/ (b)|q} a

(3 =0 (@) ) |7 @)+ (f1 (=0 u® (ol e) du) | (1))
0

This completes the proof.

Q=
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Corollary 2.2. In Theorem 2.2;
(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3):

f(\/@/ / F@g@ 1 llgll n® (5)

23(1—*)
(G5 If (@) + CaM 1 B)FF] " ]
+[Cs () [f" (a)|* + Co(1) | (B)]7] 7

(2) If we take g (x) =1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side

of (1.4):

|f (Vab) ~ 0D g £ @)+ T3, £ 0)

(In3)
() [Ca@) I (@) + Caf) | D] ]
2= (1) 8 [+ [Cale) If @)+ Cole) |7 ()]

(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function
n (2)

b X
s (Vab) ‘ml/ P < $(-1)

[Co0) I @I + (D)1 O)I"] ] .
+[Cs (1) [ (@)]" + Co(1) | £ (B)]7] ®
Theorem 2.3. Let f : I C Ry— R be a differentiable mapping on I° and f' €
Lla,b] with a < b. If |f'|%,q > 1, is GA-s convex on [a,b] and g : [a,b] — R
is continuous and geometrically symmetric with respect to Vab, then the following
inequalities for fractional integrals hold:

1 (Vab) 19 (@) + TS, 0 0)] = [19m_ (F9) (@) + TS0, (F9) B)]|

Q=

lglloe a5 (2) (Cr 11 @]+ Cs | ()] ]
ap+1 1 1 1
277 (ap+1)7 qal(a+1) | +[Colf (a)* + Cio|f (b)|*]"
where
C; = /§ (1 —w)® (a*7b") " du
0
Cs = /E u® (al_“b“)qdu
0
1
Cy = / (1—u)® (ak“b“)qdu
o
Cio = / u® (al_“b“)qdu

witha >0 and 1/p+1/g=1.
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Proof. Using Lemma 1.1, setting ¢t = a'~“b* and dt = a*~*b*In (2) du, Holder’s
inequality and (2.4) we have

£ (Vab) [755 9 (@) + J%g( )} - [ () (@) + T, () )|

_o [ ) e ) 1 o] de
T +fr(ftb( Ol |d8)|f'<>\dt
gl [ 07 (2 (m2)™ ™" 22) 1 (o)) at
= T +fr(ff 2“‘“)|f'(>dt]
el [ (T )" ) 1 @) @ m (e
NONESH (f1 w02V (@) | (a1 In () du
gl (y) | S (f; P () T ) [ ()| (@) du |
T | L (e (02" L) 57 (@1 )] (a1 0") du |
(i (" ) ) w)"
< gl In (%) (f £ (a'=5*)|? (' ubu)qdu)f
I I
< (1S (@t () du)%

Q=

27 (ap+1)%l“(a+

el () { (517 (o 1—ubu)|"< oy )’ ]
p (L1 (@) @) du)

[ (a)

ap+1

E ap+1 MNa+1)
(A= w)” |f (@) +u | (b)]] (alfubu)qdu)a
(1= w)* [ (a)|* +w | £ (1) "] (alfubu)qdu)

a+17— )

Q=

||9||
2% (ap+1) giT(a+1)

% |: [(f()? (1—u)’ (al—ubu) du) I (a)|? + (fo% u ( 1_ub“)qdu) 7 (b)ﬂ 311
+ [(fél (1—u)” (a' ") du) I (a (f u (a 1‘“b“)qdu) g (b)lq]a

This completes the proof. (I

Corollary 2.3. In Theorem 2.3;
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(1) If we take @ = 1 we have the following Hermite-Hadamard-Fejer type in-
equality for GA-s convex function which is related the left-hand side of (1.3):

b b
f<m)/ g(x)dmif fla)g(@)
a xz a xz
_1 1
lgllo aln®7s (2) | [Cr[f" (a)]® + Cs | £ ()]
1 1 1 1
2% (p+ )7 g |+ [Calf @]+ Cuolf B
(2) If we take g (x) = 1 we have following Hermite-Hadamard type inequality for
GA-s convex function in fractional integral forms which is related the left-hand side

of (1.4):

f (Vab) - f(“(;?) (79 £ (@) + I, £ )]

1

Halnl_ﬁ (L) 1 [Cr1f (@] + Cs | )] "
255 (ap+1)7 g7 | + [Colf (a)]* + Cro | £ (B)]%]

(8) If we take « = 1 and g(x) = 1 we have the following Hermite-Hadamard
type inequality for GA-s convex function

()~ Ly [ 10,

1
q

b
ng a X

Q=

Can () [ e @+ Gl o))
|

ptl q]

25 (p+1)7 i |+ [Colf (@)|” + Cro |/’ (b)
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