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THE (q, k)-EXTENSION OF SOME GAMMA FUNCTION

INEQUALITIES

KWARA NANTOMAH∗1, EDWARD PREMPEH2 AND STEPHEN BOAKYE TWUM3

Abstract. In this paper, the authors establish some inequalities for the (q, k)-

extension of the classical Gamma function. The procedure utilizes a mono-
tonicity property of the (q, k)-extension of the psi function. As an application,

some previous results are recovered as special cases of the results of this paper.

1. Introduction and Discussion

Let us begin by recalling the following basic definitions concerning our results.

The classical Euler’s Gamma function, Γ(x) and the classical psi or digamma func-
tion, ψ(x) are usually defined for x > 0 by

Γ(x) =

∫ ∞
0

e−ttx−1 dx = lim
n→∞

n!nx

x(x+ 1)(x+ 2) . . . (x+ n)

and

ψ(x) =
d

dx
ln Γ(x) =

Γ′(x)

Γ(x)
.

The p-extension (also known as p-analogue, p-deformation or p-generalization) of
the Gamma function, Γp(x) is defined (see [2]) for p ∈ N and x > 0 by

Γp(x) =
p!px

x(x+ 1) . . . (x+ p)
=

px

x(1 + x
1 ) . . . (1 + x

p )

where limp→∞ Γp(x) = Γ(x).
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Also, the q-extension of the Gamma function, Γq(x) is defined (see [7]) for q ∈ (0, 1)
and x > 0 by

Γq(x) = (1− q)1−x
∞∏
n=0

1− qn+1

1− qn+x
= (1− q)1−x

∞∏
n=1

1− qn

1− qn+x

where limq→1 Γq(x) = Γ(x) .

The k-extension of the Gamma function, Γk(t) is similarly defined (see [5]) for k > 0
and x ∈ C\kZ− as

Γk(x) =

∫ ∞
0

e−
tk

k tx−1 dx = lim
n→∞

n!kn(nk)
x
k−1

(x)n,k

where (x)n,k = x(x + k)(x + 2k) . . . (x + (n − 1)k) is the k-Pochhammer symbol
and limk→1 Γk(x) = Γ(x).

Krasniqi and Merovci [8] also defined the (p, q)-extension of the Gamma for p ∈ N,
q ∈ (0, 1) and x > 0 by

Γp,q(x) =
[p]xq [p]q!

[x]q[x+ 1]q . . . [x+ p]q

where [p]q = 1−qp
1−q , and Γp,q(x)→ Γ(x), as p→∞ and q → 1.

Furthermore, Dı́az and Teruel [6] also defined the (q, k)-extension of the Gamma
for q ∈ (0, 1), k > 0 and x > 0 as follows.

Γq,k(x) =
(1− qk)

x
k−1
q,k

(1− q) x
k−1

=
(1− qk)∞q,k

(1− qx)∞q,k(1− q) x
k−1

where
(i) (x+ y)nq,k :=

∏n−1
i=0 (x+ qiky) and

(ii) (1 + x)tq,k :=
(1+x)∞q,k

(1+qktx)∞q,k
, for x, y, t ∈ R and n ∈ N.

By using the relations (i) and (ii), the function Γq,k(x) takes the following form.

(1.1) Γq,k(x) =
1

(1− q) x
k−1

∞∏
n=0

1− q(n+1)k

1− qnk+x

It satisfies the following identities.

Γq,k(x+ k) = [x]qΓq,k(x)(1.2)

Γq,k(k) = 1(1.3)

Similarly, the (q, k)-extension of the psi fuction is defined as

ψq,k(x) =
d

dx
ln Γq,k(x) =

Γ′q,k(x)

Γq,k(x)

where Γq,k(x)→ Γ(x), ψq,k(x)→ ψ(x) as q → 1, k → 1.
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The function ψq,k(x) as defined above exhibits the following series representations
.

ψq,k(x) = −1

k
ln(1− q) + (ln q)

∞∑
n=0

qnk+x

1− qnk+x
,(1.4)

= −1

k
ln(1− q) + (ln q)

∞∑
n=0

q(n+1)x

1− q(n+1)k
(1.5)

By taking the logarithmic derivative of (1.1), we obtain (1.4), and the relation (1.5)
was established in [4].
In 2008, Shabani [14] proved the following inequality generalizing the previous
results of [1], [3], [12] and [13].

(1.6)
Γ(a+ b)µ

Γ(c+ d)λ
≤ Γ(a+ bx)µ

Γ(c+ dx)λ
≤ Γ(a)µ

Γ(c)λ
, x ∈ [0, 1]

where a, b, c, d, µ and λ are real numbers such that a + bx > 0, c + dx > 0,
a+ bx ≤ c+ dx, 0 < µb ≤ λd and ψ(a+ bx) > 0 or ψ(c+ dx) > 0.

Since then, this inequality has attracted the attention of several researchers. For
instance, in [9], [15], [11] and [8], the authors respectively proved the results for the
p-extension, q-extension, k-extension and (p, q)-extension of the gamma function.

Also, in 2009, Vinh and Ngoc [16] proved the following related results by using the
Dirichlet’s integral.

(1.7)

∏n
i=1 Γ(1 + αi)

Γ(β +
∑n
i=1 αi)

≤
∏n
i=1 Γ(1 + αix)

Γ(β +
∑n
i=1 αix)

≤ 1

Γ(β)

where x ∈ [0, 1], β ≥ 1, αi > 0, n ∈ N.

In addition, in the papers [11] and [17], the authors by using different procedures,
separately proved the k-extension of (1.7) together with other results.

In this paper, the objective is to prove the (q, k)-extension of the inequalities (1.6)
and (1.7) by using similar techniques as in [11] and [14]. We present our results in
the following section.

2. Results

In order to present our results, we need the following Lemmas.

Lemma 2.1. Let x > 0, y > 0 with x ≤ y, then for q ∈ (0, 1) and k > 0,

(2.1) ψq,k(x) ≤ ψq,k(y).

Proof. By differentiating the series representation (1.4), we obtain

ψ′q,k(x) = (ln q)2
∞∑
n=0

qnk+x

(1− qnk+x)2
≥ 0.

Thus, ψq,k(x) is increasing for x > 0. Then, for 0 < x ≤ y, we have ψq,k(x) ≤
ψq,k(y) concluding the proof. See also [10]. �
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Remark 2.1. The fact that ψq,k(x) is increasing for x > 0, can alternatively be
established by using identity (1.2). That is, by taking the logarithmic derivative

of (1.2), we obtain ψq,k(x+ k)− ψq,k(x) = − (ln q)qx

1−q ≥ 0.

Lemma 2.2. Let a, b, c and d be real numbers such that 0 < a + bx ≤ c + dx.
Then for q ∈ (0, 1) and k > 0, we have

ψq,k(a+ bx) ≤ ψq,k(c+ dx).

Proof. Follows directly from Lemma 2.1. �

Lemma 2.3. Let a, b, c, d, µ and λ be positive real numbers such that µb ≤ λd
and a+ bx ≤ c+ dx. For q ∈ (0, 1) and k > 0, if either:
(i) ψq,k(a+ bx) > 0 or
(ii) ψq,k(c+ dx) > 0,
then,

µbψq,k(a+ bx)− λdψq,k(c+ dx) ≤ 0.

Lemma 2.4. Let a, b, c, d, µ and λ be positive real numbers such that µb ≥ λd
and a+ bx ≤ c+ dx. For q ∈ (0, 1) and k > 0, if either:
(i) ψq,k(a+ bx) < 0 or
(ii) ψq,k(c+ dx) < 0,
then,

µbψq,k(a+ bx)− λdψq,k(c+ dx) ≤ 0.

The proofs of Lemmas 2.3 and 2.4 follow from Lemma 2.2, and are in a similar
method as those in [14]. As a result, we omit them.

Lemma 2.5. Let x ≥ 0, αi > 0, β ≥ k > 0 and q ∈ (0, 1). Then, k + αix ≤
β +

∑n
i=1 αix, n ∈ N implies

ψq,k(k + αix) ≤ ψq,k(β +

n∑
i=1

αix).

Proof. Follows from Lemma 2.1.
�

Theorem 2.1. Define a function G for x ≥ 0, q ∈ (0, 1) and k > 0 by

G(x) =
Γq,k(a+ bx)µ

Γq,k(c+ dx)λ

where a, b, c, d, µ and λ are positive real numbers such that a + bx ≤ c + dx,
µb ≤ λd and either ψq,k(a + bx) > 0 or ψq,k(c + dx) > 0. Then G is a decreasing
function of x and the following inequalities hold true:

(2.2)
Γq,k(a+ b)µ

Γq,k(c+ d)λ
≤ Γq,k(a+ bx)µ

Γq,k(c+ dx)λ
≤ Γq,k(a)µ

Γq,k(c)λ

for x ∈ [0, 1], and

(2.3)
Γq,k(a+ bx)µ

Γq,k(c+ dx)λ
<

Γq,k(a+ b)µ

Γq,k(c+ d)λ

for x ∈ (1,∞).
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Proof. Let u(x) = lnG(x) . Then,

u(x) = ln
Γq,k(a+ bx)µ

Γq,k(c+ dx)λ
= µ ln Γq,k(a+ bx)− λ ln Γq,k(c+ dx)

That implies,

u′(x) = µb
Γ′q,k(a+ bx)

Γq,k(a+ bx)
− λd

Γ′q,kc+ dx)

Γq,k(c+ dx)

= µbψq,k(a+ bx)− λdψq,k(c+ dx) ≤ 0. (i.e. by Lemma 2.3)

That implies u is decreasing on x ∈ [0,∞). Consequently, G is also decreasing on
x ∈ [0,∞). Then for x ∈ [0, 1] we have,

G(1) ≤ G(x) ≤ G(0)

yielding the result (2.2). Also, for x ∈ (1,∞), we have G(x) < G(1) yielding the
result (2.3). �

Remark 2.2. In Theorem 2.1, if µb ≥ λd and either ψq,k(a+bx) < 0 or ψq,k(c+dx) <
0, then by Lemma 2.4, G is decreasing and the double inequalities (2.2) and (2.3)
still hold true.

Theorem 2.2. Define a function H for x ≥ 0, q ∈ (0, 1) and k > 0 by

H(x) =

∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

where β ≥ k, αi > 0, n ∈ N. Then H is a decreasing function of x and the following
inequalities are valid:

(2.4)

∏n
i=1 Γq,k(k + αi)

Γq,k(β +
∑n
i=1 αi)

≤
∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

≤ 1

Γq,k(β)

for x ∈ [0, 1], and

(2.5)

∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

<

∏n
i=1 Γq,k(k + αi)

Γq,k(β +
∑n
i=1 αi)

for x ∈ (1,∞).

Proof. Let v(x) = lnH(x). Then,

v(x) = ln

∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

= ln

n∏
i=1

Γq,k(k + αix)− ln Γq,k(β +

n∑
i=1

αix)
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implying that,

v′(x) =

n∑
i=1

(
αi

Γ′q,k(k + αix)

Γq,k(k + αix)

)
−

(
n∑
i=1

αi

)
Γ′q,k(β +

∑n
i=1 αix)

Γq,k(β +
∑n
i=1 αix)

=

n∑
i=1

(αiψq,k(k + αix))−

(
n∑
i=1

αi

)
ψq,k(β +

n∑
i=1

αix)

=

n∑
i=1

αi

ψq,k(k + αix)− ψq,k(β +

n∑
j=1

αjx)

 ≤ 0. (by Lemma 2.5)

That implies v and as a result H are decreasing on x ∈ [0,∞). Then for x ∈ [0, 1]
we obtain

H(1) ≤ H(x) ≤ H(0)

concluding the proof of (2.4). Also, for x ∈ (1,∞), we have H(x) < H(1) estab-
lishing the result (2.5). �

By a similar method, it is easy to prove the following results.

Theorem 2.3. Let Q be defined for x ≥ 0, q ∈ (0, 1) and k > 0 by

Q(x) =

∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

where β ≥ k, αi < 0, n ∈ N such that 0 < k + αix ≤ β +
∑n
i=1 αix. Then Q is

increasing and the following inequalities are satisfied:

(2.6)
1

Γq,k(β)
≤
∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

≤
∏n
i=1 Γq,k(k + αi)

Γq,k(β +
∑n
i=1 αi)

for x ∈ [0, 1], and

(2.7)

∏n
i=1 Γq,k(k + αix)

Γq,k(β +
∑n
i=1 αix)

>

∏n
i=1 Γq,k(k + αi)

Γq,k(β +
∑n
i=1 αi)

for x ∈ (1,∞).

3. Concluding Remarks

Remark 3.1. By setting k = 1 in Theorem 2.1, we obtain the q-extension of (1.6)
as presented in [15].

Remark 3.2. By allowing q → 1 in Theorem 2.1, we obtain the k-extension of (1.6)
as presented in [11].

Remark 3.3. By allowing q → 1 whiles k → 1 in Theorem 2.1, we obtain (1.6).

Remark 3.4. By allowing q → 1 in Theorem 2.2, we obtain the k-extension of (1.7)
as presented in [11] and [17].

Remark 3.5. By setting k = 1 in Theorem 2.2, we obtain the q-extension of (1.7).

Remark 3.6. By allowing q → 1 whiles k → 1 in Theorem 2.2, we obtain (1.7).
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