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Abstract. In this paper, we establish an equality in order to obtain conformable fractional Newton-type inequal-
ities. Moreover, we prove some Newton-type inequalities associated with conformable fractional operators for
functions of bounded variation. Furthermore, some results are presented by using special choices of the obtained
inequalities.
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1. Introduction
The Hermite-Hadamard and Simpson-type inequalities have attracted considerable attention in recent years. In

particular, Simpson-type inequalities are derived from Simpson’s classical rules of numerical integration. Simp-
son’s classical numerical integration rules are as follows:

i. Simpson’s quadrature formula (Simpson’s 1/3 rule):∫ b

a
f (x)dx≈ b−a

6

[
f (a)+4 f

(
a+b

2

)
+ f (b)

]
.

ii. Simpson’s second formula or Newton-Cotes quadrature formula (Simpson’s 3/8 rule):∫ b

a
f (x)dx≈ b−a

8

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]
.

Simpson’s second rule corresponds to the three-point Newton-Cotes quadrature formula. Therefore, evalua-
tions involving a quadratic kernel with three nodes are often referred to as Newton-type results. In the literature,
such results are commonly known as Newton-type inequalities. These inequalities have been extensively studied by
numerous researchers. For example, Gao and Shi [1] studied Newton-type inequalities for functions whose second
derivatives are convex. In [2], some error estimates of Newton-type quadrature formula by bounded variation and
Lipschitzian functions were presented. In [3], the authors derived Newton-type inequalities for convex functions
within the framework of quantum calculus. Furthermore, Noor et al. investigated Newton-type inequalities related
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Sarıışık et al. / Düzce Math. Res. (2025) 1:1 12

to harmonic convex functions in [4], and to p−harmonic convex functions in [5]. For additional information and
unresolved aspects concerning Newton-type inequalities, the reader may consult [6–8] and the references cited
therein.

Fractional calculus has gained significant attention in recent years due to its wide range of applications across
various scientific fields. In light of its importance, various fractional integral operators have been introduced
and studied. By employing Hermite–Hadamard-type and Simpson-type inequalities, bounds for newly developed
formulas can be established. Notably, Hermite–Hadamard-type and trapezoidal-type inequalities were first inves-
tigated using Riemann-Liouville fractional integrals in [9].

Definition 1.1 ([10, 11]). If we consider f ∈ L1[a,b], then the Riemann–Liouville integrals Jα
a+ f and Jα

b− f of
order α > 0 are defined by

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x > a (1.1)

and

Jα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b, (1.2)

respectively. Here, Γ(α) is the Gamma function and its described as

Γ(α) =
∫

∞

0
e−uuα−1du.

Let us note that J0
a+ f (x) = J0

b− f (x) = f (x).

The paper [12] presents several Newton-type inequalities for differentiable convex functions, derived through
the use of Riemann-Liouville fractional integrals. In addition, the authors obtained some inequalities of Riemann-
Liouville fractional Newton-type for functions of bounded variation. Moreover, in [13], the authors derived sev-
eral Newton-type inequalities for functions whose absolute first derivatives, raised to a given power, satisfy the
condition of arithmetic-harmonic convexity. Furthermore, the authors of the paper [14] present a method to ex-
amine some Newton-type inequalities for various function classes using Riemann-Liouville fractional integrals.
These types of inequalities have been extensively studied by several researchers (see, e.g., [15–17], and references
therein).

Numerous forms of fractional integrals, including Riemann-Liouville and conformable fractional integrals,
have been examined in the context of integral inequalities. The growing applicability of these concepts has re-
cently drawn significant attention from researchers in mathematics, physics, and engineering [18, 19]. Moreover,
fractional derivatives are also used to model a wide range of mathematical biology, as well as chemical processes
and engineering problems [20, 21]. In [22], the authors developed a new form of fractional derivative, called the
conformable derivative, based on the fundamental limit definition of the standard derivative. This operator exhibits
several desirable analytical properties. The conformable derivative satisfies several key properties that are not ful-
filled by the Riemann-Liouville and Caputo definitions. In [23], the author proved that the conformable approach in
[22] cannot yield good results when compared to the Caputo definition for specific functions. This limitation of the
conformable definition has been addressed through various extensions of the conformable approach, as proposed
in [24, 25].

In [26], the authors introduced the fractional conformable integral operators and investigated several of their
fundamental properties. They also explored the relationships between these operators and other existing fractional
integral definitions. The fractional conformable integral operators are defined as follows:

Definition 1.2 ([26]). The fractional conformable integral operator β J α
a+ f (x) and β J α

b− f (x) of order β ∈C,
Re(β )> 0 and α ∈ (0,1] are presented by

β J α
a+ f (x) =

1
Γ(β )

∫ x

a

(
(x−a)α − (t−a)α

α

)β−1 f (t)
(t−a)1−α

dt, t > a (1.3)
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and
β J α

b− f (x) =
1

Γ(β )

∫ b

x

(
(b− x)α − (b− t)α

α

)β−1 f (t)
(b− t)1−α

dt, t < b, (1.4)

respectively for f ∈ L1[a,b].

Let us consider α = 1 in equalities (1.3) and (1.4). Then, the fractional integral in (1.3) and (1.4) coincides
with the Riemann-Liouville fractional integral in (1.1) and (1.2), respectively. There have been a great number of
research papers written on these subjects, [27, 28] and the references therein.

2. A crucial equality
Lemma 2.1 ([29]). Suppose that f : [a,b]→ R is an absolutely continuous function (a,b) such that f ′ ∈ L1 [a,b].
Then, the following equality holds:

1
8

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]
− αβ Γ(α +1)

2(b−a)αβ

[
β J α

b− f (a)+ β J α
a+ f (b)

]

=
αβ (b−a)

2
[I1 + I2 + I3] ,

where



I1 =

1
3∫

0

[(
1−(1−t)α

α

)β

− 1
8αβ

]
[ f ′ (tb+(1− t)a)− f ′ (ta+(1− t)b)]dt,

I2 =

2
3∫

1
3

[(
1−(1−t)α

α

)β

− 1
2αβ

]
[ f ′ (tb+(1− t)a)− f ′ (ta+(1− t)b)]dt,

I3 =
1∫
2
3

[(
1−(1−t)α

α

)β

− 7
8αβ

]
[ f ′ (tb+(1− t)a)− f ′ (ta+(1− t)b)]dt.

3. Newton-type inequalities for functions of bounded variation
Theorem 3.1. Consider that f : [a,b]→ R is a function of bounded variation on [a,b]. Then, one can obtain∣∣∣∣18

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]
−αβ Γ(β +1)

2(b−a)αβ

[
β J α

b− f (a)+ β J α
a+ f (b)

]∣∣∣∣∣
≤max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
}

b∨
a
( f ) .

Here,
b∨
a
( f ) denotes the total variation of f on [a,b].

Proof. Describe the function Kβ

α (x) and Lβ

α(x) by

Kβ

α (x) =



[
(b−a)α − (b− x)α

]β − (b−a)αβ

8 , a≤ x≤ 2a+b
3 ,

[
(b−a)α − (b− x)α

]β − (b−a)αβ

2 , 2a+b
3 < x≤ a+2b

3 ,

[
(b−a)α − (b− x)α

]β − 7(b−a)αβ

8 , a+2b
3 < x≤ b,
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and

Lβ

α(x) =



[
(b−a)α − (x−a)α

]β − 7(b−a)αβ

8 , a≤ x≤ 2a+b
3 ,

[
(b−a)α − (x−a)α

]β − (b−a)αβ

2 , 2a+b
3 < x≤ a+2b

3 ,

[
(b−a)α − (x−a)α

]β − (b−a)αβ

8 , a+2b
3 < x≤ b,

respectively. It follows that∫ b

a

[
Kβ

α (x)−Lβ

α(x)
]

d f (x) (3.1)

=
∫ 2a+b

3

a

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β

+
3(b−a)αβ

4

]
d f (x)

+
∫ a+2b

3

a+b
2

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β]d f (x)

+
∫ b

a+2b
3

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β − 3(b−a)αβ

4

]
d f (x).

Integrating by parts, we get

∫ 2a+b
3

a

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β

+
3(b−a)αβ

4

]
d f (x) (3.2)

=

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β

+
3(b−a)αβ

4

]
f (x)

∣∣∣∣∣
2a+b

3

a

−αβ

∫ 2a+b
3

a

[(
(b−a)α − (b− x)α

)β−1
(b− x)α−1

]
f (x)dx

−αβ

∫ 2a+b
3

a

[(
(b−a)α − (x−a)α

)β−1
(x−a)α−1

]
f (x)dx

=

[[
(b−a)α −

(
2(b−a)

3

)α]β

−
[
(b−a)α −

(
b−a

3

)α]β

+
3(b−a)αβ

4

]
f
(

2a+b
3

)

+
(b−a)αβ

4
f (a)

−αβ

∫ 2a+b
3

a

[(
(b−a)α − (b− x)α

)β−1
] f (x)

(b− x)1−α
dx

−αβ

∫ 2a+b
3

a

[(
(b−a)α − (x−a)α

)β−1
] f (x)

(x−a)1−α
dx.
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Similarly, we have∫ a+2b
3

a+b
2

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β]d f (x) (3.3)

=
[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β] f (x)

∣∣∣ a+2b
3

2a+b
3

−αβ

∫ a+2b
3

2a+b
3

[(
(b−a)α − (b− x)α

)β−1
(b− x)α−1

]
f (x)dx

−αβ

∫ a+2b
3

2a+b
3

[(
(b−a)α − (x−a)α

)β−1
(x−a)α−1

]
f (x)dx

=

[[
(b−a)α −

(
b−a

3

)α]β

−
[
(b−a)α −

(
2(b−a)

3

)α]β
]

f
(

a+2b
3

)

−

[[
(b−a)α −

(
2(b−a)

3

)α]β

−
[
(b−a)α −

(
b−a

3

)α]β
]

f
(

2a+b
3

)

−αβ

∫ a+2b
3

2a+b
3

[(
(b−a)α − (b− x)α

)β−1
] f (x)

(b− x)1−α
dx

−αβ

∫ a+2b
3

2a+b
3

[(
(b−a)α − (x−a)α

)β−1
] f (x)

(x−a)1−α
dx,

and ∫ b

a+2b
3

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β − 3(b−a)αβ

4

]
d f (x) (3.4)

=

[[
(b−a)α − (b− x)α

]β − [(b−a)α − (x−a)α
]β − 3(b−a)αβ

4

]
f (x)

∣∣∣∣∣
b

a+2b
3

−αβ

∫ b

a+2b
3

[(
(b−a)α − (b− x)α

)β−1
(b− x)α−1

]
f (x)dx

−αβ

∫ b

a+2b
3

[(
(b−a)α − (x−a)α

)β−1
(x−a)α−1

]
f (x)dx

=
(b−a)αβ

4
f (b)

−

[[
(b−a)α −

(
b−a

3

)α]β

−
[
(b−a)α −

(
2(b−a)

3

)α]β

− 3(b−a)αβ

4

]
f
(

a+2b
3

)
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−αβ

∫ b

a+2b
3

[(
(b−a)α − (b− x)α

)β−1
] f (x)

(b− x)1−α
dx

−αβ

∫ b

a+2b
3

[(
(b−a)α − (x−a)α

)β−1
] f (x)

(x−a)1−α
dx.

By putting the equalities from (3.2) to (3.4) in (3.1), we have∫ b

a

[
Kβ

α (x)−Lβ

α(x)
]

d f (x) =
(b−a)αβ

4

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]

−αβ

∫ b

a

[(
(b−a)α − (b− x)α

)β−1
] f (x)

(b− x)1−α
dx

−αβ

∫ b

a

[(
(b−a)α − (x−a)α

)β−1
] f (x)

(x−a)1−α
dx

=2(b−a)αβ 1
8

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]

−α
β

Γ(β +1)
[

β J α
b− f (a)+ β J α

a+ f (b)
]
.

That is,

1
8

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]
− αβ Γ(β +1)

2(b−a)αβ

[
β J α

b− f (a)+ β J α
a+ f (b)

]
(3.5)

=
1

2(b−a)αβ

∫ b

a

[
Kβ

α (x)−Lβ

α(x)
]

d f (x).

By taking the absolute value of both sides of (3.5), we readily obtain∣∣∣∣18
[

f (a)+3 f
(

2a+b
3

)
+3 f

(
a+2b

3

)
+ f (b)

]
−αβ Γ(β +1)

2(b−a)αβ

[
β J α

b− f (a)+ β J α
a+ f (b)

]∣∣∣∣∣ (3.6)

≤ 1

2(b−a)αβ

∣∣∣∣∫ b

a

[
Kβ

α (x)−Lβ

α(x)
]

d f (x)
∣∣∣∣

≤ 1

2(b−a)αβ

[∣∣∣∣∫ b

a
Kβ

α (x)d f (x)
∣∣∣∣+ ∣∣∣∣∫ b

a
Lβ

α(x)d f (x)
∣∣∣∣] .

It is known that if g, f : [a,b]→ R are such that g is continuous on [a,b] and f is bounded variation on [a,b]
then

∫ b
a g(x)d f (x) exist and ∣∣∣∣∫ b

a
g(x)d f (x)

∣∣∣∣≤ sup
x∈[a,b]

|g(x)|
b∨
a
( f ). (3.7)
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With the help of the inequality (3.7), we have∣∣∣∣∫ b

a
Kβ

a (x)d f (x)
∣∣∣∣ ≤

∣∣∣∣∣
∫ 2a+b

3

a

[[
(b−a)α − (b− x)α

]β − (b−a)αβ

8

]
d f (x)

∣∣∣∣∣
+

∣∣∣∣∣
∫ a+2b

3

2a+b
3

[[
(b−a)α − (b− x)α

]β − (b−a)αβ

2

]
d f (x)

∣∣∣∣∣
+

∣∣∣∣∣
∫ b

a+2b
3

[[
(b−a)α − (b− x)α

]β − 7(b−a)αβ

8

]
d f (x)

∣∣∣∣∣
≤ sup

x∈[a, 2a+b
3 ]

∣∣∣∣∣[(b−a)α − (b− x)α
]β − (b−a)αβ

8

∣∣∣∣∣
2a+b

3∨
a

( f )

+ sup
x∈[ 2a+b

3 , a+2b
3 ]

∣∣∣∣∣[(b−a)α − (b− x)α
]β − (b−a)αβ

2

∣∣∣∣∣
a+2b

3∨
2a+b

3

( f )

+ sup
x∈[ a+2b

3 ,b]

∣∣∣∣∣[(b−a)α − (b− x)α
]β − 7(b−a)αβ

8

∣∣∣∣∣ b∨
a+2b

3

( f )

= (b−a)αβ

max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣
} 2a+b

3∨
a

( f )

+max

{∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣
} a+2b

3∨
2a+b

3

( f )

+max

{
1
8
,

∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
}

b∨
a+2b

3

( f )


≤ (b−a)αβ max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
}

b∨
a
( f ) .

In a similar manner, we get∣∣∣∣∫ b

a
Lβ

α(x)d f (x)
∣∣∣∣ ≤

∣∣∣∣∣
∫ 2a+b

3

a

[[
(b−a)α − (x−a)α

]β − 7(b−a)αβ

8

]
d f (x)

∣∣∣∣∣ (3.8)

+

∣∣∣∣∣
∫ a+2b

3

2a+b
3

[[
(b−a)α − (x−a)α

]β − (b−a)αβ

2

]
d f (x)

∣∣∣∣∣
+

∣∣∣∣∣
∫ b

a+2b
3

[[
(b−a)α − (x−a)α

]β − (b−a)αβ

8

]
d f (x)

∣∣∣∣∣
≤ sup

x∈[a, 2a+b
3 ]

∣∣∣∣∣[(b−a)α − (x−a)α
]β − 7(b−a)αβ

8

∣∣∣∣∣
2a+b

3∨
a

( f )

+ sup
x∈[ 2a+b

3 , a+2b
3 ]

∣∣∣∣∣[(b−a)α − (x−a)α
]β − (b−a)αβ

2

∣∣∣∣∣
a+2b

3∨
2a+b

3

( f )
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+ sup
x∈[ a+2b

3 ,b]

∣∣∣∣∣[(b−a)α − (x−a)α
]β − (b−a)αβ

8

∣∣∣∣∣ b∨
a+2b

3

( f )

= (b−a)αβ

max

{
1
8
,

∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
} 2a+b

3∨
a

( f )

+max

{∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣
} a+2b

3∨
2a+b

3

( f )

+max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣
}

b∨
a+2b

3

( f )


≤ (b−a)αβ max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
}

b∨
a
( f ) .

If we substitute inequalities (3.8) and (3.8) into (3.6), then we obtain∣∣∣∣18
[

f (a)+3 f
(

2a+b
3

)
+3 f

(
a+2b

3

)
+ f (b)

]
−αβ Γ(β +1)

2(b−a)αβ

[
β J α

b− f (a)+ β J α
a+ f (b)

]∣∣∣∣∣
≤max

{
1
8
,

∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
8

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

2
3

)α]β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
[

1−
(

1
3

)α]β

− 7
8

∣∣∣∣∣
}

b∨
a
( f ) ,

which gives the desired results of Theorem 3.1. �

Remark 3.2. If we consider α = 1 in Theorem 3.1, then we have the following Newton-type inequality for Riemann-
Liouville fractional integrals∣∣∣∣18

[
f (a)+3 f

(
2a+b

3

)
+3 f

(
a+2b

3

)
+ f (b)

]
− Γ(β +1)

2(b−a)β

[
Jα

a+ f (b)+ Jα
b− f (a)

]∣∣∣∣∣
≤max

{
1
8
,

∣∣∣∣∣
(

1
3

)β

− 1
8

∣∣∣∣∣ ,
∣∣∣∣∣
(

2
3

)β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
(

1
3

)β

− 1
2

∣∣∣∣∣ ,
∣∣∣∣∣
(

2
3

)β

− 7
8

∣∣∣∣∣
}

b∨
a
( f ) ,

which is proved by Hezenci et al. in paper [16, Theorem 14].

Remark 3.3. If we assign α = β = 1 in Theorem 3.1, then one can readily obtain∣∣∣∣18
[

f (a)+3 f
(

2a+b
3

)
+3 f

(
a+2b

3

)
+ f (b)

]
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣≤ 5
24

b∨
a
( f ).

This is established by Alomari in paper [30].

4. Conclusion
Some new versions of Newton-type inequalities are considered for the case of differentiable convex functions

with the help of the conformable fractional integrals. More precisely, several Newton-type inequalities for dif-
ferentiable convex functions are evaluated by using the power-mean and Hölder inequality. Moreover, some new
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results are given by using special choices of obtained inequalities. In addition, some Newton-type inequalities
are given for bounded and Lipschitzian functions. Finally, we prove several conformable fractional Newton-type
inequalities for functions of bounded variation.

In future work, the concepts underlying our results related to Newton-type inequalities for conformable frac-
tional integrals may pave new paths for mathematicians in this field. Furthermore, one could explore generalizing
our results by employing different versions of convex function classes or other types of fractional integral op-
erators. Finally, these types of inequalities could be derived for convex functions using conformable fractional
integrals within the framework of quantum calculus.
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[9] M.Z. Sarıkaya, E. Set, H. Yaldız, N. Başak (2013), Hermite–Hadamard’s inequalities for fractional integrals
and related fractional inequalities, Math. Comput. Modelling, 57, 2403–2407. https://doi.org/10.1016/j.mcm.
2011.12.048

[10] R. Gorenflo, F. Mainardi, Fractional calculus: Integral and differential equations of fractional order,
Springer Verlag, Wien, 1997.

 https://doi.org/10.1002/mma.7019
 https://doi.org/10.1002/mma.7889
 https://dx.doi.org/10.5831/HMJ.2018.40.2.239 
 https://doi.org/10.1142/S0218348X20500371 
 https://doi.org/10.3390/fractalfract6010033 
https://doi.org/10.1016/j.mcm.2011.12.048
https://doi.org/10.1016/j.mcm.2011.12.048
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