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Abstract
The focus of this paper is to study the 2k–Fibonacci sequence, which is defined for all integers k > 0, and its
connections with both the Fibonacci and the Fibonacci-Lucas sequences. Among the main results, we highlight
the expression of the 2k-Fibonacci numbers as a linear combination of Fibonacci numbers and Fibonacci-Lucas
numbers. Additionally, the paper presents several identities, such as Binet’s formula, the Tagiuri-Vajda identity,
d’Ocagne’s identity, Catalan’s identity, and the generating function. Furthermore, we explore some properties of
these generalized sequences and establish formulas for sums of terms involving the 2k-Fibonacci numbers.
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1. Introduction
The well-known integer Fibonacci sequence { fn}n≥0 is defined as fn+2 = fn + fn+1, n ≥ 0, with f0 = 0 and f1 = 1, the

sequence A000045 in the OEIS [1]. The first terms of the Fibonacci sequence are: 0, 1, 1, 2, 3, 5, 8, 13, ... . The Fibonacci
recurrence, coupled with different initial terms, can be used to construct new number sequences or other similar sequences. For
instance, let {ln}n≥0 be the n-th term of the sequence with l0 = 2, l1 = 1 and ln+2 = ln + ln+1, n ≥ 0. The resulting sequence 2,
1, 3, 4, 7, 11, 18, ... is the Fibonacci–Lucas sequence, the sequence A000032 catalogued in the OEIS [1]. Or again, let {mn}n≥0
be the n-th element of the sequence with m0 = 4,m1 = 1 and mn+2 = mn +mn+1, n ≥ 0. The resulting sequence 4, 1, 5, 6, 11,
17, ... is the Fibonacci–Mulatu sequence, this sequence is listed as A022095 in the OEIS [1]. There is a substantial corpus
of literature that examines each of these sequences in isolation. Moreover, the connections between the Fibonacci-Mulatu
sequence and the classical or ordinary Fibonacci and Fibonacci-Lucas sequences are investigated in [2], [3] and [4], among
others.

The shifted Fibonacci sequence is again a variation of the classic Fibonacci sequence in which the recurrence relation
remains unchanged, but the initial conditions or indexes are shifted. This modification introduces flexibility in defining new
families of sequences while preserving the fundamental structure of Fibonacci-type sequences. In this study, we use the shifted
Fibonacci sequence defined by the recursion: f ∗n = f ∗n−1 + f ∗n−2, for n ≥ 2, with initial values f ∗0 = f ∗1 = 1. It can be written as:
f ∗n = fn+1, where fn represents the ordinary Fibonacci sequence.

Note that both { fn}n≥0, { f ∗n }n≥0, {ln}n≥0 and {mn}n≥0 satisfy the same relation. Both Fibonacci, shifted Fibonacci,
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Fibonacci–Lucas, and Fibonacci–Mulatu numbers satisfy numerous identities, many were discovered some centuries ago.
Normally, a new generalization of the Fibonacci sequence involves extending its structure by introducing additional

parameters, terms, or mathematical rules. So, here, let us denote {F(k,n)}n≥1 by the Fibonacci-type sequence that satisfies

F(k,n+2) = F(k,n)+F(k,n+1), n ≥ 0 , (1.1)

with initial values F(k,0) = 2k and F(k,1) = 1, for all non-negative integers k. From now on, we refer to this sequence as the
2k-Fibonacci sequence, and Table 1 shows some examples of this sequence.

k sequence name

0 1, 1, 2, 3, 5, 8, 13, 21, . . . shifted Fibonacci A000045∗ [1]
1 2, 1, 3, 4, 7, 11, 18, 29, . . . Fibonacci–Lucas A000032 [1]
2 4, 1, 5, 6, 11, 17, 28, 45, . . . Fibonacci–Mulatu A022095 [1]
3 8, 1, 9, 10, 19, 29, 48, . . . 23-Fibonacci
4 16, 1, 17, 18, 35, 53, 88, . . . 24-Fibonacci

. . .

t 2t , 1, 2t+1, 2t+2, 2(t+1)+3, . . . 2t -Fibonacci

Table 1.1. 2k-Fibonacci for some values of k.

Throughout the text, unless stated otherwise, k is a non-negative integer. For instance, in Table 1, we can see that when
k = 0 we obtain the shifted Fibonacci numbers. Similarly, setting k = 1 yields the Fibonacci–Lucas numbers. Finally, with
k = 2, we derive the Fibonacci–Mulatu numbers.

For a study of the history and some applications of the Fibonacci sequence, as well as some generalizations or extensions,
see [5] and [6]. In particular, there is an approach to the generating functions of this sequence in [7]. Many sequences have
been defined in the mathematical literature by generalizing these number sequences. In some examples, the second-order
recurrence sequences have been generalized by maintaining the recurrence relation while modifying the first two terms of the
sequence. For instance, [8] introduced and demonstrated properties of a generalized Fibonacci sequence, [9] observed that
several other known sequences are also of the Horadam sequence type by choosing appropriate initial terms and constants
of the recurrence relation. Specifically, what Horadam studied in [8] was the general Fibonacci sequence. It was in [10]
that Horadam studied what is now known as the Horadam sequence. Similarly, [11] contributed to the process of extending
the Fibonacci sequence into the domain of complex numbers, which made it possible to extend other sequences as well. The
second-order recurrence sequences were generalized by maintaining the recurrence relation while modifying the first two
terms of the sequence. For example, [12, 13] and [14] presented the generalized k-Fibonacci numbers for a real number k,
and found that these sequences were found by investigating the recursive application of two geometric transformations. Then
[15] studied the k-Fibonacci generating matrices and an extension of the (k, t)-Fibonacci numbers in [16] or [17], for real
numbers k, t. Similarly, [18, 19] and [20], have done some research on the sequences of numbers that can be derived from
these sequences. Other researchers have generalized the Fibonacci sequence by keeping the first two terms of the sequence, but
changing the recurrence relation slightly. Refs. [21] and [22] define the bi-periodic Fibonacci sequences as a generalization of
some Fibonacci sequences; [23] studied the sequence {F(k)

n }n≥0, the k-generalized Fibonacci number, as a generalization of
the tribonacci, tetranacci, ..., k-nacci sequences; and gave general expressions for this type of sequence; while [24] describes the
various structures, mathematical beauty and identities associated with such sequences and numbers. In refs. [25, 26] and [27]
generalized Fibonacci numbers and their associated polynomial extensions are presented. The Fibonacci sequence has many
applications, whether in nature or not, as can be seen in [5] or [6] using a Fibonacci sequence to analyze the mathematical
structure of the genetic code. It also explores some important applications of Fibonacci sequences.

This study is organized as follows: the introduction and background, and five additional sections. In Section 2, we derive
Binet’s formula for the 2k-Fibonacci sequence and explore its applications, including connections with the classical Fibonacci
and Fibonacci-Lucas sequences. Additionally, we extend the 2k-Fibonacci numbers to include negative indexes. In Section 3,
we present both the exponential generating function and the ordinary generating function for the 2k-Fibonacci sequence, along
with their applications. In Section 4, we establish several identities for the 2k-Fibonacci sequence that hold for all integers k.
Classical identities, such as those of Tagiuri-Vajda and Catalan, are derived, and the limits of certain quotients are discussed.
In Section 5, we present results related to the partial sums and alternating partial sums of the terms in the 2k-Fibonacci
sequence. Finally, in Section 6, we discuss the connections between the 2k-Fibonacci sequences and the classical Fibonacci and
Fibonacci-Lucas sequences, and we outline a direction for future research.

The 2k-Fibonacci sequence, like all Fibonacci-type sequences, has many captivating properties. Here we will prove almost
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all identities by the application of the Binet formula. This examination reveals the relationships and distinctive properties of
these sequences, providing deeper insights into their structural patterns and mathematical significance.

2. Binet’s Formula and Applications

In this section, we explore the first connections between Fibonacci-type sequences –specifically the 2k-Fibonacci sequence–
and the classical Fibonacci and Fibonacci-Lucas sequences, analyzing a set of key identities, most of them derived from or
obtained using Binet’s formula.

2.1 Background and preliminary results
The Fibonacci-type sequence is known for being associated with the characteristic equation

r2 = r+1 . (2.1)

Solving this equation for r yields two distinct roots α and β , that is, α is the golden ratio (1+
√

5)/2, and β is its conjugate
(1−

√
5)/2, which play a central role in deriving properties of the sequence. As noted in sources such as [5] and [28], among

others, the Binet formula provides a direct and elegant method for computing the n-th Fibonacci-type number without the
need to iterate through the sequence. This formula enhances the roots of the characteristic equation to express the n-th term
explicitly, highlighting the sequence’s intrinsic mathematical beauty and efficiency.

The next auxiliary result gives the Binet formula for the classical Fibonacci sequence { fn}n≥0, and can be found in [6,
Equation 58], which is also derived from [5, Theorem 7.4].

Lemma 2.1. For every non-negative integer n, the general formula for the terms of the Fibonacci sequence { fn}n≥0 is

fn =
αn −β n

α −β
, (2.2)

where α and β are the distinct roots of Equation (2.1).

The following fact can be regarded as a specific example of a more general result, namely Theorem 7.4, as presented in [5].
This particular case aligns with the broader principles outlined in that theorem, providing a focused application within this
context.

Theorem 2.2 (Binet-like Formula). Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence, c = 1−2kβ and d = 1−2kα .
Then we have that

F(k,n) =
cαn −dβ n

α −β
, (2.3)

where α and β are the distinct roots of Equation (2.1).

Proof. We need to find c1 = c1(k) and c2 = c2(k), k ≥ 0, such that

F(k,n) = c1α
n + c2β

n .

By the definition{
F(k,0) = c1α0 + c2β 0 = c1 + c2 = 2k

F(k,1) = c1α1 + c2β 1 = c1α + c2β = 1

which implies that

c1 =
1−2kβ

α −β
and c2 =

2kα −1
α −β

.

Then,

F(k,n) =
(1−2kβ )αn − (1−2kα)β n

α −β
,

as we wanted to demonstrate.
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As a consequence of Theorem 2.2, we have the following corollary.

Corollary 2.3. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. Then the Binet formula for the shifted Fibonacci,
Fibonacci–Lucas, and Fibonacci–Mulatu numbers are given respectively by

(a) F(0,n) = f ∗n =
αn+1 −β n+1

α −β
,

(b) F(1,n) = ln = α
n +β

n ,

(c) F(2,n) = mn =
10−

√
5

5
α

n +
10+

√
5

5
β

n ,

furthermore,

(d) F(0,n) = f ∗n = fn+1 ,

(e) F(1,n) = ln = fn−1 + fn+1 , (2.4)
(f) F(2,n) = mn = 2ln − fn ,

where α and β are the distinct roots of Equation (2.1), { fn}n≥0 is the ordinary Fibonacci sequence, {ln} is the Fibonacci–Lucas
numbers, and {mn} is the Fibonacci–Mulatu numbers.

Proof. (a), (b), (c) and (d) are straightforward calculations.
(e) For k = 1, then c = 1−2β and d = 1−2α , so

F(1,n) =
(1−2β )αn − (1−2α)β n

α −β
=

αn −β n

α −β
+2

αn−1 −β n−1

α −β
,

since αβ =−1. According to Equation (2.2) we have

F(1,n) = fn +2 fn−1 = fn−1 + fn+1 .

Following Table 1 for k = 1, we have F(1,n) = ln.
(f) Combining Equations (2.2) and (2.3), we have

2ln − fn = 2
(1−2β )αn − (1−2α)β n

α −β
− αn −β n

α −β
= F(2,n) = mn ,

and we get the result, using Table 1 for k = 2.

Let {F(k,n)}n≥1 be the 2k-Fibonacci sequence with initial values F(k,0) = 2k and F(k,1) = 1. Consider the constants c= 1−2kβ

and d = 1−2kα , where α and β represent the distinct roots of Equation (2.1). According to [5], the constant cd occurs in
many of the formulas for Fibonacci-type numbers. It is called the characteristic of the Fibonacci-type sequence.

cd = [1−2k
β ][1−2k

α] = 1−2k −4k ,

since α +β = 1 and αβ =−1. We will denote it by the Greek letter µ (mu), making µ =−cd.
Building on the previous discussion, the following result is presented:

Proposition 2.4. The characteristic µk of the generalized 2k-Fibonacci sequence {F(k,n)}n≥0 is given by

µk = 4k +2k −1 .

For instance, the characteristic of both the shifted-Fibonacci sequence and the classical Fibonacci sequence is µ0 = 1. The
Fibonacci-Lucas sequence, on the other hand, is characterized by µ1 = 5. Similarly, for the Fibonacci-Mulatu numbers, the
characteristic is µ2 = 19.

Again using Theorem 2.2, specifically Corollary 2.3, we get the next two sets of results.

Proposition 2.5. For all non-negative integers n, we have

fn+1ln = f2n+1 +(−1)n (2.5)

fnln+1 = f2n+1 − (−1)n (2.6)

5 fn fn+1 = l2n+1 − (−1)n (2.7)

lnln+1 = l2n+1 +(−1)n (2.8)
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fn+1 fn−1 + f 2
n = 2 f 2

n +(−1)n (2.9)

ln+4 = 3ln+2 − ln (2.10)

where { fn}n is the Fibonacci sequence and {ln}n is the Fibonacci–Lucas sequence.

Proof. By Binet’s formula for Fibonacci and Fibonacci–Lucas sequences, we have

fnln+1 =
αn −β n
√

5
(αn+1 +β

n+1)

=
1√
5

[
α

2n+1 −β
2n+1]− (−1)n = f2n+1 − (−1)n ,

where we use that αβ =−1 and α −β =
√

5. Then we have obtained Equation (2.6). The Equations (2.5), (2.7), and (2.8) are
obtained in a similar way.

Equation (2.9) follows from Cassini’s formula, [5, Theorem 7.5], by summing 2 f 2
n on both sides.

ln+4 = ln+3 + ln+2 = ln+2 + ln+1 + ln+2 = ln+2 + ln+2 − ln + ln+2 = 3ln+2 − ln ,

and Equation (2.10) follows.

Proposition 2.6. For the non-negative integers m and n. The following identities hold true

ln−1 + ln+1 = 5 fn (2.11)

fn+4 = 3 fn+2 − fn (2.12)

fm−1 fn + fm fn+1 = fm+n (2.13)

ln fn+1 + ln+1 fn = 2 f2n+1 (2.14)

mn = fn +4 fn−1 (2.15)

where { fn}n≥0 is the classical Fibonacci sequence, {ln}n≥0 is the Fibonacci–Lucas sequence, and {mn}n≥0 is the Fibonacci–
Mulatu sequence.

These results will be used throughout the paper, and their proofs are omitted for brevity. Verification of each statement can
be achieved by applying the corresponding item of Corollary 2.3 or by consulting the references. Specifically, Equations (2.11)
and (2.12) were established in [5] (Equations 5.18 and 5.16), Equation (2.13) was derived in [28, Equation 1.8], Equation (2.14)
is presented in [6, Equation 16a], and Equation (2.15) is found in [29, Theorem 2].

2.2 Connections between 2k-Fibonacci and Fibonacci numbers
In this subsection, we explain the relationship between the classical Fibonacci and Fibonacci–Lucas sequences with any

2k-Fibonacci sequence.
It follows from Binet’s formula that the following results hold.

Theorem 2.7. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. Then we have that

F(k,n) = F(0,n−1)+2kF(0,n−2) , (2.16)

for all n ≥ 2 and k ≥ 0.

Proof. According to Equation (2.3), we have

F(k,n) =
(1−2kβ )αn − (1−2kα)β n

α −β
=

αn −β n

α −β
+2k αn−1 −β n−1

α −β
,

and the result follows from Equation (2.2).

As a direct consequence of Theorem 2.7, we have the following corollary.
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Corollary 2.8. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. For all n ≥ 2 and k ≥ 0, we have

F(k,n) = fn +2k fn−1 , (2.17)

where { fn}n is the Fibonacci sequence.

Corollary 2.9. For non-negative integers n, we have the following corollary.

(a) F(0,n) = fn+1 ;

(b) ln = fn + fn+1 ;

(c) mn = ln +2 fn ;

where { fn}n is the Fibonacci sequence, {ln}n is the Fibonacci–Lucas sequence, and {mn}n is the Fibonacci–Mulatu sequence.

The next result establishes a connection between the Fibonacci-type sequences of order 2k+1 and 2k with the classical
Fibonacci sequence.

Proposition 2.10. For all fixed n ≥ 1, the sequence {F(k,n)}k≥0 satisfies

F(k+1,n)−F(k,n) = 2k fn−1 ,

where { fn}n is the Fibonacci sequence.

Proof. Fix n ≥ 1. Then, by Equation (2.17), we have

F(k+1,n)−F(k,n) = (2k+1 −2k) fn−1 = 2k fn−1 ,

as required.

Corollary 2.11. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. Then we have that

F(k+1,n) = 2F(k,n)− fn , (2.18)

for all n ≥ 1 and k ≥ 0, and where { fn}n is the Fibonacci sequence.

Proof. By Equation (2.16) we have

2F(k,n) = 2F(0,n−1)+2 ·2k−1F(0,n−2) .

Then,

F(k+1,n)−2F(k,n) = F(0,n−1)−2F(0,n−1)+2kF(0,n−2)−2kF(0,n−2) =−F(0,n−1) ,

as we wanted to demonstrate.

Theorem 2.12. Consider that k,n and t are non-negative integers. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence.
For all n ≥ 1, then we have that

F(k+t,n) = 2tF(k,n)− (2t −1) fn , (2.19)

where { fn}n≥0 is the Fibonacci.

Proof. We will use mathematical induction on t. For t = 1, the result follows from Equation (2.18). Suppose that the result is
valid for some t ≥ 1. Then

F((k+1)+t,n) = 2tF(k+1,n)− (2t −1) fn = 2t+1F(k,n)− (2t+1 −1) fn ,

where we use Equation (2.18) once again in the second equation, and this completes the proof.

When substituting k = t = 1 in Equation (2.19), we obtain the following corollary.
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Corollary 2.13. For non-negative integers n, we have

mn = 2ln − fn;

where { fn}n is the Fibonacci sequence, {ln}n is the Fibonacci–Lucas sequence, and {mn}n is the Fibonacci–Mulatu sequence.

The following results allow us to express the 2k- Fibonacci numbers as a linear combination of the Fibonacci–Lucas
numbers and Fibonacci numbers, and is our main result.

Theorem 2.14. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. Then we have that

F(k,n) = 2k−1ln − (2k−1 −1) fn , (2.20)

for all n ≥ 1 and k ≥ 1, where { fn}n≥0 and {ln}n≥0 are the Fibonacci and Lucas sequences, respectively.

Proof. For a fixed k, let us apply the principle of mathematical induction to n. Note that

F(k,0) = 2k−1l0 − (2k−1 −1) f0 = 2k ,

and

F(k,1) = 2k−1l1 − (2k−1 −1) f1 = 1 .

Assume that the property is true for all values less than or equal to n, that is, F(k,m) = 2k−1lm − (2k−1 −1) fm for m ≤ n. We
need to prove that the property holds for m+1. According to Equation (1.1)

F(k,m+1) = F(k,m)+F(k,m−1), m ≥ 1 .

Using the inductive hypothesis, we have:

F(k,m+1) = F(k,m)+F(k,m−1) = [2k−1lm − (2k−1 −1) fm]+ [2k−1lm−1 − (2k−1 −1) fm−1] = 2k−1lm+1 − (2k−1 −1) fm+1 .

Therefore, by the principle of mathematical induction, the property from Equation (2.20) is true for all non-negative integers
n.

For instance, when k = 1 then

F(1,n) = 21−1ln − (21−1 −1) fn = ln,

and for k = 2, then

F(2,n) = 22−1ln − (22−1 −1) fn = 2ln − fn = mn .

Proposition 2.15. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. Then we have that

F(k,n) = fn +2k fn−1 , (2.21)

where { fn}n≥0 is the Fibonacci sequence.

Proof. By combining Equations (2.4) and (2.20), we have

F(k,n) = 2k−1ln − (2k−1 −1) fn = 2k fn−1 + fn ,

as required.

As an immediate consequence of Proposition 2.15, we obtain the following corollary.

Corollary 2.16. For non-negative integers n, we have

(a) ln = fn +2 fn−1;

(b) mn = fn +22 fn−1;

where { fn}n is the Fibonacci sequence, {ln}n is the Fibonacci–Lucas sequence, and {mn}n is the Fibonacci–Mulatu sequence.
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We will see below that the addition of two terms of the same parity of the 2k-Fibonacci sequence is a combination of
Fibonacci–Lucas terms.

Proposition 2.17. For non-negative integers n and k, and for the generalized 2k-Fibonacci sequence {F(k,n)}n≥0, the following
identity holds

F(k,n−1)+F(k,n+1) = 5 ·2k−1 fn − (2k−1 −1)ln , (2.22)

where {ln}n≥0 is the Fibonacci–Lucas sequence and { fn}n≥0 is the Fibonacci sequence.

Proof. It follows from Equations (2.4), (2.20), and (2.11) that

F(k,n−1)+F(k,n+1) = 2k−1(ln−1 + ln+1)− (2k−1 −1)( fn−1 + fn+1) = 2k−1(5 · fn)− (2k−1 −1)ln ,

as required.

2.3 Negative subscript
In this subsection, we will present an extension of the negative index for generalized 2k-Fibonacci numbers; that is, we will

show how to extend the 2k-Fibonacci sequence to negative subscripts.
The Fibonacci and Fibonacci-Lucas numbers with negative subscripts, according to [5, Equations 5.19 and 5.20], have the

relations

f−n = (−1)n+1 fn; (2.23)

l−n = (−1)nln; (2.24)

where { fn}n≥0 is the classical Fibonacci sequence and {ln}n≥0 is the Fibonacci–Lucas sequence.
We will give meaning to the sequence F(k,−n) for every integer n, and for the recurrence to remain valid. The generalized

2k-Fibonacci sequence is characterized by a recurrence relation, which can be expressed as follows

F(k,n) = F(k,n−1)+F(k,n−2),

with initial conditions F(k,0) = 2k and F(k,1) = 1. To extend the sequence to negative indexes, we use the modified recurrence
relation

F(k,n−2) = F(k,n)−F(k,n−1).

Using this, we compute the 2k-Fibonacci terms for the negative indexes. The calculations are as follows:

F(k,−1) = F(k,1)−F(k,0) = 1−2k

= −1(−1+1 ·2k) = −1(−f1 + f2 ·2k) ,
F(k,−2) = F(k,0)−F(k,−1) = 2k − (1−2k)

= 1(−1+2 ·2k) = 1(−f2 + f3 ·2k) ,
F(k,−3) = F(k,−1)−F(k,−2) = 1−2k − (−1+2 ·2k)

= −1(−2+3 ·2k) = −1(−f3 + f4 ·2k) ,
F(k,−4) = F(k,−2)−F(k,−3) = −1+2 ·2k − (2−3 ·2k)

= 1(−3+5 ·2k) = 1(−f4 + f5 ·2k) ,
F(k,−5) = F(k,−3)−F(k,−4) = 2−3 ·2k − (−3+5 ·2k)

= −1(−5+8 ·2k) = −1(−f5 + f6 ·2k) ,

and so on, and we can see the following pattern in the next result, which is a counterpart of Equation (2.17) for negative
subscripts.

Proposition 2.18. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. For all integers n ≥ 1, then the negative index
n-th numbers satisfy

F(k,−n) = (−1)n
(

2k fn+1 − fn

)
, (2.25)

where { fn}n≥1 is the Fibonacci sequence.
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Proof. Let U(k,−n) = (−1)n
(

2k fn+1 − fn
)

for all integers n ≥ 1. We want to show that U(k,−n) verifies the recurrence relation
U(k,−n) =U(k,−(n+2))+U(k,−(n+1)) . Indeed,

U(k,−(n+2))+U(k,−(n+1)) = (−1)n+2
(

2k fn+3 − fn+2

)
+(−1)n+1

(
2k fn+2 − fn+1

)
= (−1)n

(
2k fn+1 − fn

)
=U(k,−n) .

Moreover, U(k,−1) = 2k f2 − f1 = 2k − 1 and U(k,−2) = 2k f3 − f2 = 2 · 2k − 1. So, since U(k,−n) satisfies the recurrence that
defines F(k,−n) with the same initial condition, we conclude U(k,−n) = F(k,−n).

The sequence {F(k,n)}n≥0 can be extended to negative subscripts by the following result.

Proposition 2.19. Let {F(k,n)}n≥0 be the generalized 2k-Fibonacci sequence. For integer n ≥ 1, then the negative index n-th
numbers F(k,n) satisfy the following

F(k,−n) = (−1)n
(

F(k,n)+2(2k−1 −1) fn

)
, (2.26)

where { fn}n≥0 is the Fibonacci sequence.

Proof. Combining Equations (2.20), (2.23) and (2.24) we have

F(k,−n) = 2k−1l−n − (2k−1 −1) f−n

= (−1)n
(

F(k,n)+2(2k−1 −1) fn

)
,

which verifies the result.

It follows from the previous result that the Fibonacci–Mulatu sequence with a negative index has the following property:

Corollary 2.20. For all negative indexes, the Fibonacci–Mulatu sequence satisfies the following identity

m−n = (−1)n(2ln + fn) ,

where { fn}n≥0 is the Fibonacci sequence, {ln}n≥0 is the Fibonacci–Lucas sequence, and {mn}n≥0 is the Fibonacci–Mulatu
sequence.

Proof. At the beginning of the proof, we take k = 2 in Proposition 2.19. Then

F(2,−n) = (−1)n (F(2,n)+2(22−1 −1) fn
)
= (−1)n (F(2,n)+2 fn

)
.

By Equation (2.18), we have

F(2,−n) = (−1)n (2F(1,n)− fn +2 fn
)
= (−1)n (2F(1,n)+ fn

)
,

as required.

3. Generating Functions

In this section, we present both the exponential generating function and the ordinary generating function for the 2k-Fibonacci
sequence.

In mathematical literature, the ordinary generating function for a sequence {an}n≥0, denoted as Gan(x), is defined as:

Gan(x) =
∞

∑
n=0

anxn = a0 +a1x+a2x2 +a3x3 + · · ·+anxn + · · · . (3.1)

The following result provides the explicit form of the generating function for the 2k-Fibonacci sequence.

Proposition 3.1. The generating function for the generalized 2k-Fibonacci sequence numbers {F(k,n)}n≥0, denoted by GF(k,n)(x),
is given by

GF(k,n)(x) =
2k +(1−2k)x

1− x− x2 .
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Proof. According to Equation (3.1), the ordinary generating function for the 2k-Fibonacci sequence is given by

GF(k,n)(x) = F(k,0)+F(k,1)x+F(k,2)x
2 +F(k,3)x

3 + · · ·+F(k,n)x
n + · · · .

Using the relationships xGF(k,n)(x) and x2GF(k,n)(x), we derive the following results

GF(k,n)(x)(1− x− x2) = F(k,0)+[F(k,1)−F(k,0)]x = 2k +(1−2k)x ,

as F(k,0) = 2k and F(k,1) = 1, we have

(1− x− x2)GF(k,n)(x) = 2k +(1−2k)x ,

or equivalently,

GF(k,n)(x) =
2k +(1−2k)x

1− x− x2 ,

since 1− x− x2 ̸= 0, and this completes the proof.

The exponential generating function Ean(x) for a sequence {an}n≥0 is represented as a power series given by

Ean(x) = a0 +a1x+
a2x2

2!
+ · · ·+ anxn

n!
+ · · ·=

∞

∑
n=0

anxn

n!
.

In the following result, we focus on the case where an = F(k,n), using the Binet formula for the 2k-Fibonacci sequence. By
doing so, we derive the exponential generating function for this specific sequence.

Proposition 3.2. For all n ≥ 0 the exponential generating function for the 2k-Fibonacci sequence {F(k,n)}n≥0 is

EF(k,n)(x) =
∞

∑
n=0

F(k,n)
xn

n!
=

(1−2kβ )eαx − (1−2kα)eβx

α −β
,

where α and β are the distinct roots of Equation (2.1).

Proof. For each non-negative integer n, by Binet’s formula (Equations (2.3)), we have

xn

n!
F(k,n) =

1−2kβ

α −β

(αx)n

n!
− 1−2kα

α −β

(βx)n

n!
.

Then
∞

∑
n=0

xn

n!
F(k,n) =

1−2kβ

α −β

∞

∑
n=0

(αx)n

n!
− 1−2kα

α −β

∞

∑
n=0

(βx)n

n!

=
1−2kβ

α −β
eαx − 1−2kα

α −β
eβx ,

and follows the result.

The Poisson generating function Pan(x) for a sequence {an}n≥0 is defined as

Pan(x) =
∞

∑
n=0

anxn

n!
e−x.

This function encodes the sequence {an}n≥0 in terms of the parameter x. A significant relationship exists between the
exponential generating function Ean(x) and the Poisson generating function Pan(x), given by

Pan(x) = e−xEan(x).

This relationship establishes a direct connection between the two generating functions, enabling the derivation of the Poisson
generating function from its exponential counterpart.

As a specific case, considering the exponential generating function for the 2k-Fibonacci sequence given in Proposition 3.2
by EF(k,n)(x), we get the following result.
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Corollary 3.3. For all n ≥ 0, the Poisson generating function for the 2k-Fibonacci sequence {F(k,n)}n≥0 is

PF(k,n)(x) =
(1−2kβ )e(α−1)x − (1−2kα)e(β−1)x

α −β
,

where α and β are the distinct roots of Equation (2.1).

This result highlights the explicit form of the Poisson generating function for the Fibonacci–Mulatu sequence, emphasizing
the roles of α and β in its structure.

4. Some Properties

In this section, we establish some identities for the 2k-Fibonacci sequence for all integers n. The classical identities are
studied, and finally, the limit of some quotients is presented.

4.1 Identities for the 2k-Fibonacci sequence
The first two results establish the multiplication formula for two consecutive terms of the 2k-Fibonacci sequence.

Proposition 4.1. For all non-negative integers n and k ≥ 1, the generalized 2k-Fibonacci sequence {F(k,n)}n≥0 satisfies the
following identity:

10F(k,n)F(k,n+1) =
(

3µk +5−5 ·2k
)

l2n+1 −
(

5µk +5−15 ·2k
)

f2n+1 +2µk(−1)n,

where { fn}n≥0 is the Fibonacci sequence and {ln}n≥0 is the Fibonacci–Lucas sequence, and µk is the characteristic of
2k-Fibonacci sequence.

Proof. By Equations (2.7), (2.8), (2.14), and (2.20) we obtain

5F(k,n)F(k,n+1) = 5[2k−1ln − (2k−1 −1) fn][2k−1ln+1 − (2k−1 −1) fn+1]

= 5 ·22k−2lnln+1 +5(2k−1 −1)2 fn fn+1 −5 ·2k−1(2k−1 −1)(ln fn+1 + ln+1 fn)

= 5 ·22(k−1) (l2n+1 +(−1)n)+(22(k−1)−2k +1)(l2n+1 − (−1)n)−5 ·2k−1(2k−1 −1)(2 f2n+1)

=

(
3
2

µk +
5
2
− 5

2
2k
)

l2n+1 −5
(

1
2

µk +
1
2
− 3

2
2k
)

f2n+1 +µk(−1)n ,

then, by multiplying 2 on both sides and using that µk = 22k +2k −1, this completes the proof.

The next result follows directly from Proposition 4.1 making k = 2.

Corollary 4.2. Let {mn}n≥0 be the Fibonacci–Mulatu sequence. Then, we have

5mnmn+1 = 21l2n+1 −20 f2n+1 +19(−1)n ,

where { fn}n≥0 is the Fibonacci sequence and {ln}n≥0 is the Fibonacci–Lucas sequence.

Proof. Taking k = 2, and as µ2 = 19, then

3µ2 +5−5 ·22 = 3 ·19+5−5 ·4 = 42

5µ2 +5−15 ·22 = 5 ·19+5−15 ·4 = 40
2µ2 = 38 .

Therefore,

10mnmn+1 =
(
3µ2 +5−5 ·22) l2n+1 −

(
5µ2 +5−15 ·22) f2n+1 +2µ2(−1)n

= 42l2n+1 −40 f2n+1 +38(−1)n ,

Then, just divide by 2 both sides and the result follows.

An alternative way to express the product of two consecutive 2k-Fibonacci numbers is given by:
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Proposition 4.3. For all non-negative integers n and k ≥ 1, the generalized 2k-Fibonacci sequence {F(k,n)}n≥0 satisfies the
following identity

5F(k,n)F(k,n+1) = l2n+1 +10 ·2k f 2
n +4kl2n−1 +(−1)n(µk +F(k+2,0)) ,

where { fn}n≥0 is the Fibonacci sequence and {ln}n≥0 is the Fibonacci–Lucas sequence.

Proof. By Equations (2.7), (2.9), and (2.21) we have

5F(k,n)F(k,n+1) = 5[( fn +2k fn−1)( fn+1 +2k fn)]

= l2n+1 +10 ·2k f 2
n +4kl2n−1 +(4k +2k −1+4 ·2k)(−1)n ,

as µk = 4k +2k −1, Proposition 2.4, it follows that

5F(k,n)F(k,n+1) = l2n+1 +10 ·2k f 2
n +4kl2n−1 +(µk +2k+2)(−1)n

= l2n+1 +10 ·2k f 2
n +4kl2n−1 +(µk +F(k+2,0))(−1)n ,

which concludes the proof.

In the 2k-Fibonacci sequence, the term of order n+4 can be represented as a linear combination of the terms of orders
n+2 and n. Specifically, it is expressed as:

Proposition 4.4. For all integers n, the generalized 2k-Fibonacci sequence {F(k,n)}n≥0 sequence satisfies the following identity

F(k,n+4) = 3F(k,n+2)−F(k,n).

Proof. It follows from Equations (2.10), (2.12), and (2.20) that

F(k,n+4) = 2k−1ln+4 − (2k−1 −1) fn+4 = 2k−1(3ln+2 − ln)− (2k−1 −1)(3 fn+2 − fn)

= 3 ·2k−1ln+2 −2k−1ln −3(2k−1 −1) fn+2 +(2k−1 −1) fn

= 3(2k−1ln+2 − (2k−1 −1) fn+2)− (2k−1ln − (2k−1 −1) fn)

= 3F(k,n+2)−F(k,n) .

which verifies the result.

The following result is derived directly from Proposition 4.4 by setting k = 0, k = 1, and k = 2, respectively.

Corollary 4.5. Let { f ∗n }n≥0, {ln}n≥0, and {mn}n≥0 be, respectively, the shifted Fibonacci sequence, the Fibonacci–Lucas
sequence, and the Fibonacci–Mulatu sequence. Then, we have that

(a) f ∗n = 3 fn+3 − fn+1 ,

(b) ln = 3ln+2 − ln ,

(b) mn = 3mn+2 −mn ,

where { fn}n≥0 is the Fibonacci sequence.

The next auxiliary result establishes the addition formula for two terms in the index of the 2k-Fibonacci numbers.

Lemma 4.6. For non-negative integers n and m, and for the generalized 2k-Fibonacci sequence {F(k,n)}n≥0, we have

F(k,n+m) = fm−1F(k,n)+ fmF(k,n+1), (4.1)

F(k,n−m) = (−1)m( fm+1F(k,n)− fmF(k,n+1)). (4.2)

where { fn}n≥0 is the Fibonacci sequence.
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Equation (4.1) in Lemma 4.6 is a particular case of the general result due to Vajda [6, Equation (8)]. Namely, for any
Fibonacci-type sequence {Gn}n≥0 holds

Gn+m = fm−1Gn + fmGn+1 ,

where { fn}n≥0 is the Fibonacci sequence. When k = 1, we have F(1,n) = ln the Fibonacci–Lucas numbers, so

ln+m = fm−1ln + fmln+1 ,

and, when k = 2, we have F(2,n) = mn the Fibonacci–Mulatu number, see [29, Theorem 5]. So

mn+q = fq−1mn + fqmn+1 .

To finish the section, we will show that the double of all 2k-Fibonacci is a linear combination of Fibonacci and Fibonacci-
Lucas sequences.

Proposition 4.7. For non-negative integers n, m, k, and for the generalized 2k-Fibonacci sequence {F(k,n)}n≥0, the following
identity holds

2F(k,n+m) = lmF(k,n)+ fm(5 ·2k−1 fn − (2k−1 −1)ln) , (4.3)

where {ln}n≥0 is the Fibonacci–Lucas sequence and { fn}n≥0 is the Fibonacci sequence.

Proof. Combining Equations (4.1) and (4.2) we have

F(k,n+m)+(−1)mF(k,n−m) = fm−1F(k,n)+ fmF(k,n+1)+ fm+1F(k,n)− fmF(k,n+1) = lmF(k,n)

and

F(k,n+m)− (−1)mF(k,n−m)) = fm−1F(k,n)+ fmF(k,n+1)− fm+1F(k,n)+ fmF(k,n+1) = fm(F(k,n−1)+F(k,n+1)) .

Now, by summing the last two equations, we obtain

2F(k,n+m) = lmF(k,n)+ fm(F(k,n−1)+F(k,n+1)) .

By the use of Equation (2.22), we obtain the result.

4.2 Some classical identities
The following auxiliary result involves two Fibonacci sequences and can be found at [6, Equation 18].

Lemma 4.8. [6] For any Fibonacci-type sequences {Gn}n≥0 and {Hn}n≥0, the following identity holds

Gn+hHn+q −GnHn+h+q = (−1)n(GhHq −G0Hh+q) , (4.4)

where n,h,q are any natural numbers.

The Tagiuri-Vajda identity for the 2k-Fibonacci sequence is presented as follows, which we get using the previous result.

Theorem 4.9. Let n,h,q be any natural number. We have

F(k,n+h)F(k,n+q)−F(k,n)F(k,n+h+q) = (−1)n+1
µk fh fq , (4.5)

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence, and { fn}n≥0 is the Fibonacci sequence, and µk is the characteristic
of {F(k,n)}n≥0 .

Proof. We specialize in Equation (4.4) taking Gi = Hi = F(k, i), and we have

F(k,n+h)F(k,n+q)−F(k,n)F(k,n+h+q) = (−1)n[(F(k,h)F(k,q)−F(k,0)F(k,h+q)] .
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As F(k,0) = 2k and by use of the Equations (2.20) and (4.3) we have

F(k,h)F(k,q)−F(k,0)F(k,h+q) = F(k,h)F(k,q)−2k−12F(k,h+q)

= F(k,h)F(k,q)−2k−1lqF(k,h)+5 ·22(k−1) fq fh −2k−1(2k−1 −1) fqlh

= [F(k,h)(F(k,q)−2k−1lq)−2k−1 fq(5 ·2k−1 fh − (2k−1 −1)lh)]

= [−(2k−1 −1)F(k,h) fq −2k−1 fq(5 ·2k−1 fh − (2k−1 −1)lh)]

= (−1) fh fq[4 ·22(k−1)+2 ·2k−1 −1]

= (−1) fh fq[4k +2k −1] ,

as µk = 4k +2k −1, which establishes the proof.

As a direct consequence of the Tagiuri-Vajda identity, the following results are generalized to establish d’Ocagne’s identity,
Catalan’s identity, and Cassini’s identity specifically for the 2k-Fibonacci sequence.

Proposition 4.10 (d’Ocagne’s identity). Let m,n be non-negative integers, then

F(k,m)F(k,n+1)−F(k,n)F(k,m+1) = (−1)n+1
µk fm−n ,

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence, and { fn}n≥0 is the Fibonacci sequence, and µk is the characteristic
of {F(k,n)}n≥0 .

Proof. Consider h = m−n and q = 1 in Equation (4.5), then

F(k,m)F(k,n+1)−F(k,n)F(k,m+1) = (−1)n+1
µk fm−n f1 = (−1)n+1

µk fm−n .

which proves the result.

Proposition 4.11 (Catalan’s identity). Let n, q be non-negative integers, then

F(k,n+q)F(k,n−q)− (F(k,n))
2 = (−1)n+q

µk f 2
q , (4.6)

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence, and { fn}n≥0 is the Fibonacci sequence, and µk is the characteristic
of {F(k,n)}n≥0 .

Proof. Taking h =−q in Equation (4.5), we have that

F(k,n−q)F(k,n+q)−F(k,n)F(k,n) = (−1)n+1
µk f−q fq .

As f−q = (−1)q+1 fq, we have

F(k,n+q)F(k,n−q)− (F(k,n))
2 = (−1)n+q+2

µk( fq)
2 ,

and the result follows.

As a consequence of Catalan’s identity, as f1 = 1 and by doing q = 1 in Equation (4.6), we have the following result.

Corollary 4.12 (Cassini-Simson’s identity). For all non-negative integers n, we have

(F(k,n))
2 −F(k,n+1)F(k,n−1) = (−1)n

µk ,

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence, and µk is the characteristic of {F(k,n)}n≥0 .

Other consequence is the Cassini-Simson identity for subscripts even:

Corollary 4.13. For all non-negative integers n, we have

(F(k,2n))
2 −F(k,2n+1)F(k,2n−1) = µk ,

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence, and µk is the characteristic of {F(k,n)}n≥0 .
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Now, we present the Convolution identity for generalized 2k-Fibonacci sequence.

Proposition 4.14 (Convolution’s identity). Let m,n be non-negative integers, then the generalized 2k-Fibonacci sequence
{F(k,n)}n≥0 satisfies the following identity

F(k,m−1)F(k,n)+F(k,m)F(k,n+1) = F(k,m+n)+2kF(k,m+n−1) .

Proof. As F(k,n) = fn +2k fn−1, Equation (2.21), then

F(k,m−1)F(k,n)+F(k,m)F(k,n+1) = ( fm−1 +2k fm−2)( fn +2k fn−1)+( fm +2k fm−1)( fn+1 +2k fn)

= fm−1 fn +2k fm−1 fn−1 +2k fm−2 fn +22k fm−2 fn−1 + fm fn+1

+2k fm fn +2k fm−1 fn+1 +22k fm−1 fn

= F(k,n+m)+2kF(k,n+m−1) ,

as required.

The next result provides an alternative convolution identity for the generalized 2k-Fibonacci sequence in terms of the
Fibonacci sequence.

Proposition 4.15. The generalized 2k-Fibonacci sequence {F(k,n)}n≥0 satisfies the following

F(k,m−1)F(k,n)+F(k,m)F(k,n+1) = (2k+1 +1) fm+n +2k+1(2k−1 −1) fm+n−2 ,

where { fn}n≥0 is the Fibonacci sequence.

Proof. It follows from Equation (2.21) that

F(k,m−1)F(k,n)+F(k,m)F(k,n+1) = fm+n +2k+1 fm+n−1 +22k fm+n−2

= fm+n +2k+1( fm+n−1 + fm+n−2)+(22k −2k+1) fm+n−2

= (2k+1 +1) fm+n +2k+1(2k−1 −1) fm+n−2 ,

as required.

A direct calculation yields the Melham identity.

Proposition 4.16 (Melham’s identity). The generalized 2k-Fibonacci sequence {F(k,n)}n≥0 satisfies the following identity

F(k,n+1)F(k,n+2)F(k,n+6)− (F(k,n+3))
3 = (−1)n+1

µkF(k,n) .

Proof. Indeed, we have

F(k,n+1)F(k,n+2)(5F(k,n+2)+3F(k,n+1))− (F(k,n+2)+F(k,n+1))
3 = 2F(k,n+1)(F(k,n+2))

2 − (F(k,n+2))
3 − (F(k,n+1))

3

= (−1)n+1
µkF(k,n) ,

where we apply Cassini-Simson’s identity, Corollary 4.12, the fact that F(k,n+6) = 5F(k,n+2)+3F(k,n+1) and as µk = 4k +2k −1.
This provides the result.

This result follows directly from Catalan’s identity.

Proposition 4.17 (Gelin-Cesàro’s identity). The generalized 2k-Fibonacci sequence {F(k,n)}n≥0 satisfies the following identity

F(k,n+2)F(k,n+1)F(k,n−1)F(k,n−2)− (F(k,n))
4 =−µ

2
k .

Proof. Using Catalan’s identity (4.6) for q = 2 and q = 1 we obtain

F(k,n+2)F(k,n+1)F(k,n−1)F(k,n−2)− (F(k,n))
4 = (F(k,n))

4 −µ
2
k (−1)2n − (F(k,n))

4 =−µ
2
k ,

as µk = 4k +2k −1, which verifies the result.
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4.3 Some limit identities
The quotient between two successive terms of a sequence, {an}n≥0, is given by qn =

an+1
an

, where qn is the ratio of the terms

an+1 and an. For example, in the classical Fibonacci sequence { fn}n≥0, we have qn =
fn+1

fn
. And for sufficiently large n, qn

converges to the golden ratio α = (1+
√

5)/2. In [30] present a study of some generalized Fibonacci sequences and their
relationship to the golden ratio φ .

The first result shows that the quotient qk,n for the sequence {F(k,n)}n≥0 also converges to α as n goes to infinity. Moreover,
we analyze the behavior of qk,n as k goes to infinity after n goes to infinity.

Proposition 4.18. If F(k,n) are the n-th term of 2k-Fibonacci sequence, then

lim
n→∞

F(k,n+1)

F(k,n)
= α , (4.7)

and

lim
n→∞

F(k,−(n+1))

F(k,−n)
=−α , (4.8)

where α is the golden ratio (1+
√

5)/2.

Proof. According to Binet’s formula (2.2), we have that

F(k,n+1)

F(k,n)
=

(1−2kβ )αn+1−(1−2kα)β n+1

α−β

(1−2kβ )αn−(1−2kα)β n

α−β

=

αn+1
[
(1−2kβ )−(1−2kα)( β

α
)n+1

α−β

]
αn

[
(1−2kβ )−(1−2kα)( β

α
)n

α−β

]
= α

(1−2kβ )− (1−2kα)( β

α
)n+1

(1−2kβ )− (1−2kα)( β

α
)n+1

.

Since |β/α|< 1, it follows that (β/α)n → 0 as n → ∞. Thus, we have

lim
n→∞

F(k,n+1)

F(k,n)
= α

1−2kβ

1−2kβ
= α ,

and thus (4.7) follows.
Using Equation (2.26), we can write

F(k,−(n+1))

F(k,−n)
=

(−1)n+1
(
F(k,n+1)+2(2k−1 −1) fn+1

)
(−1)n

(
F(k,n)+2(2k−1 −1) fn

) =−
F(k,n+1)+2(2k−1 −1) fn+1

F(k,n)+2(2k−1 −1) fn
.

It follows from Binet’s formula that

F(k,n+1)+2(2k−1 −1) fn+1

F(k,n)+2(2k−1 −1) fn
= α

(1−2kβ )− (1−2kα)( β

α
)n+1 +2(2k−1 −1)(1− ( β

α
)n+1)

(1−2kβ )− (1−2kα)( β

α
)n +2(2k−1 −1)(1− ( β

α
)n)

.

Therefore,

lim
n→∞

[
F(k,n+1)+2(2k−1 −1) fn+1

F(k,n)+2(2k−1 −1) fn

]
= α

(1−2kβ )+2(2k−1 −1)
(1−2kβ )+2(2k−1 −1)

= α .

Hence,

lim
n→∞

F(k,−(n+1))

F(k,−n)
=−α .
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In what follows, we can immediately establish the next result using fundamental tools from the calculus of limits, along
with (4.7) and (4.8).

Corollary 4.19. If F(k,n) are the n-th term of the 2k-Fibonacci sequence, then

lim
n→∞

F(k,n)
F(k,n+1)

=
1
α
,

and

lim
n→∞

F(k,−n)

F(k,−(n+1))
=− 1

α
,

where α = (1+
√

5)/2.

Proposition 4.20. If F(k,n) are the n-th term of 2k-Fibonacci sequence, then

lim
n→∞

F(k+1,n+1)

F(k,n)
=

α +2k+1

1−2kβ
, (4.9)

and

lim
n→∞

F(k+1,−(n+1))

F(k,−n)
=−2k+1(1+α)−α

2k(1−β )−1
, (4.10)

where α and β are the distinct roots of Equation (2.1).

Proof. By Binet’s formula (2.2), we have

lim
n→∞

F(k+1,n+1)

F(k,n)
= α lim

n→∞

(1−2k+1β )− (1−2k+1α)( β

α
)n+1

(1−2kβ )− (1−2kα)( β

α
)n+1

=
α (1−2k+1β )

1−2kβ
=

α +2k+1

1−2kβ
,

and (4.9) follows, where we use that αβ =−1 and (β/α)n → 0 as n → ∞.
Analogously,

lim
n→∞

F(k+1,−(n+1))

F(k,−n)
= α lim

n→∞

(1−2k+1β )− (1−2k+1α)( β

α
)n+1 +2(2k −1)(1− ( β

α
)n+1)

(1−2kβ )− (1−2kα)( β

α
)n +2(2k−1 −1)(1− ( β

α
)n)

=
2k+1(1+α)−α

2k(1−β )−1
,

which completes the proof.

Corollary 4.21. If F(k,n) are the n-th term of 2k-Fibonacci sequence, then

lim
k→∞

lim
n→∞

F(k+1,n+1)

F(k,n)
= 2α ,

and

lim
k→∞

lim
n→∞

F(k+1,−(n+1))

F(k,−n)
=−2α ,

where α = (1+
√

5)/2.

Proof. By Equation (4.9) we have that

lim
k→∞

lim
n→∞

F(k+1,n+1)

F(k,n)
= lim

k→∞

2k( α

2k +2)

2k( 1
2k −β )

=
2
−β

= 2α .

By Equation (4.10) we have that

lim
k→∞

lim
n→∞

F(k+1,−(n+1))

F(k,−n)
=− lim

k→∞

2k[2(1+α)− α

2k+1 ]

2k[(1−β )− 1
2k ]

=−2(1+α)

1−β
= 2(1+α)β = 2(β +βα) = 2(β −1) =−2α ,

since α and β are the distinct roots of Equation (2.1).
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Lemma 4.22. Let µk the characteristic of {F(k,n)}n, the generalized 2k-Fibonacci sequence. Then

lim
k→∞

µk+1

µk
= 4 . (4.11)

Proof. In fact,

lim
k→∞

µk+1

µk
= lim

k→∞

4k+1 +2k+1 −1
4k +2k −1

= lim
k→∞

4+ 2k+1

4k − 1
4k

1+ 2k

4k − 1
4k

= 4 ,

as we wanted to demonstrate.

Theorem 4.23. For all non-negative integers n, we have

lim
k→∞

(F(k+1,n))
2 −F(k+1,n+1)F(k+1,n−1)

(F(k,n))2 −F(k,n+1)F(k,n−1)
= 4 ,

where {F(k,n)}n≥0 is the generalized 2k-Fibonacci sequence.

Proof. It follows from Cassini-Simson’s identity and Lemma 4.22.

5. A Partial Sum Involving the 2k-Fibonacci Numbers

This section explores results related to the partial sums of the terms in the 2k-Fibonacci sequence, denoted as {F(k,n)}n≥0.
The sum of the first n+1 terms of the sequence is expressed as:

n

∑
j=0

F(k, j) = F(k,0)+F(k,1)+F(k,2)+ · · ·+F(k,n−1)+F(k,n) .

We begin by presenting three key results regarding the partial sums of the 2k-Fibonacci sequence.
First, the sum of the first n+1 terms of the 2k-Fibonacci sequence .

Theorem 5.1. For all non-negative integers n, then

n

∑
j=0

F(k, j) = F(k,n+2)−1 ,

where {F(k,n)}n≥0 is the 2k-Fibonacci sequence.

Proof. According to Equation (1.1) we have the following equations:

F(k,0) = F(k,2)−F(k,1),

F(k,1) = F(k,3)−F(k,2),

. . .

F(k,n−1) = F(k,n+1)−F(k,n),

F(k,n) = F(k,n+2)−F(k,n+1) .

By adding both sides of these equations, we arrive at the following result:

n

∑
j=0

F(k, j) = F(k,n+2)−F(k,1).

Since F(k,1) = 1 for all k, we conclude the result.

Note that the 2k-Fibonacci sequence belongs to the class of Lucas(Horadam) type sequences. Therefore, the partial sum
presented in Theorem 5.1 is a specific example of the fundamental summation rule recently published in [31].

Next, the sum of the terms in odd indexes of the 2k-Fibonacci sequence is given by:
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Proposition 5.2. For all non-negative integers n, then

n

∑
j=0

F(k,2 j+1) = F(k,2n+2)−2k ,

where {F(k,n)}n≥0 is the 2k-Fibonacci sequence.

The sum of the terms at even indexes in the 2k-Fibonacci sequence can be expressed as:

Proposition 5.3. For all non-negative integers n, then

n

∑
j=0

F(k,2 j) = F(k,2n+1)+2k −1 ,

where {F(k,n)}n≥0 is the 2k-Fibonacci sequence.

The proof of Proposition 5.2 is similar to that of Theorem 5.1, while the proof of Proposition 5.3 relies on Proposition 5.1.
An consequence from previous results is the results presented below, these naturally arise from the established relationships

and further reinforce the conclusions derived from Propositions 5.2 and 5.3.

Proposition 5.4. Let {F(k,n)}n≥0 be the 2k-Fibonacci sequence. For all non-negative integers m, we have the following formulas

(a)
2n+1

∑
k=0

(−1) jF(k, j) = 2k+1 −1−F(k,2n); if n is odd,

and

(b)
2(n+1)

∑
k=0

(−1)kF(k, j) = 2k+1 −1+F(k,2n+1) ; if n is even.

Proof. (a) As 2n+1 is odd, that is, the last term is negative, so

2n+1

∑
k=0

(−1)kF(k, j) = F(k,0)−F(k,1)+F(k,2)−F(k,3)+ · · ·+F(k,2n)−F(k,2n+1)

=
n

∑
j=0

F(k,2 j)−
n

∑
j=0

F(k,2 j+1) .

According to Propositions 5.2 and 5.3, it follows that:

2n+1

∑
k=0

(−1) jF(k, j) = (F(k,2n+1)+2k −1)− (F(k,2n+2)−2k) = F(k,2n+1)−F(k,2n+2)+2k+1 −1 .

We obtain the result, using Equation (1.1).
(b) In which case, 2(n+1) is even, so

2(n+1)

∑
j=0

(−1) jF(k, j) = F(k,0)−F(k,1)+F(k,2)−·· ·−F(k,2n+1)+F(k,2n+2) = F(k,2n+1)+2k+1 −1.

As in item (a), apply the Propositions 5.2 and 5.3.

Finally, we derive an expression for the sum of the squares of the first n terms of the 2k-Fibonacci sequence, relating it to
the classical Fibonacci sequence.

Proposition 5.5. Let {F(k,n)}n≥0 be the 2k-Fibonacci sequence. The sum of the squares of the first n+ 1 terms of the 2k-
Fibonacci sequence is given by
F2
(k,0)+F2

(k,1)+F2
(k,2)+F2

(k,3)+ · · ·+F2
(k,n−1)+F2

(k,n) = 2k(2k −1)+F(k,n)F(k,n+1) ,
for all non-negative integers n.
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Proof. To begin, observe that for n ≥ 2, the following holds:

F(k,n)F(k,n+1)−F(k,n−1)F(k,n) = F(k,n)(F(k,n+1)−F(k,n−1)) = F2
(k,n) .

Thus, we find:

F2
(k,2) = F(k,2)F(k,3)−F(k,1)F(k,2),

F2
(k,3) = F(k,3)F(k,4)−F(k,2)F(k,3),

. . .

F2
(k,n−1) = F(k,n−1)F(k,n)−F(k,n−2)F(k,n−1),

F2
(k,n) = F(k,n)F(k,n+1)−F(k,n−1)F(k,n).

Adding both sides of these equations yields:

F2
(k,2)+F2

(k,3)+ · · ·+F2
(k,n−1)+F2

(k,n) = F(k,n)F(k,n+1)−F(k,1)F(k,2) .

Since F(k,0) = 2k, F(k,1) = 1, and F(k,2) = 2k +1, the result follows.

6. Final Considerations
In this work, we introduced the concept of 2k-Fibonacci numbers, which is closely associated with the classical Fibonacci

number. We presented and studied precisely a novel family of Fibonacci-type sequences. The main focus of this paper is on al-
gebraic identities. So, the relationship between classical Fibonacci sequences and arbitrary 2k-Fibonacci sequences is explained.
The general applications of Fibonacci numbers in various fields have long attracted the interest of mathematicians, researchers,
and other enthusiasts. Motivated by this, our study proposed the 2k-Fibonacci numbers and provided a comprehensive analysis
of their properties and relationships with other well-known sequences, such as the ordinary Fibonacci, Fibonacci-Lucas, and
Fibonacci-Mulatu numbers. We established several new identities that encouraged the study of the patterns in these sequences,
significantly improving the understanding of their mathematical properties. Additionally, we derived the generating function
for this new class of sequences and formulated a generalized Binet-type formula to describe them explicitly. Furthermore, we
have explored the classical identities associated with 2k-Fibonacci numbers, including the Tagiuri-Vajda, d’Ocagne, Catalan,
and Cassini identities, thereby demonstrating their deep connections to traditional results related to Fibonacci-type sequences.
In future work, we intend to explore matrix methods, combinatorial interpretations, and asymptotic growth in as much detail as
possible regarding generalized 2k-Fibonacci numbers and their applications.

Article Information
Acknowledgments: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for

their helpful comments and suggestions.

Authors’ contributions: E.M. and E.C. were responsible for the original draft preparation. P.C. was responsible for
reviewing and editing the entire manuscript. E.C. was responsible for editing and submitting the whole manuscript.

Artificial Intelligence Statement: No artificial intelligence tools were used in the preparation of this manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the authors.

Supporting/Supporting Organizations: The research of the second author was partially financed by Portuguese Funds
through FCT (Fundação para a Ciência e a Tecnologia) within the Project UID/00013/2025. https://doi.org/10.54499/UID/
00013/2025. The last author was partially supported by PROPESQ-UFT.

Plagiarism Statement: This article was scanned by the plagiarism program.

References
[1] N. J. A. Sloane et al., The on-line encyclopedia of integer sequences, The OEIS Foundation Inc., Highland Park, USA,

2025.
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[15] S. Falcon, On the generating matrices of the k-Fibonacci numbers, Proyecciones, 32(4) (2013), 347-357. http://dx.doi.org/

10.4067/S0716-09172013000400004
[16] S. Falcon, On the extended (k, t)−Fibonacci numbers, J. Adv. Math. Comput. Sci., 39(7) (2024), 81-89. https://doi.org/10.

9734/jamcs/2024/v39i71914
[17] B. Singh, O. Sikhwal, Y. K. Gupta, Generalized Fibonacci-Lucas sequence, Turk. J. Anal. Number Theory, 2(6) (2014),

193-197. http://doi.org/10.12691/tjant-2-6-1
[18] P. Catarino, On some identities for k-Fibonacci sequence, Int. J. Contemp. Math. Sci., 9(1) (2014), 37-42. http:

//dx.doi.org/10.12988/ijcms.2014.311120
[19] P. Catarino, H. Campos, From Fibonacci sequence to more recent generalisations, In International Conference on

Mathematics and its Applications in Science and Engineering, Salamanca, Spain, 1-2 July 2021; Springer International
Publishing: Cham, Switzerland, 384 (2022), 259-269. https://doi.org/10.1007/978-3-030-96401-6 24

[20] A. A. Wani, V. H. Badshah, G. P. S. Rathore, P. Catarino, Generalized Fibonacci and k−Pell matrix sequences, Punjab
Univ. J. Math., 51(1) (2019), 17-28.

[21] M. Edson, O. Yayenie, A new generalization of Fibonacci sequence and extended Binet’s formula, Integers, 9 (2009),
639-654. https://doi.org/10.1515/INTEG.2009.051

[22] O. Yayenie, A note on generalized Fibonacci sequences, Appl. Math. Comput., 217(12) (2011), 5603-5611. https:
//doi.org/10.1016/j.amc.2010.12.038

[23] J. B. Bacani, J. F. T. Rabago, On generalized Fibonacci numbers, Appl. Math. Sci., 9(73) (2015), 3611-3622. http:
//dx.doi.org/10.12988/ams.2015.5299

[24] I. M. Adhikari, On the Fibonacci and the generalized Fibonacci sequence, Journal of Nepal Mathematical Society, 8(1)
(2025), 30-38. https://doi.org/10.3126/jnms.v8i1.80311
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História da Matemática, 2(6) (2015), 30-36. https://doi.org/10.30938/bocehm.v2i6.15
[31] S. Kristyan, Lucas sequences and Fibonacci numbers related equations, Part i.: Differential equations and sums, AIP Conf.

Proc. 2425(1) (2022), Article ID 420003. https://doi.org/10.1063/5.0081313

https://doi.org/10.34198/ejms.11123.23114
https://doi.org/10.30938/bocehm.v2i6.15 
https://doi.org/10.1063/5.0081313

	Introduction
	Binet's Formula and Applications
	Background and preliminary results
	Connections between 2k-Fibonacci and Fibonacci numbers
	Negative subscript 

	Generating Functions
	Some Properties 
	Identities for the 2k-Fibonacci sequence
	Some classical identities
	Some limit identities

	A Partial Sum Involving the 2k-Fibonacci Numbers
	Final Considerations
	References

