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ABSTRACT

In this article, we investigate the Dirichlet problem for the generalized Beltrami equation. Firstly, we introduce the solutions of
the Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in the unit disc. Secondly, we state the properties of the
integral operators for regular domains. Then, by using Banach fixed point theorem, we obtain the existence of the unique solution
of the Dirichlet problem for the generalized Beltrami equation in the unit disc.
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1. INTRODUCTION AND PRELIMINARIES

Many researchers studied Dirichlet problem in different domains Begehr, H. (2005a,b); Vaitsiakhovich, T. (2008a); Vaitekhovich,
T.S. (2008b); Vaitekhovich, T. (2007); Gokgoz, P.A. (2024a,b); Begehr, H. and Shupeyeva, B. (2021); Wang, Y. and Du, J. (2015);
Aksoy, U. and Celebi, A.O. (2012); Begehr, H.G.W. (1994); Vekua, LN. (1962); Aksoy, U. and Celebi, A.O. (2010); Begehr, H.
and Vaitekhovich, T., (2012); Begehr, H. and Gaertner, E. (2007). In this paper, we study the Dirichlet problem for the generalized
Beltrami equation in the unit disc. The rest of the paper is structured as follows: Section 2 is reserved for an overview of the
Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in the unit disc. In Section 3, we examine the properties of
the integral operators. In the last section, we obtain the existence of the unique solution of the Dirichlet problem for the generalized
Beltrami equation in the unit disc using Banach fixed point theorem.

Now we provide the necessary background and fundamental concepts required for the development of the main results in this
paper.

One of the main tools in solving complex boundary value problems is the complex analogue of Gauss’s theorems Begehr, H.
(2005a).

Theorem 1.1. Gauss Theorems (complex form)
Let w € C'(D;C) N C(D;C) in a regular domain D of the complex plane C then

1
/D we()dxdy = o /6 W@

and

1 _
‘/D w,(z)dxdy = ~% ./aD w(z)dzZ

From the Gauss theorems in complex form, the following representation formulas can be deduced Begehr, H. (2005a,b); Begehr,
H.G.W. (1994). The following formulas provide an explicit representation of the solution of boundary value problems.

Theorem 1.2. Cauchy-Pompeiu representations
Let D c C be a regular domain and w € C'(D;C) N C(D;C). Then using { = &€ +in inforz € D

1 e 1 dédn
wi@=5—= [ wl)z——-= [ wz(J)
27 Jop {-z 7wmJp {-z
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and

dfdn

w(2) = = (4——1/

2ni oD m
hold.

For the proof of Theorem 1.2, see for instance Begehr, H. (2005a). We can observe that if w is given in D and the values of
w along the boundary is known, we can identify a unique function w(z). This representation is an example of the solution of the
Dirichlet problem. This highlights how integral representation formulas facilitate the solution of boundary value problems.

In connection with the Holder continuity of Cauchy integrals we mention a result from Begehr, H.G.W. (1994).

Theorem 1.3. Let w = u + iv be analytic in the unit disc D, where v is continuous in the closure D and Holder continuous on the
boundary 0D satisfying

V() -v(Dl <HI{-7|% ¢ ,7€dD.
Then w is Holder continuous in D with the same exponent and the constant kH where k only depends on a, i.e.

lw(z) —=w (z0)] < kH |z = 20|, 2,20 € D.

2. DIRICHLET PROBLEM IN THE UNIT DISC

Dirichlet problem for the inhomogeneous Cauchy-Riemann equation in the unit disc has been studied by Begehr, H. (2005b). Now
we state this problem as follows.

Theorem 2.1. Begehr, H. (2005b) The Dirichlet problem for the inhomogeneous polyanalytic equation in the unit disc
ofw=finD, O;w=y,0ndD, 0<v<n-1,
is uniquely solvable for f € L{(D;C), v, € C(0D;C), 0<v <n-1, ifandonly ifforO<v <n-1

iy 22 ((-a%
22711/“1 1-z2¢ (1-v)! Ao ¥

(-D"7z () (-2
T /|§|<1 1-2Z (n=1-)!

dédn =0

The solution then is

(-1 () ((=2)”
wiz) = Z 2mi /“_1 y! -z d
(=" [ @-"!
TTx ./|g|<1 (n-D! ¢-

Proof. For the proof of this theorem, we may use induction. In the case of n = 1, we obtain the Dirichlet problem for the
Cauchy-Riemann equation in the unit disc as

dédn.

d,w=f inD, w=r1ygondD.

The solution is given by the classical Cauchy-Pompeiu formula:
1 1
oo L / %0(&) 41 / /0,
2ni Jigl=1 £ -2 1<t & rh
if the solvability condition holds.

Assume that the result holds for order n — 1. In the case of n can be structured by decomposing the problem into the following
system of equations:

ag_lw:a)inD, o;w=vy,0ndD, 0<v<n-2,
0;w = finD, d;w = y,-1 on dD,

L i 1 dgdn
O=g5 [, 7075 [ r0F

where
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Each of these two problems is solved explicitly using known integral representations for lower-order cases. w is substituted into
the expression for w, thereby completing the proof.

3. PROPERTIES OF THE INTEGRAL OPERATORS

In this section, we state the properties of the integral operators for regular domains. The properties of the integral operators have
been extensively investigated in Begehr, H. (2005a); Begehr, H. and Hile, G.N., (1997); Vekua, I.N. (1962).

Definition 3.1. Begehr, H. (2005a) For f € L(D;C) the integral operator
dédn

,zeC
§—zz

1
1= [ 10
T Jp
is called Pompeiu operator.

Theorem 3.2. Begehr, H. (2005a) If f € Li(D;C) then for all ¢ € Cé(D;C)

[ rr@e@asay+ [ r@easay =o.
D D
Proof. We use the Cauchy-Pompeiu representation formula and the fact that the boundary values of ¢ vanish at the boundary. We
obtain
1 d¢ 1 / dédn (
o= [ 0L [ 0% (e o

0@ =50 [ 072 -1 [ e F = (1) @

We can interchange the order of integration

1 dxdy
[ rr@e@asay =1 [ 1) [ e agin=- [ re@dean
D T Jp D {-z D
This means that
O:Tf=f
in distributional sense.
Theorem 3.3. Vekua, IN. (1962) If f € L'(D) then T f has generalized first order derivative with respect to 7 equal to f, i.e.,
0
—Tf=f.
0z r=1
Proof. This theorem is a consequence of Theorem 3.2.
Also, we can compute the z derivative of T f(z).
Remark 3.4. For z € C\D, T is analytic and its derivative with respect to z is
dédn
(¢-2*

010 =117 = [ 1@

Theorem 3.5. Vekua, I.N. (1962) For f € LP(C) we have I1f € L?(C) and

I flle ) < ApllfllLrey (p>1)
Wllh ”H”LZ(C) = 1
Proof. For the proof of this theorem, see for instance Vekua, I.N. (1962), p. 66-72.

4. DIRICHLET PROBLEM FOR THE GENERALIZED BELTRAMI EQUATION IN THE UNIT DISC

Some of the boundary value problems for the Beltrami equation are studied by several researchers see for instance Begehr, H. and
Harutyunyan, G. (2009); Begehr, H. and Obolashvili, E. (1994); Harutyunyan, G. (2007); Tutschke, W. (1983); Begehr, H. and
Vaitekhovich, T. (2007); Yiiksel, U. (2010).

In this section, we prove the existence and uniqueness of the solution to the Dirichlet problem for the generalized Beltrami
equation in the unit disc using Banach fixed point theorem. Let D be the unit disc, D its boundary and C® (D) the space of Holder
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continuous functions in D with the Holder exponent @, where 0 < o < 1. Based on Begehr, H. and Vaitekhovich, T. (2007), the
problem under consideration is as follows:
"Find the unique solution of the complex differential equation

wz = F (z,w,wz) = q1(2)w; + q2(2)wz + a(z)w + b(2)w + ¢ (z) in D (1)
satisfying the boundary condition
w =1y on dD 2

where

lg1(2)| +|g2(2)] < g0 < 1 3)

and q1,¢2,a,b,c € C*(D),y € C*(OD), 1 < p.”
We need some assumptions on the function F (z, w, w;).

¢ The function F (z,w,w,) is Holder continuous with respect to z.
For z1, 2o € D, we obtain
|F(z1,w,wz) = F(z2, w,w2)| = |(q1(z1) — q1(22))wz + (q2(21) — q2(22)) W
+(a(z1) —a(z2))w + (b(z1) = b(22))w + c(21) — c(22)]
< Iwellgi(z1) — q1(z2)| + [wellg2(z1) — g2(z2)]
+|wlla(zi) — a(z2)| + [wl|b(z1) = b(22)] + |e(z1) = c(22)].

So
|F(z1i,w,wz) = F(za, w,wo)| < C(1+ [wl+[wel)|z1 — 22|
¢ The function F (z, w, w,) satisfies the Lipschitz conditions with respect to z and w.
For 71,70 € Dand w;;, w, € C, we obtain
|F(z1,w,wz1) = F(z2, w,wz2)| = |q1(z0)wz1 — q1(22)wzz + q2(21) Wzt — g2(22) w2
+(a(z1) — a(z2))w + (b(z1) = b(22))w + c(z21) — ¢(z2)]
< lgi(z)lwz = weal +1q1(z1) — qi1(z2)[Iwz2l
+1g2(zD)lwz1 = waal +1g2(21) = g2(z2)[lw22|
+la(z1) —a(z2)|lw| +[b(z1) — b(z2)|Iw] + [c(z1) = c(z2)]
We know that all coefficients of (1) are in C® (D). Also we have the condition (3). Using these, the result follows.
|F(z1,w,wz1) = F(z2, w, we2)| < qolwz1 = wea| + C(1+ [w| + [weal)|zi — 22| .

Our aim is to transform the Dirichlet problem for the generalized Beltrami equation (1) with (2) to a fixed point problem.
We prove the following theorem.

Theorem 4.1. A function w € C*(Q) is a solution to the Dirichlet problem (1) with the boundary condition (2) if and only if w
can be written as the integral equation

w(2) = ¢(2) +T [F (z,w,w2)] (2), “4)
where ¢ € C%(Q) is holomorphic in the domain D satisfying the Dirichlet boundary condition
¢(z) =y(z) =T[F(z,w,wz)] on OD. &)

Proof. We assume that w € C“%(Q) is a solution to the Dirichlet problem (1) with the boundary condition (2). We define a
function ¢ by

e(2) =w(z) =T [F (z,w,w;)] (2).

Differentiating ¢ with respect to Z, we obtain

@z =wz = [F(z,w,w;)] =0.
That is, ¢ is a holomorphic function in D. The Dirichlet condition (2) becomes

0(2) =y(2) = T[F(z,w,w;)] on 0D.
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for the holomorphic function ¢. We have y € C®¥(0D). Further, F (z,w,w;) € C%(D) and therefore Tg [F (z, w,w;)] € C¥(D).
Then, by Theorem 1.3, ¢(z) € C*(Q) and therefore we have provided that w can be written as the integral equation (4) and
Dirichlet boundary condition (5) is satisfied.

Conversely, suppose that w can be written as the integral equation (4), where ¢ is a holomorphic function satisfying (5).
Differentiating (4) with respect to 7, we obtain

ws=F(z,w,w;).
This shows that w € C'>*(D) is a solution of the Dirichlet problem (1) with (2).
We use the representation
w(z) = ¢(2) +T [F (z,w,w7)] (2) (6)

where ¢(z) is an analytic function in D. Differentiating (6) with respect to z and using the properties of the Pompeiu operators,
we obtain

wz(2) = ¢’ + I [F (z,w,w2)] (2). (M
The boundary condition becomes
@(z) =y(z) - T[F(z,w,w)] on OD. 8)
The equations (6) and (7) form the following system of integro-differential equations.

w(z) =p(2) + T [F (z,w,w)] (2)
wz(2) =¢"(2) +IL[F (z,w,w;)] (2)

For the simplicity, we denote w, by w*. Let w and w* be any functions in C% (D).
We define an operator Q by

Q:(w,w') = (W, W)

where

W= @@ w) +TIF(,w,w")]
W= sozw,w*) + H[F("W’W*)]’
@ (w,w+) is holomorphic in D and satisfies the Dirichlet boundary condition
©ww) =y(2) —=T[F(z,w,w")] on dD.

The fixed point of the operator Q provides the solution of the (1) satisfying Dirichlet boundary condition (2). We will obtain the
conditions on the coefficients of F under which the operator Q has a fixed point.
We introduce function space

S={(w,w*) : w,w* e C*(D)}
equipped with the norm
(W, w)lls,o = max ([wlla, [IW*lla) »

where || - ||, denotes the Holder norm in C%(Q). Since C%(Q) is a Banach space, S is a Banach space.
We pick (w1, w?}) and (w2, w}) from S. Now let Q (w1, w}) = (W, W;) and Q (w2, w}) = (W2, W;). Then we have

Wl = go(wl,wf) + T [F (.’ wi, WT)]
Wi = (’0’(w1,wf) +TL[F (-, wi,w})]

and

W2 = @ () + T [F (w2, w3)]
Wy = go’(w%w;) +11 [F (-,wz,wZ)] )

where

Pwiwt) =Y(2) = T[F(z,wi,wi")] on OD.
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and

Pwrwst) =¥ (2) = T[F(z,w2,w2")] on 0D

respectively.
We obtain

W1 = Walla <[l (unnt) = ©(unnp |+ 1T [F (wiwi)]
-T [F (" w3, W;)] ||(1’

Wi =wsll, < H(p,(wl,wi*) - ‘P'(Wz,w;)Ha +ITLF (- wi,w) ]
—II[F (w2, w5)] -

For these computations, we set

Ci = |T|la (C]] ”WT - W;”a +Cia |lwy - W2“a/)

Cy = || (Cll ”WT - W;”a +Crnllwy - W2||a)

where C11 = [|lg1la + llg2lle and C12 = |lalla + [|5]]q- )
Now, we use the fact that the operators 7 and IT are bounded in C%(€2).

|7 [F (owiow))] =T [F (owaowi)]|l, < ITHllF (wiw}) = F (- wo,w3) lla < C1.

I [F (owi,wi)] =TI [F (w2, w5) ] la < 1T el F (o wi,wi) = F (- wa, w3) lla < Co

and using Theorem 1.3, we have

||"D(W1,wf) - ‘p(wz,w;) o < Clk

where k depends only on «@. Similarly,

< Cz/%

a

[y =t
where k depends only on a.

Now we consider the distance d (Q (w1, w}),Q (w2, w})).

d(Q (w1, w) . Q (waw3)) = [(Wa = Wa)., (Wi = w3
= max (IWy = Wall . [w} - w3,

< max (HQO(Wl,Wi‘) ~ P(waw)
|7 [F (. wi.w})] =T [F (o wa. wh) ]|, - “‘p,(wl,w]*)_

sy Nl L F (orow) | =L (owawi)] |

+
a

< max (Clk,Czlg)
< (Cr+Co)d ((wi,w)), (w2, w3)) max (k||T||
)
The operator Q is contractive if
1
max (kI[Tll, + &l

lg1lle +llg2lla + llalle + Iblle <

We obtain the existence of the unique solution (w, w*) by using Banach fixed point theorem.
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Remark 4.2. The methodology considered in this work suggests the potential for analogous studies regarding the solvability of
the generalized Beltrami equation under alternative boundary conditions.
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