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Introduction 

Band matrices are structurally sparse matrices that 
frequently arise in mathematical modeling and numerical 
analysis, often appearing as discrete representations of 
difference operators. Investigating the spectral properties 
of such matrices yields deep and far-reaching implications 
in both theoretical and applied disciplines. In this context, 
the significance of studying the spectrum of m-band 
forward difference matrices can be categorized as follows:  

    1.  Why should the spectrum of a band matrix be 
studied? 

 The spectrum of a band matrix encodes essential 
characteristics that determine the behavior of the 
associated linear system. In systems derived from finite 
difference methods, the spectral structure directly 
influences critical aspects such as solution stability, 
convergence behavior, and numerical accuracy. 
Moreover, spectral properties significantly affect the 
efficiency and speed of numerical algorithms. The banded 
structure also enables optimized memory usage in 
solution procedures, making such matrices highly 
advantageous in computational applications. 

    2.  What are the applications of the spectrum of the 
forward difference matrix? 

 Forward difference matrices typically represent 
discrete approximations of first-order differential 
operators and thus play a foundational role in the 
modeling of time- or space-dependent systems. Their 
spectral characteristics provide crucial insights into the 
long-term behavior and stability of these systems. 
Applications of forward difference matrices span a wide 
range of areas including heat distribution (heat 
equations), wave propagation, biological systems, 
financial time series, and signal processing. In particular, 

the ability of the spectrum to reveal resonance behavior 
in multi-mass systems enhances the importance of 
forward difference matrices in dynamic system analysis. 

    3.  What does the computation of the spectrum of 
the m-band forward difference operator contribute to 
science? 

 The m-band forward difference operator generalizes 
classical first-order difference operators by allowing 
interactions over a wider range of connections. 
Computing its spectrum contributes not only to the 
theoretical analysis of such discrete systems but also 
underpins the development of stability and accuracy 
analyses in numerical methods. Spectral information 
enables the design of effective solutions for advanced 
problems such as multi-point boundary value problems, 
discretizations of higher-order differential equations, and 
discrete approximations of quantum systems. 
Consequently, this line of research supports both the 
derivation of novel results in pure mathematics and the 
advancement of more efficient modeling techniques in 
applied sciences. 

 
Preliminaries and Literature Review 

Numerous significant contributions can be found in 
the literature regarding the computation spectral 
decomposition of difference and generalized difference 
operators defined over various sequence spaces. For 
instance, Altay and Başar examined the fine spectrum of 
the classical difference operator on  𝑐𝑐0, 𝑐𝑐 and ℓ𝑝𝑝 for 1 <
𝑝𝑝 < ∞  in their works [1]-[2]. The spectral properties of 
𝐵𝐵(𝑟𝑟, 𝑠𝑠) on 𝑐𝑐0 and 𝑐𝑐 were explored in [3]. Akhmedov and 
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Başar investigated the fine spectra of the classical 
difference operator on ℓ𝑝𝑝 and 𝑏𝑏𝑏𝑏𝑝𝑝 for 1 < 𝑝𝑝 < ∞ in [4]-
[5], while Durna et al. analyzed these properties on the 
space 𝑐𝑐𝑐𝑐 in [6]. Srivastava and Kumar studied the fine 
spectra of the generalized difference operator Δ𝑣𝑣  on 𝑐𝑐0 
and ℓ1 in [7]-[8], where the sequences 𝑎𝑎 = (𝑎𝑎𝑘𝑘) and 𝑏𝑏 =
(𝑏𝑏𝑘𝑘) are convergent under certain conditions, 𝑣𝑣 = (𝑣𝑣𝑘𝑘) is 
fixed or strictly decreasing, and 𝑟𝑟𝑟𝑟ℕ. 

In more recent developments, Akhmedov and El-
Shabrawy [9], as well as Dutta and Baliarsingh [10]-[11], 
investigated the fine spectra of the operators Δ𝑎𝑎,𝑏𝑏, Δ2 and 
Δ𝑣𝑣𝑟𝑟  on the spaces 𝑐𝑐, 𝑐𝑐0and ℓ1, respectively, under similar 
assumptions on the sequences involved. The fine spectral 
characteristics of lower triangular matrices were studied 
by Durna in [12]-[13], and upper triangular matrices on ℓ𝑝𝑝 
were analyzed in [14]. Durna et al. investigated spectral 
decomposition of the band matrix Δ3

𝑎𝑎,𝑏𝑏 on the sequence 
space h in [15]. Furthermore, the spectra of 𝑈𝑈(𝑎𝑎, 0, b) was 
considered by Durna in [16], and Rani et al. introduced the 
spectral analysis of a new class of band matrices in [17]. 

As these examples demonstrate, the study of spectra 
for bounded operators on Banach spaces is both rich and 
widely applicable. In recent years, significant attention has 
been devoted to the spectral analysis of such operators. 
Up to now, most spectral results on the space ℓ𝑝𝑝 for 1 <
𝑝𝑝 < ∞ have been confined to operators of order at most 
two. In the present work, we extend the analysis by 
determining the spectrum of the generalized difference 
operator Δ𝑚𝑚, which corresponds to an (𝑚𝑚 + 1) − band 
matrix acting on ℓ𝑝𝑝 for 1 < 𝑝𝑝 < ∞. Consequently, this 
study generalizes several previous results: those related 
to the classical difference operator ∆ for 𝑚𝑚 = 1 as in [4], 
the operator 𝐵𝐵(1,−1) examined in [18], and the operator 
𝐵𝐵(1,−2,1) for 𝑚𝑚 = 2 studied in [19]. 
 
 

Fine Spectrum 

In this section, the fine spectra of the generalized 
difference operator Δ𝑚𝑚  (𝑚𝑚𝑚𝑚ℕ) on the ℓ𝑝𝑝 (1 < 𝑝𝑝 < ∞). 
sequence spaces will be calculated. 

Let 𝐴𝐴:𝐷𝐷(𝐴𝐴) ⊂ 𝑋𝑋 → 𝑋𝑋 be a bounded linear operator 
where 𝑋𝑋 is a complex normed space. Let  𝐴𝐴𝜁𝜁 ≔ 𝜁𝜁𝜁𝜁 − 𝐴𝐴 for 
𝜁𝜁𝜁𝜁ℂ. 𝐴𝐴𝜁𝜁−1 is known as the resolvent operator of 𝐴𝐴. 

ζ∈C is a regular value of 𝐴𝐴 such that  
 a) 𝐴𝐴𝜁𝜁−1 exists, 
 b) 𝐴𝐴𝜁𝜁−1 is continuous, 
 c) 𝐴𝐴𝜁𝜁−1is defined on a set which is dense in 𝑋𝑋, 
 the set of all regular values is denoted by 𝜌𝜌(𝐴𝐴,𝑋𝑋). The 

set 𝜎𝜎(𝐴𝐴,𝑋𝑋) = ℂ\𝜌𝜌(𝐴𝐴,𝑋𝑋) is called the spectrum of 𝐴𝐴. 
The set 𝜎𝜎(𝐴𝐴,𝑋𝑋) is union of three disjoint sets as follows:  
a) The point spectrum  

𝜎𝜎𝑝𝑝(𝐴𝐴,𝑋𝑋) = �𝜁𝜁𝜁𝜁ℂ:𝐴𝐴𝜁𝜁−1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑛𝑛𝑛𝑛𝑛𝑛 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒�. 
b) The continuous spectrum 
𝜎𝜎𝑐𝑐(𝐴𝐴,𝑋𝑋) = �𝜁𝜁𝜁𝜁ℂ:Domain set 𝑜𝑜𝑜𝑜 𝐴𝐴𝜁𝜁−1 is a dense   

subset of 𝑋𝑋 and 𝐴𝐴𝜁𝜁−1 is discontinuous� 
c) The residual spectrum 
 𝜎𝜎𝑟𝑟(𝐴𝐴,𝑋𝑋) = �𝜁𝜁𝜁𝜁ℂ:𝐴𝐴𝜁𝜁−1exists and its domain 
 of definition is not dense in X} 

From the above definitions, the following table is 
obtained; 

Table1: Disjoint divisions of the spectra of a bounded 
linear operator 

 

Main Result 

The definition of the operator Δ𝑚𝑚  (𝑚𝑚 ∈ ℕ), which is a generalization of difference matrices, on the ℓ𝑝𝑝 (1 < 𝑝𝑝 < ∞) 
Banach space is as follows: 

 
 (Δ𝑥𝑥)𝑘𝑘 = 𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑘𝑘−1 
 (Δ2𝑥𝑥)𝑘𝑘 = Δ(Δ𝑥𝑥)𝑘𝑘 = Δ(𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑘𝑘−1) = 𝑥𝑥𝑘𝑘 − 2𝑥𝑥𝑘𝑘−1 + 𝑥𝑥𝑘𝑘−2 
 (Δ3𝑥𝑥)𝑘𝑘 = 𝑥𝑥𝑘𝑘 − 3𝑥𝑥𝑘𝑘−1 + 3𝑥𝑥𝑘𝑘−2 − 𝑥𝑥𝑘𝑘−3 
 ⋮ 
 (Δ𝑚𝑚𝑥𝑥)𝑘𝑘 = 𝑥𝑥𝑘𝑘 − �𝑚𝑚1 � 𝑥𝑥𝑘𝑘−1 + �𝑚𝑚2 � 𝑥𝑥𝑘𝑘−2 + ⋯+ (−1)𝑚𝑚𝑥𝑥𝑘𝑘−𝑚𝑚 

 = ∑𝑚𝑚
𝑖𝑖=0 (−1)𝑖𝑖 �𝑚𝑚𝑖𝑖 � 𝑥𝑥𝑘𝑘−𝑖𝑖  

 = 𝑥𝑥𝑘𝑘 − 𝑚𝑚𝑥𝑥𝑘𝑘−1 + 𝑚𝑚(𝑚𝑚−1)
2!

𝑥𝑥𝑘𝑘−2 + ⋯+ (−1)𝑚𝑚𝑥𝑥𝑘𝑘−𝑚𝑚, 

where 𝑘𝑘 ∈ ℕ0,   ℕ0 = {0,1,2,⋯ } and 𝑥𝑥𝑘𝑘 = 0 for 𝑘𝑘 < 0 ([20]). 
It is easy to prove that the Δ𝑚𝑚-with 𝑚𝑚 + 1 bands- operator can be represented by an (𝑎𝑎𝑛𝑛𝑛𝑛) matrix . Herein is 

𝑎𝑎𝑛𝑛𝑛𝑛 = �(−1)𝑛𝑛−𝑘𝑘 �𝑚𝑚𝑘𝑘 � , max{0,𝑛𝑛 −𝑚𝑚} ≤ 𝑘𝑘 ≤ 𝑛𝑛
0 , 0 ≤ 𝑘𝑘 < max{0,𝑛𝑛−𝑚𝑚} or 𝑘𝑘 > 𝑛𝑛

 

for every 𝑛𝑛, 𝑘𝑘 ∈ ℕ0. An equivalent can be written as 

  1 2 3 
  𝐴𝐴𝜁𝜁−1 exists and 

continuous 
𝐴𝐴𝜁𝜁−1 exists and 
discontinuous 

𝐴𝐴𝜁𝜁−1 does not 
exists 

𝐼𝐼 𝑅𝑅(𝐴𝐴𝜁𝜁) = 𝑋𝑋 𝜁𝜁 ∈ 𝜌𝜌(𝐴𝐴,𝑋𝑋) − 𝜁𝜁 ∈ 𝜎𝜎𝑝𝑝(𝐴𝐴,𝑋𝑋) 
𝐼𝐼 𝑅𝑅(𝐴𝐴𝜁𝜁) = 𝑋𝑋 𝜁𝜁 ∈ 𝜌𝜌(𝐴𝐴,𝑋𝑋) 𝜁𝜁 ∈ 𝜎𝜎𝑐𝑐(𝐴𝐴,𝑋𝑋) 𝜁𝜁 ∈ 𝜎𝜎𝑝𝑝(𝐴𝐴,𝑋𝑋) 
𝐼𝐼𝐼𝐼𝐼𝐼 𝑅𝑅(𝐴𝐴𝜁𝜁) = 𝑋𝑋 𝜁𝜁 ∈ 𝜎𝜎𝑟𝑟(𝐴𝐴,𝑋𝑋) 𝜁𝜁 ∈ 𝜎𝜎𝑟𝑟(𝐴𝐴,𝑋𝑋) 𝜁𝜁 ∈ 𝜎𝜎𝑝𝑝(𝐴𝐴,𝑋𝑋) 
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Δ𝑚𝑚 = (𝑎𝑎𝑛𝑛𝑛𝑛) =

⎝

⎜
⎜
⎜
⎜
⎛

1 0 0 0 0 0 ⋯
−𝑚𝑚 1 0 0 0 0 ⋯
𝑚𝑚(𝑚𝑚−1)

2
−𝑚𝑚 1 0 0 0 ⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋯
(−1)𝑚𝑚 (−1)𝑚𝑚−1𝑚𝑚 ⋯ −𝑚𝑚 1 0 ⋯
0 (−1)𝑚𝑚 (−1)𝑚𝑚−1𝑚𝑚 ⋯ −𝑚𝑚 1 ⋯
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⎠

⎟
⎟
⎟
⎟
⎞

          (1) 

In this study, the spectrum of the Δ𝑚𝑚 operator on the ℓ𝑝𝑝 (1 < 𝑝𝑝 < ∞) sequence space will be calculated, where ℓ𝑝𝑝 
(1 < 𝑝𝑝 < ∞) is the sequence space of the form 

ℓ𝑝𝑝 = �𝑥𝑥 = (𝑥𝑥𝑛𝑛) ∈ 𝑤𝑤:�
∞

𝑘𝑘=0

|𝑥𝑥𝑘𝑘|𝑝𝑝 converget�. 

Let 𝑇𝑇: ℓ𝑝𝑝 → ℓ𝑝𝑝 be a bounded linear operator with matrix representation 𝐴𝐴. Then, the adjoint operator 𝑇𝑇∗: ℓ𝑝𝑝∗ → ℓ𝑝𝑝∗ ≅
ℓ𝑞𝑞, where 1

𝑝𝑝
+ 1

𝑞𝑞
= 1, has a matrix representation given by the transpose of 𝐴𝐴 (see [21], p. 215]). 

The operator Δ𝑚𝑚, in particular, is associated with a (𝑚𝑚 + 1)-band matrix, which extends classical difference 
operators such as Δ, Δ2, 𝐵𝐵(𝑟𝑟, 𝑠𝑠), and 𝐵𝐵(𝑟𝑟, 𝑠𝑠, 𝑡𝑡), depending on specific conditions. We begin by outlining foundational 
properties regarding the linearity and boundedness of the operator Δ𝑚𝑚. 

Theorem 1 Let 𝑇𝑇 be the operator corresponding to the matrix 𝐴𝐴 = (𝑎𝑎𝑛𝑛𝑛𝑛) ([22]) 
 (i) The necessary and sufficient condition for 𝑇𝑇 ∈ 𝐵𝐵(ℓ∞) is 

sup
𝑛𝑛

∑
∞

𝑘𝑘=1
|𝑎𝑎𝑛𝑛𝑛𝑛| < ∞.   (2) 

 (ii) The necessary and sufficient condition for 𝑇𝑇 ∈ 𝐵𝐵(ℓ1) is 

sup
𝑘𝑘

∑
∞

𝑛𝑛=1
|𝑎𝑎𝑛𝑛𝑛𝑛| < ∞.  (3) 

Lemma 1 Let 1 < 𝑝𝑝 < ∞ and 𝐴𝐴 ∈ (ℓ∞, ℓ∞) ∩ (ℓ1, ℓ1) then 𝐴𝐴 ∈ �ℓ𝑝𝑝, ℓ𝑝𝑝� ([22]). 
Lemma 2 𝑇𝑇 has a dense range if and only if the 𝑇𝑇∗ adjoint operator is one-to-one ( [23] , Theorem II 3.7). 
Lemma 3 𝑅𝑅(𝑇𝑇∗) = 𝑋𝑋∗ if and only if 𝑇𝑇 has a bounded inverse ( [23] , Theorem II 3.11). 
Theorem 2 𝛥𝛥𝑚𝑚 ∈ 𝐵𝐵�ℓ𝑝𝑝� ([24], Theorem 2).  
Theorem 3 𝜎𝜎𝑝𝑝(𝛥𝛥𝑚𝑚, ℓ𝑝𝑝) = ∅. ([24], Theorem 3).  
Theorem 4 𝜎𝜎𝑝𝑝((𝛥𝛥𝑚𝑚)∗, ℓ𝑞𝑞) = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0} ([24], Theorem 4).  

To compute the spectrum of the operator Δ𝑚𝑚  on the sequence space ℓ𝑝𝑝, we need the inverse of the operator (Δ𝑚𝑚 −
𝛼𝛼𝛼𝛼)−1. It has been proved that, under the condition |1 − 𝛼𝛼| > 2𝑚𝑚 − 1 in [20, Theorem 5], the operator      Δ𝑚𝑚 − 𝛼𝛼𝛼𝛼 has 
an inverse, which is (Δ𝑚𝑚 − 𝛼𝛼𝛼𝛼)−1 = (𝑏𝑏𝑛𝑛𝑛𝑛) for 

(𝑏𝑏𝑛𝑛𝑛𝑛) =

⎝

⎜
⎜
⎜
⎜
⎛

1
1−𝛼𝛼

0 0 0 0 ⋯
𝑚𝑚

(1−𝛼𝛼)2
1

1−𝛼𝛼
0 0 0 ⋯

𝑚𝑚2

(1−𝛼𝛼)3
− 𝑚𝑚(𝑚𝑚−1)

2!(1−𝛼𝛼)2
𝑚𝑚

(1−𝛼𝛼)2
1

1−𝛼𝛼
0 0 ⋯

𝑚𝑚3

(1−𝛼𝛼)4
− 𝑚𝑚2(𝑚𝑚−1)

(1−𝛼𝛼)3
+ 𝑚𝑚(𝑚𝑚−1)(𝑚𝑚−2)

3!(1−𝛼𝛼)2
𝑚𝑚2

(1−𝛼𝛼)3
− 𝑚𝑚(𝑚𝑚−1)

2!(1−𝛼𝛼)2
𝑚𝑚

(1−𝛼𝛼)2
1

1−𝛼𝛼
0 ⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⎠

⎟
⎟
⎟
⎟
⎞

 (4) 

Thus, the following theorem can be proved. 
Theorem 5 𝜎𝜎(𝛥𝛥𝑚𝑚, ℓ𝑝𝑝) = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1}([24], Teorem 5). 
Theorem 6 𝜎𝜎𝑟𝑟�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0}. 
Proof. Since 𝜎𝜎𝑟𝑟(Δ𝑚𝑚 , 𝑐𝑐𝑐𝑐) = 𝜎𝜎𝑝𝑝((Δ𝑚𝑚)∗, ℓ𝑞𝑞)\𝜎𝜎𝑝𝑝�Δ𝑚𝑚, ℓ𝑝𝑝�, the desired result follows from Theorem 3 and Theorem 4.  
Theorem 7 𝜎𝜎𝑐𝑐�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| = 2𝑚𝑚 − 1}\{0}. 
Proof. The requested result is acquired directly from Theorem 3, Theorem 6, and Theorem 7, given that the spectrum 
of a bounded linear operator is the union of the point spectrum, residue spectrum, and continuous spectrum, and these 
sets are disjoint. 
Theorem 8 1 ∈ 𝐼𝐼𝐼𝐼𝐼𝐼1𝜎𝜎�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝�, (0 < 𝑝𝑝 < 1). 
Proof. It suffices to show that matrix 
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Δ𝑚𝑚 − 𝐼𝐼 =

⎝

⎜
⎜
⎜
⎛

0 0 0 0 ⋯
−𝑚𝑚 0 0 0 ⋯
𝑚𝑚(𝑚𝑚 − 1)

2! −𝑚𝑚 0 0 ⋯

−
𝑚𝑚(𝑚𝑚 − 1)(m − 2)

3!
𝑚𝑚(𝑚𝑚 − 1)

2! −𝑚𝑚 0 ⋯
⋮ ⋮ ⋮ ⋮ ⋱ ⎠

⎟
⎟
⎟
⎞

 

is bounded in order to have bounded inverse. Indeed, one can easily see that 

‖(Δ𝑚𝑚 − 𝐼𝐼)𝑥𝑥‖ = �
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2
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for every 𝑥𝑥 = (𝑥𝑥𝑛𝑛) ∈ ℓ1. This means that Δ𝑚𝑚 − 𝐼𝐼 is bounded. 
Now let 𝛼𝛼 ≠ 1. From Theorem 6, if 𝛼𝛼 ∈ {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0}, then Δ𝑚𝑚 − 𝛼𝛼𝛼𝛼 ∈ 𝐼𝐼𝐼𝐼𝐼𝐼1 ∪ 𝐼𝐼𝐼𝐼𝐼𝐼2. 
Let 𝑦𝑦 = (𝑦𝑦𝑛𝑛) ∈ ℓ𝑝𝑝. 𝑥𝑥 = (𝑥𝑥𝑛𝑛) ∈ ℓ𝑝𝑝 must be found such that ((Δ𝑚𝑚)∗ − 𝛼𝛼𝛼𝛼)𝑥𝑥 = 𝑦𝑦. The transpose of (4) gives the 

inverse matrix (Δ∗ − 𝛼𝛼𝛼𝛼)−1. From Theorem 4 in [20], if |1 − 𝛼𝛼| > 2𝑚𝑚 − 1 then ((Δ𝑚𝑚)∗ − 𝛼𝛼𝛼𝛼)−1 ∈ 𝐵𝐵(𝑐𝑐). Since 

(𝑐𝑐; 𝑐𝑐) ⇒ (𝑐𝑐; ℓ∞) ⇒ (ℓ∞; ℓ∞) 

((Δ𝑚𝑚)∗ − 𝛼𝛼𝛼𝛼)−1 ∈ 𝐵𝐵(ℓ∞) holds when |1 − 𝛼𝛼| > 2𝑚𝑚 − 1. Hence, from Lemma 1 under the condition |1 − 𝛼𝛼| > 2𝑚𝑚 −
1 is ((Δ𝑚𝑚)∗ − 𝛼𝛼𝛼𝛼)−1 ∈ 𝐵𝐵�ℓ𝑝𝑝�. Thus, the operator ((Δ𝑚𝑚)∗ − 𝛼𝛼𝛼𝛼)−1 is surjective. Therefore, from Lemma 3, the operator 
Δ𝑚𝑚 − 𝛼𝛼𝛼𝛼 has bounded inverse when |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1. So, under the condition|1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1, 𝛼𝛼 ∉ 𝐼𝐼𝐼𝐼𝐼𝐼1𝜎𝜎�Δ, ℓ𝑝𝑝�. 
This completes the proof.  
Corollary 1 𝐼𝐼𝐼𝐼𝐼𝐼2𝜎𝜎�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� = [{𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0}]\{1}.  

Proof. Being that 𝜎𝜎𝑟𝑟�Δ𝑚𝑚, ℓ𝑝𝑝� = 𝐼𝐼𝐼𝐼𝐼𝐼1𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� ∪ 𝐼𝐼𝐼𝐼𝐼𝐼2𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝�, the requested result follows from Theorems 6 and 
8.  
Corollary 2 𝐼𝐼3𝜎𝜎�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� = 𝐼𝐼𝐼𝐼3𝜎𝜎�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� 
 = 𝐼𝐼𝐼𝐼𝐼𝐼3𝜎𝜎�𝛥𝛥𝑚𝑚, ℓ𝑝𝑝� = ∅ 

Proof. Since 𝜎𝜎𝑝𝑝�Δ𝑚𝑚 , ℓ𝑝𝑝� = 𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� ∪ 𝐼𝐼𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� ∪ 𝐼𝐼𝐼𝐼𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� and the sets 𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝�, 𝐼𝐼𝐼𝐼3𝜎𝜎�Δ𝑚𝑚, ℓ𝑝𝑝�, 
𝐼𝐼𝐼𝐼𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� are disjoint, the desired result follows from Theorem 3. 
Theorem 9 The follows are valid; 

 (a) 𝜎𝜎𝑎𝑎𝑎𝑎�Δ𝑚𝑚 , ℓ𝑝𝑝� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1}{1}, 
 (b) 𝜎𝜎𝛿𝛿�Δ𝑚𝑚 , ℓ𝑝𝑝� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1}, 
 (c) 𝜎𝜎𝑐𝑐𝑐𝑐�Δ𝑚𝑚 , ℓ𝑝𝑝� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0}.  
Proof.  
(a)Since 𝜎𝜎𝑎𝑎𝑎𝑎�Δ𝑚𝑚 , ℓ𝑝𝑝� = 𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝�\𝐼𝐼𝐼𝐼𝐼𝐼1𝜎𝜎�Δ𝑚𝑚, ℓ𝑝𝑝� is satisfied from Table 1, the proof is acquired from Theorems 5 

and 8. 
(b) Being that 

𝜎𝜎𝛿𝛿�Δ𝑚𝑚 , ℓ𝑝𝑝� = 𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝�\𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� 

is satisfied from Table 1, the proof is obtained from Theorem 5 and Corollary 2. 
(c) Being that 

𝜎𝜎𝑐𝑐𝑐𝑐�Δ𝑚𝑚 , ℓ𝑝𝑝� = 𝐼𝐼𝐼𝐼𝐼𝐼1𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� ∪ 𝐼𝐼𝐼𝐼𝐼𝐼2𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� ∪ 𝐼𝐼𝐼𝐼𝐼𝐼3𝜎𝜎�Δ𝑚𝑚 , ℓ𝑝𝑝� 

is satisfied from Table 1, the proof is obtanied from Theorem 6 ve Corollary 2. 
From Proposition 1.3 in [25] the following results are obtained. 
Corollary 3 Let 𝑝𝑝−1 + 𝑞𝑞−1 = 1 and 𝑝𝑝 > 1. In this case; 
 (a) 𝜎𝜎𝑎𝑎𝑎𝑎�(Δ𝑚𝑚)∗, ℓ𝑞𝑞� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1}, 
 (b) 𝜎𝜎𝛿𝛿�(Δ𝑚𝑚)∗, ℓ𝑞𝑞� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| ≤ 2𝑚𝑚 − 1}{1}, 
 (c) 𝜎𝜎𝑝𝑝�(Δ𝑚𝑚)∗, ℓ𝑞𝑞� = {𝛼𝛼 ∈ ℂ: |1 − 𝛼𝛼| < 2𝑚𝑚 − 1} ∪ {0} is valid. 
 

Conclusion and Implications 

The results obtained in this study provide a 
comprehensive spectral analysis of m-band forward 
difference matrices and generalize many of the findings 
previously established for more specific matrix classes 
such as the classical forward difference matrix Δ, the 
second-order difference matrix Δ2, and the generalized  

 
 
 

band matrices 𝐵𝐵(𝑟𝑟, 𝑠𝑠) and 𝐵𝐵(𝑟𝑟, 𝑠𝑠, 𝑡𝑡). By extending the 
analysis to 𝑚𝑚-band structures, this work encompasses a 
broader class of discrete operators, allowing for the  
inclusion of more complex interactions within the 
underlying systems. 
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In particular, the spectral characteristics derived here 
reduce to the known results for Δ and Δ2 when the 
bandwidth parameter 𝑚𝑚 is chosen appropriately (e.g., 
𝑚𝑚 = 1 or 𝑚𝑚 = 2), and likewise, special cases of the 
matrices 𝐵𝐵(𝑟𝑟, 𝑠𝑠) and 𝐵𝐵(𝑟𝑟, 𝑠𝑠, 𝑡𝑡) are covered by specific 
selections of the matrix entries in the generalized 
framework presented. This confirms the consistency of 
the current approach with earlier work while 
demonstrating its capacity to unify and extend those 
results under a single theoretical structure. 

Therefore, the findings of this paper not only validate 
known spectral properties in simpler matrix models but 
also provide a natural pathway to analyze more 
sophisticated systems governed by higher-order or multi-
coupling discrete operators. This unifying framework is 
expected to facilitate further research in the spectral 
theory of difference operators and to enhance the 
applicability of such analyses in both pure and applied 
mathematical contexts. 
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