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Shear horizontal waves in a nonlinear elastic layer
overlying a rigid substratum
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Abstract

In this work, the propagation of shear horizontal (SH) waves in a homo-
geneous, isotropic and compressible nonlinear hyper-elastic layer having
finite thickness is studied. The upper surface of the layer is assumed
to be free from traction and the lower boundary is rigidly fixed. These
waves are dispersive like the Love waves. The problem is examined by
a perturbation method that balances the nonlinearity and dispersion
in the analysis. A nonlinear Schréodinger equation is derived describing
the nonlinear self modulation of the waves. Then, the effect of nonli-
near properties of the material on the propagation characteristics and
on the existence of solitary waves are discussed.
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1. Introduction

Elastic waves propagating in an unbounded media are non-dispersive i.e. phase ve-
locities of waves are constants. On the other hand, in wave guides such as rods, plates,
layered half space, etc.,the phase velocities of the waves depend on wave number, hence
the waves are dispersive. Dispersive elastic waves have been studied extensively, because
of their application in geophysics, nondestructive testing of materials electronic signal
processing devices, etc.. (see, e.g. Ewing et al. [1], Love [2], Achenbach [3], Graf [4],
Farnell [5], Maugin [6]).

In recent years, the effect of the nonlinear material parameters on the propagation
characteristics of dispersive elastic waves has been the subject of numerous investigations
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for similar reasons mentioned above. By employing asymptotic perturbation methods
many problems related with the propagation of nonlinear dispersive waves are examined.
In these works, as a result of balance between nonlinearity and dispersion various nonlin-
ear evaluation equations such as Korteweg-DeVries (KdV) equation, modified Korteweg-
DeVries (mKdV) equation, nonlinear Schrédinger (NLS) equation, Boussinesq equation
etc. have been derived to elucidate the nonlinear wave motion asymptotically. Then
various aspects of the problems such as the stability of modulated wave, the existence of
solitary waves, etc. were discussed on the basis of these equations. For an extensive review
of most of these works we refer to Parker and Maugin [7], Maugin [8], Parker [9], Mayer
[10], Norris [11], Porubov [12]. Among the works on nonlinear dispersive elastic waves,
the investigations of nonlinear shear horizontal(SH) waves occupies an important place.
Below some of these works will be reviewed to relate the present work to them. In [13],
Bataille and Lund considered the propagation of nonlinear Love waves in a layered half
space covered by a thin linear elastic layer. A modified Boussinesq equation is derived by
an intuitive approach guided by physical arguments which accounts the dispersive nature
of Love waves and the nonlinearity. This equation has an approximate modulated solitary
wave (an envelope solitary wave) solution which provides mechanisms for localized en-
ergy propagation along the surface of the layered medium. The propagation of nonlinear
Love waves in a half space covered by a layer of uniform finite thickness having different
mechanical properties, is investigated by a perturbation method in [14] by Teymur. The
materials of the layer and the half space are both assumed to be homogeneous, isotropic
and compressible hyper-elastic. Then, it is shown that the nonlinear self modulation of
Love waves is governed asymptotically by an NLS equation. The coefficients of this NLS
equation are valid on all branches of the linear dispersion relation of Love waves for any
wave number. From the numerical evaluation of these coefficients for various material
parameters it has been observed that the stability of modulated waves, the existence of
envelope ( bright) and dark solitary waves depend strongly on the nonlinear properties of
the layered media as well as the wave number. The problem is reconsidered by Maugin
and Hadouaj [15] where the nonlinear substrate covered by a linear thin elastic layer and
then by Teymur et al.[16] if the top layer is made of a thin nonlinear elastic material.
In [17], Ahmetolan and Teymur studied the propagation of nonlinear SH waves and the
formation of Love waves in a double layered plate each having finite thickness. In [18],
Ahmetolan and Teymur examined the propagation of nonlinear SH waves in a plate hav-
ing finite thickness and made of a generalized neo-Hookean material. An NLS equation
is derived which governs the nonlinear self modulation of waves asymptotically and the
effect of nonlinearity on the propagation characteristics is discussed. The propagation of
small but finite amplitude long SH waves in a double layered plate is examined in [25] by
Teymur . I! n that work by an asymptotic analysis, a modified KdV equation is derived
and then the dependence of various types of solitary wave solutions on the nonlinear
material parameters are discussed. The propagation of large amplitude Love waves in
a layered half-space made of different pre-stressed compressible neo-Hookean materials
(restricted Hadamard materials) is examined by Ferreira and Boluenger [20] and an exact
solution of the problem is given. Later, the anti-plane shear motions coupled with an
in-plane motion for a Hadamard materials are considered by Pucci and Saccomandi [21].
The pure anti-plane motion may be sustained in a Hadamard material in the absence
of body forces. When the constitutive parameter § is small, a perturbation analysis is
developed using this small parameter. Then this approach is also applied to the propaga-
tion of finite amplitude Love waves in a layered half space made of Hadamard materials.
And the solutions exhibiting a secondary in-plane motion caused by a principal anti-plane
motion are given.
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In the present work, we consider the propagation SH waves in a homogeneous isotropic
compressible nonlinear elastic finite layer deposited on a rigid substratum. The upper
surface of the layer is assumed to be free from the stress. This problem may model some
real world problem. A uniform layer of a nonlinear soil overlying a rigid bedrock is an
example from soil dynamics (see for example[22]). Also a soft material layer overlying
an almost rigid material is an another example from the signal processing applications
(see for example [8] and [15]). The problem is examined by a perturbation method. By
balancing the nonlinearity and dispersion in the analysis, an NLS equation is derived
describing the nonlinear self modulation of SH waves. Then, the effect of nonlinearity
on the propagation characteristics of waves and on the existence of solitary waves are
discussed.

2. Formulation of the Problem

Let (z1,z2,z3) and (X1, X2, X3) be, respectively, the spatial and material coordinates
of a point referred to the same rectangular Cartesian system of axes. Consider an elastic
layer of uniform thickness h, occupying the regions between the planes X2 = 0 and
X5 = h in the reference frame Xg. It is assumed that the boundary X, = h is free of
traction and the displacements are zero at the rigid boundary X»> = 0. Now, an SH wave
described by the equations

(21) @ = Xglrx +us(Xa,t)dks

is supposed to propagate along the Xi-axis in the layer, where us is the displacement
of a particle in the Xs—direction, ¢ is the time and dxx is the Kronecker symbol. The
summation convention on repeated indices is implied in (2.1) and in the sequel of this
section, and Latin and Greek indices have respective ranges (1,2,3) and (1,2). Since
det(9z1/0X k) = 1; the deformation field defined by (2.1) is isochoric and the density p
of the layer in motion remain constant, i.e. p = pp = constant.

Let Tk be the first Piola-Kirchoff stress tensor field accompanying the deformation
field (2.1); in the absence of body forces, the equation of motion in the reference state
take the following forms

(2.2)  Tapa+Tsp3=0, Tas,a + T33,3 = poiis

where subscripts preceded by a comma indicate partial differentiation with respect to
coordinates Xx and an over dot represents the partial differentiation with respect to ¢
[14].

The assumption of vanishing traction on the free surface of the layer imposes the
boundary condition

(2.3) Tgk =0 on X2 = h,
and on the rigid boundary
(24) usz = 0 on X2 =0.

Let us now assume that the constituent material of the layer is nonlinear, homoge-
neous, isotropic and compressible hyper-elastic. Stress constitutive equations for such a
material may be expressed as

ox ox ox
2.5 Tkr = (=0 2—F 3—FEruFE
(2.5) Kk (811 LK + oL LK + ol tMEMEK)TE L
where Fxr = (zr,xTk,L — 0kxr)/2 is the Lagrangian strain tensor and ¥ is the strain
energy function (see e.g. Eringen and Suhubi [23]). For an isotropic material, ¥ is an

isotropic function of the invariants of E defined as
(26) L =trE, I =trE* I3=trE’
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For the deformation field (2.1), the invariants are found to be

27 h=Q/2, L=Q(1+Q/2)/2, I=Q3+Q)s.
where

(2.8) Q = Q(u3) = uz,Aus,A-

The stress-strain relations (2.5) now read [14],

oy oY 3 ox oy
Tag = [Th&m + (% + 1(1 + Q)afh)uanus,a.](;ﬁn, Tas = Q%us,a,
ox ox 3 %)Y
(2.9) Tsa =—u3aATAaa +0anTrs, Tzz= ETA + (8712 + 1(1 + Q)%)Q.

Note that for a specific material ¥ is a prescribed function of @ through the invariants
(2.7). Hence the equations of motion (2.2) are three equations to be satisfied by a single
function us . For any material defined by (2.5), if the first two equations in (2.2) are
satisfied by a given solution of the third equation in (2.2), then the motion (2.1) can
exist in the medium in the absence of body forces. This is only the case if ¥ = (1), i.e.
if the medium is made of a generalized Neo-Hookean material ( see e.g. Teymur [19] or
in more detail Saccomandi and Ogden [24] ). In general without any restriction on the
constitutive relation (2.5)(or (2.9)), the system of equations (2.2) is not compatible so that
the motion (2.1) cannot be maintained without body forces acting in the (X1, X2)-plane
(see for details Carroll [25], Pucci and Saccomandi [26], Rogers et al. [27]). Therefore as
in [14](or in [16]) we will assume that the motion (2.1) takes place in a material for which
the Cauchy stress components t.s are identically zero as in the case of linear problem.
Hence, since Tag = daatap then Tag =0 and as a consequence of this assumption, the
first two equations in (2.2) are satisfied identically and the third equation becomes

(2.10) 2(%U3,A ),a = poiis.
It is seen from (2.9) that for such a material the strain energy function ¥ must satisfy
the following conditions

1> ox 3 1)
(2.11) an =% an, + 1(1 +Q)871'3 =0,
whenever the invariants are given by (2.7). We now employ the following fourth order
polynomial expansion of ¥ in terms of the strain invariants I; to deduce approximate
equations

(212) L =aili +asls + asl} + asli I + asls + agli + arli Iz + aglIs + aols
+O(I1, 12, 13
where a1 = A/2, ag = p are second order (A and p are the usual Lamé constants),

as, g, a5 are third order and s, ar, as, ag are fourth-order elastic constants. The third
order elastic constants related to the Murnaghan‘s constants I, m, n as (see Norris [11])
1 n

1 1
2.1 Ll mal L _n
(2.13) as 3(1 m+ 2n) yaa = (m 2n), as = 5

Then employing (2.12) in the stress-strain relation (2.9) and applying the restrictions on
Y defined in (2.11) we get

Tll - T12 - T21 - T22 - T33 = 07
(2.14) Tas = pus,a + (o +m/2)uzaQ + O(Q%),
and the equation (2.10) becomes
(2.15) i3 — crus,an = nr(us,aQ),a +O(Q°)
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where
(2.16) o= w/po, nr = (oo +m/2)/po

Here, cr is the linear shear velocity and nr the nonlinear material constant which exhibit
the nonlinear characteristics of the constituent material. When nr > 0, the medium is
hardening in shear, but if ny < 0, then it is softening.

Hence, the SH wave motion (2.1) can be maintained in the restricted hyper-elastic
material defined by (2.14) without body forces acting in the (X1, X2)— plane. Now,
let X = X1,Y = Xy,Z = X3 and u = ug. Then from (2.14) and(2.15) the following
approximate governing equation and boundary conditions involving terms not higher
than the third degree in the deformation gradients are written;

2 2 2
@0 T et (g3t gvs) <o % (gx0w) + oy (5700

ou nr B _

(219) uw=0 on Y =0,

S

3. Asymptotic analysis of the nonlinear SH waves

In this work, how the slowly varying amplitude of a weakly nonlinear SH wave is
modulated by nonlinear self interaction is investigated by a perturbation method. For
this purpose, the method of the multiple scales is employed by introducing the following
new independent variables

(31) wzi=e'X, ti=¢ct, y=Y; i=0,1,2,...

instead of X,Y,¢ [28]. Here ¢ > 0 is a small parameter which measures the weakness of
the nonlinearity, {xo, to, y} are fast variables describing the fast variations in the problem
while {z1,x2,...,t1,t2,...} are slow variables describing the slow variations. Now, u is
considered to be a function of these new variables and it is expanded in the following
asymptotic series in ¢;

oo}
(3.2) u:Z6"un(x0,x1,x2,...,y,to,tl,tg,...)

n=1
In this work we aimed to obtain first order uniformly valid asymptotic solution of the
problem. Therefore in the following part we will assume the dependence of u, on the
slow scales {x1,x2,t1,t2} only. If one studies the contribution of higher order terms
then the third order, in the analysis the dependence on the slower scales {zs,...,ts,...}
should also be considered as independent variables. Now, first writing the equation of
motion (2.17), the boundary conditions (2.18) and (2.19) in terms of the new indepen-
dent variables (3.1) and then employing the asymptotic expansion (3.2) in the resulting
expressions and collecting the terms of like powers of in € , we obtain a hierarchy of
problems from which it is possible to determine wu,, successively. Up to third order in ¢
these are given as follows;

O(e) :
8QU1 62’LL1 82u1
S . =
(3.3) Lu = ae2 cr < 922 + R ) 0,
(3.4) %—1;1 =0 on y=Ah,

(3.5) up =0 on y=0.



0%u 0%u
_ 2 1 1
(36) LUQ =2 <CT 833081‘1 8t08t1) ’

(3.7) % =0 on y=Ah,

(3.8) uz =0 on y=0.

&ug &%us &%uy &%uy 9%uy 0%uy
= 2 2 2 _ _ 2
L (CT Duoder " vieots) T\ 0z 20m00ms 92 “Bledts

(3.9)  +nr [a% <g—;‘;x( )) e <%J< )}

Ous = nr Ouy

1 —X — =0 =
(3.10) G2+ ) G on y=
(3.11) w3=0 on y=0
where

(3.12) K(uw)= (gZ;)Q * (ac’)uyl)z

Note that the perturbation problems are linear in each step. Moreover the first order
problem is simply the classical linear problem which was first investigated by Hudson
[29]. Let us examine this problem. For the existence of an SH wave in the layer, the
phase velocity of the wave must satisfy the inequality

(3.13) c>er

i.e. an SH wave having a phase velocity less than the linear shear wave velocity c¢r of
the medium does not propagate in the layer. We proceed by assuming that the above
inequality is satisfied by the phase velocity of the SH wave. Then by using the separation
of variables method, the solution of the governing equation (3.3) is found to be

(3.14) UL = Z [Age)(mh o, tl’t2)ei£kpy + Bil&)(w17 o, tl,tQ)eiwkpy} oild +coc.
=1
where

(3.15) p= (/& -1 ¢ =kzo— wio.

and A§“, B?’ are the first order amplitude functions of the slow variables, k is the wave
number, w is the angular frequency, ¢ = w/k is the phase velocity, and c.c. denotes the
complex conjugate to the preceding terms. The substitution (3.14) into the boundary
conditions (3.4) and (3.5) yields the following system of homogeneous linear equations
for the first order amplitude functions;

(3.16) W,U{” =0

where

ilkph —ilkph

ilkpe —ilkpe

(3.17) W= [ | ]

is the dispersion matrix and, Ugg) are the first order amplitude vectors defined as

(3.18) U =
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Note that detW1 = 0 gives the dispersion relation of the linear SH waves [29];
(3.19) cos(kph) = 0.
Hence

(3.20) kph:(Qn—l)g, for n=1,2,..

From here we write

C2 (2n - 1)71' 2 2 2 92 (277, — 1)7’(’ 2
(3.21) ) 1+ { 5k } or w'=k"crql+ [ T }

where n denotes the branches of the linear dispersion relation w = w(k;n). Note that
the dispersion relation (3.19) (or (3.21)) is the same of the dispersion relation for the
antisymmetric motion of SH waves in an elastic isotropic plate with the thickness 2h
occupying the region between the planes Y = h and Y = —h. Therefore, the displacement
field also corresponds to the antisymmetric deformation of the plate in the half part [k, 0]
(see [4]or [18]). Since the purpose of this paper is to examine the nonlinear self modulation
of waves centered around a wave number k, with corresponding frequency w. To exclude
the harmonic-resonance in the analysis, we have to assume that

(3.22) detW,#0 for ¢ #1.

Then the solutions of the system of linear equations (3.16) are found to be
(3.23) UM = (21,20, t1,02)R

and

(3.24) U =0 for ¢>2

where & is a complex function of the slow variables describing slowly varying amplitude
of wave modulation, and R is a column vector satisfying

(3.25) W R=0

Hence R can be taken as
R: 1
(3.26) R= { Ro } = { o2ikph ]
and the first order solution is written explicitly as

(3.27) w1 = (1,22, t1, t2)[2i sin(kpy)]e’? + c.c.

Note that, the first order solution given in (3.27) and the solution of the linear problem
are of the same form(see [29]). The only difference is that, in the linear problem <
is a constant, but here it is a slowly varying function of the slow variables representing
the nonlinear self-modulation of a wave train. To complete the first order solution of
the nonlinear problem this function has to be determined. Therefore, to achieve this we
proceed to examine the higher order perturbation problems. The use of the first order
solution (3.27) in (3.6) of the second order perturbation problem yields

3.28 Lus = 2i W2 Ny O ( jikpy + eFPh=1)) 10 4 ¢ .
ot oz
1 1

We now decompose the solution of (3.28) as

(3.29) Us = Uo + U2
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where 42 is the particular solution of non-homogeneous equation (3.28) and 42 denotes
the solution of the following problem obtained from the second order problem by the use
of the decomposition (3.29)

(3.30) Liz =0

(3.31) y= 0; Us = —Us
o, __om
dy Oy
The particular solution @y of the non-homogeneous equation (3.28) is found by the
method of undetermined coefficient as
B 1 0.9/ 5 0 ik ikp(2h—y) i}

3 mm L (W2 g 2 (L )
(3.33) a2 ) (w o + ker 8:761) e +e ye'? +c.c
The solution @2 of the homogeneous equation (3.30), as in the first order problem, can
be written as follows

(3.32) y=n

oo
(3.34) g = Z [Ag”(fly o, b1, ta)e’ MY 4 Bé’“’)(xl, Z2, tl’tQ)e_iekpy] e? .

=1
where Ag) and Bée) are the second order amplitude functions of the slow variables.
Then the use of this solution together with the particular solution (3.33) in the boundary
conditions (3.32) and (3.33), yields the following linear system of equations to determine
Aéz) and Béa

(3.35) W,U{ =bl¥

where
A(Z)
(3.36) UY = ‘2
2 Bé)

and the vectors b;e) are found as

(3.37) bV = [ B (w%ﬁl -I—chT%) pikph ]

and
(338) bl =0 for £>2
A little algebra reveals that , bgl) can be put into the following form

W . (09h OW:1  dch OW,
(3.39) b = z<8t1 R

For £ # 1, since it is assumed that detW, # 0 for £ # 1, the solutions of (3.35) are
(3.40) U =0, #1,

but, since detW; = 0 and bél) # 0, in order that the linear system of equations (3.35)
solvable for Ug), the compatibility condition

(3.41) L.b{Y =0

must be satisfied, where L is a row vector defined by
(3.42) LW;=0

and an L can be taken as

(343) L =[L1,Lo] = [i,kpeikph]
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The compatibility condition (3.41) then yields

0gh 0gh
.44 =
(3 ) 6t1 + Vq 8(E1 O
where Vj is the group velocity of the waves defined as
o dw o 8W1 8W1
(3.45) Vo= =@ R)/WOVIR)

This equation state that the first order amplitude & remains constant in a frame of
reference moving with the group velocity Vj, i.e. o = 4 (x1 — Vyti,x2,t2). Then the
solution of the equation (3.35) for £ = 1 can be written as

) _ e (OR OR
(3.46) U’ =R —1i 92, (% + Vg%)
where the complex function 2% is the second order amplitude and is a function of slow
variables, and it remains arbitrary in this order. It can be calculated in higher-order
problems when necessary. But, since this work is centered around the propagation of
weakly non-linear waves it is aimed to obtain just uniformly valid first order solution. To
obtain the first order solution, 2% need not to be calculated explicitly, the determination
of o7, will be sufficient and it will be done at the third order problem. Note that, if
we assume that @% depends on x; and ¢; through the combination z; — Vgt as <, we
can absorb it into 7 since it is proportional to e'® as 7. Therefore in the following
calculations we omit o%. Now the substitution of the first and second order solutions
into the third order equation (3.9) yields

Lus = [(¢1 + <Kgy)eikm’ + (65 + %w)eiikpy + Geetry ?o”@e*gikpy]ew

(3.47) +c.c. + terms in(e**?)
where
O > 0./ s Pah Oan 4704 2 2
61 = 2 _ _ 2
¢ = 2i(w 5% + ker 25 )+ cr 22 o2 nrk™(9p” + 2p° + 9)A | |7,
0 ) > :
. 2\, 2 1 2 1 2 4 1 2ikh.
6> = (—2i/kpcr) (w T + 2wker 50w + kZcp o7 ), G = 61e”""?,
C) = — o Cs = nTk4(9p4 —2p° — 3)672%@&{”&{”2’
(3.48) Go = nrk* (9p* — 2p° — 3)e* ™ P o | 2.

Now, as in the second order problem we decompose us as

(3.49) w3 =13+ us

where @3 denotes the particular solution of the equation (3.47) and %3 denotes the solution
of the following problem

(3.50) Luz=0

(3.51) a3 = —us on y=0,
Ous Jus nr Ouy
(352) G ==y~ m X G on
The particular solution us of the equation (3.47) can be expressed as a sum of linearly
independent terms of the form

(3.53) w3 = fél)($1,$27y7 tl,tg)eid’ + fég)(Il,I%y,thtg)e?’ié + c.c.,

where the terms fél) and fés) represent the self interaction and the third harmonic inter-
action of the waves, respectively.In this work since only the self interaction is considered,
in the sequel the explicit form of the term fé‘s) will not be required. Therefore, only fél)
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will be calculated and this solution is obtained by the method of undetermined coefficient
as

(3.54) [V = (21 + Doy)ye™ + (D5 + Day)ye” *7Y + D™ Y 4 Gge Y
where
D = i6 | 2kpcy — G JAR Dy, Do = G/ Akpcr,
D3 = —iCs/2kpcy — Cu /AR p*cr, Dy = —i%y/4kpcy,
(3.55) Ds = %5 /8K’ p°cF,  Ds = s /8K p° .

The problem posed for 43 can be treated as in the second order problem. The solution
of the homogeneous equation (3.50) therefore can be written as

(3.56) a3 = Z [Aée)(xh 2,1, t2)e’ Y + Bée)(wly z2, t17t2)6_wkpy} e 4 c.c.
=1

where Aée) and Bée) are the third order slowly varying amplitude functions. Then the
use of this solution together with the solutions w1, u2 and @3 in the boundary conditions
(3.51)-(3.52) yields the following linear system of equations to determine Ay) and B:(f);

357 WU =b”
where
3.58) b{" #£0, b #£0, and by =0 forall ¢+#1,3.

A lengthy but straight forward calculation discloses that bgl) can be expressed as in the
following form

@ ‘(5‘W1 Aoty  IW, am)
b{) = —i

Ow atz 8k 8.1‘2
1 (82W1 Fen  OPWi 0P W, 82,52%1)
2

9 07 C0wdk oot | Ok 02
OW, 0%t OW, & \ (R . OR ,
(3:59) *( ok 027 ow 83613151) (%+V9%)+F|Ml| #

where the components of the vector F are found to be

(3.60)
4
Fr=—i {nTc}; h(9p4 +2p> +9) sin(kph)} , F2=0
T

The explicit form of the vector bgg) is not given here, since it represents the third harmonic
interactions and therefore in the sequel it will not be required. For ¢ = 1, (3.57) is an
inhomogeneous equation and since detW; = 0, in order that this equation be solvable
for Ué1> the following compatibility condition

(3.61) L.b{" =0

must be satisfied. For £ = 3, (3.57) is an inhomogeneous equation, but since it is assumed
that detW3 # 0 then the solution of (3.57) for this case is written as

(3.62) UP =wy'b?

When ¢ # 1,3, (3.57) is a homogeneous equation and since detW, # 0 for £ # 1 by
assumption, then the solutions are

3.63) U =0
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An attempt will not be made towards obtaining the third order solutions explicitly since
there will be no need for their explicit forms. The analysis will be continued by the
examination of the solvability condition (3.61) to be satisfied at this order. This condition
yields the following equations for <7 ;

(Bah | Oh\ | =0h e,
(3.64) Z(atQ +V, a@) +T 02 + Al =0
where

= 1dV, 1dw i oW,
(3.65) [=5=0=_2%, A_fL'F/ <L - R)

In terms of the following non-dimensional variables and constants
(3.66) T=uwly, E=k(x1—Vyt1), o =kes, T=KT/u, A=Ak’
this equation can be rewritten in the standard NLS equation form as

oo 0
(367 G-+ 50

Thus, once a solution for &7 is derived from (3.67) for a given initial value of the form
(3.68)  (£,0) = (¢

then the first order solution u; can be constructed by (3.27). Hence our task is completed.
Here,it is obvious that the initial value % is related to the initial values of the first order
displacement in the layer via (3.27).

+ Al )P =0

4. Concluding remarks

We now examine the coefficients I' and A of the NLS equation obtained in this work,
so that solutions of this equation are effected strongly by the sign of the product I'A.
From (3.65) and (3.66) it is found that

_ P’er 4 2
(41) TA=-nr 16 9p" +2p”+9)

Since
4

(4.2) @(94+22+9)>0
: oo (90" +2p

for all phase velocities ¢ > cr, then it is seen that if ny < 0, i.e. if the layer is made of
a softening material, then I'/A > 0 for all phase velocities ¢ > c¢r. But if ny > Oji.e if
the layer is made of a hardening material, then I'A < 0 for all phase velocities ¢ > cr.
The variation of C, V,, I, A, and I'A with the non-dimensional wave number K = kh
for the first three branches of the dispersion relation (3.21) are calculated and they are
plotted in Fig(1), Fig(2), and Fig(3) respectively.

The NLS equation (3.67), as in this work, asymptotically describes the self modulation
of the monochromatic plane waves in a nonlinear dispersive medium[30, 31]. It is also
well known that the criterion whether 'A > 0 or I'A < 0 is important in determining
how a given initial data will evolve for long times for the asymptotic wave field governed
by the NLS equation. An initial disturbance vanishing as [{| — oo tends to become a
series of envelope solitary waves if '’/A > 0, while it evolves into decaying oscillations if
T'A < 0. On the other hand for disturbances that tend to a uniform state at infinity
the envelope dark solitons exist for 'A < 0 [30, 31]. The behavior of the traveling wave
solutions of the NLS equation of the form

(4.3) o (&, 1) = ¢(7])€i(K§_QT)7 n=§&—Vor, Vb = constant
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also depend on the sign of TA. For A > 0, if ¢ — 0 and d¢/dn — 0 as |n| — oo the
solution for ¢ is

(44)  ¢(n) = dosech[(A/2D)*gon], Vo = 2KT

where (FK2 — Q)/A¢% = 1/2. This solution is known as envelope soliton or bright
soliton [30, 31, 32]. When I'A < 0 and (DK~ — Q)/A¢2 = 1, if ¢ — ¢o and dé/dny — 0
as |n| — oo, the solution for ¢ is

(4.5)  ¢(n) = do tanh[(—=A/2)*¢on], Vo = 2KT

which represents the propagation of a phase jump [30, 31, 32]. Also, when I'A < 0 there
are no solutions of the NLS equation (3.67) corresponding to the envelope soliton solution
(4.5) of the case 'A > 0. However, a solution of the form

(46)  o/(67) = p(m)e! AT

which tends to the uniform solution ¢oe’” *adgT

(4.7)  ¢* = ¢5(1 —sin® Bsech®y), F = arctan(tan B tanh1))

In (4.8) B is a constant, ¢ and Vj are given as

(4.8) = (-TA/2)"?ponsin B, Vo =+2"3D(-TA)"?¢,

This solution is known as dark soliton and it has all the usual soliton features [32]. The
NLS equation (3.67) has also plane wave solutions whether 'A > 0 or ’'A < 0. Hence,
by comnsidering the above given short review about the effect of the sign of 'A on the
properties of the solution of an NLS equation, we conclude that when the layer is made
of a softening material, since ’'A > 0 for all kh > 0 in this case, the envelope solitary
SH waves will exist and propagate in such a medium. But, when the plate is made of a
hardening material since I'A < 0 for all kh > 0 in this case, then ounly the dark solitary
SH waves will exist in such a layer. The modulated envelope solitary waves (4.4) existing
in a softening elastic layer may provide mechanisms for an efficient energy propagation
along the free surface of the layer. Several investigator have shown that the shear stress
is a nonlinear function of the strain in certain soils and nr < 0, that is the response of
the soil is softening in shear (see e.g.[33] and references given there). Therefore, when we
consider a finite soil layer deposited on a rigid bedrock and showing this behavior under
dynamic loading; one can observe the existence of an envelope soliton. An experimental
result about the observation of solitons in soil mechanics was reported in [34] by Dimitriu.

as || — oo exists, where
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Figure 1. (a) The Variation of C(upper curves) and V,(lower curves)
vs K, (b) The Variation of I' vs K for the first three branches of the

dispersion relation (3.21).
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Figure 2. (a) The Variation of Ac%/nr vs K for a hardening layer,
(b) The Variation of Ack/nr vs K for a softening layer, for the first

three branches of the dispersion relation (3.21).
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Figure 3. (a) The Variation of I'Ac% /nr vs K for a hardening layer,
(b) The Variation of TAcF/nr vs K for a softening layer, for the first

three branches of the dispersion relation (3.21).
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