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ABSTRACT.  In 2023, T — J—open, pre—I" — I—open, I'r—open, and almost I' — I—open sets were defined and
their relationships with each other were searched by Yalaz and Keskin Kaymakg¢i in [19]. Furthermore, Devika
and Thilagavathi introduced an M*-open set and investigated its relationships with some special sets in topological
space in [5]. In this study, we research the relevances of these sets with other some specific sets obtained by the
operators I" and Wr in ideal topological spaces.
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1. INTRODUCTION AND PRELIMINARIES

In general topology, the concept of the ideal has a great importance. This concept was given by Vaidyanathaswamy
in [17] and Kuratowski in [9]. Moreover, Kuratowski introduced the idea of the local function in [9]. Vaidyanathaswamy
obtained a new topology called #-topology via local function in [17]. ”New topologies from old via ideals” [7] were
studied by Jankovi¢ and Hamlett in 1990. Additionally, Natkaniec presented the set operator ¥ in [11]. The operators
I" and Wr were presented in [1]. Thanks to the operator I, various set concepts were presented such as I' — 3—open sets,
pre—I" — 3—open sets and almost I' — I—open sets in [19]. Tung and Ozen Yildirim introduced an Jp-perfect set [15],
a I'-dense-in-itself set [15] and a ¥r — C set [16] via the operators I" and ¥r.

The aim of this paper is to investigate the relationships among some special sets obtained by the operators I" and Wr.
In this paper, we research these relations in general and in the case cl(v)NJ = {@}. Also, we give the counter-examples.

This paper consists of four sections. In the first section, we present the main definitions and theorems that we will
use in the study. In the second section, we explore the relationships I' — I—open sets, pre—I" — J—open sets, almost
I' — 3—open sets and the other some special sets. Moreover, the counter examples are given some cases. In the third
section, we investigate the properties of ['T—open sets and M*-open sets in ideal topological spaces. In the final section,
we briefly talked about our results.

Throughout this paper, (W, v), P(W), int(A) and cl(A) represent a topological space, the family of all subsets of W,
the interior and the closure of a subset A of W in (W, v), respectively.

For (W,v)and A C W, cly(A) = {t € W : cl(E) N A # @ for each E € vu(t)}, where v(¢) = {E € v | t € E}, is named
the 6-closure of A [18]. A is called #-closed [18] if A = cly(A). The 6-interior of A [8], symbolized by infy(A), occures
of those elements 7 of A such that E C cl(E) C A for some set E in v(f). Furthermore, W \ ints(A) = clog(W \ A) [3]. If
W\ A is 6-closed, then A is called 6-open [18] and vy = {A € W | A is 6-open}. Besides, vy is a topology on W such that
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vy C v. Additionally, the union of all 6-open subsets of A is inty(A) [18]. A is called regular 6-closed [2] (resp. semi 6-
open [2], semi-open [10], M*-open [5]) if A = cly(inty(A)) (resp. A C cly(intg(A)), A C cl(int(A)), A C int(cl(inty(A)))).
A is called 6-semiopen [4] if there exists a #-open subset U of W such that U € A C cl(U).

Anideal 3 [9,17] on W is a nonempty collection of subsets of W which satisfies

()IfAecJand KCA,thenK €3,

(ii)IfAe3Jand K € 3,thenAUK € 3.

An ideal topological space (W, v, ) is a topological space (W, v) with an ideal 3 on W. Thus, (W, v, 3) represents an
ideal topological space in this study.

An operator ()* : P(W) — P(W) is called a local function [9] of A with respect to v and J is defined as follows: for
ACW A C,v)={xe W|ENA ¢ 3 foreach E € v(x)} in (W, v, ). We use A* instead of A*(J, v). An operator W is
defined as W(A) = W\(W\A)* by using the ()*-operatorin [11]. ['(A)(3,v) = {x € W | ANcl(E) ¢ J for every E € v(x)}
is called a local closure function [1] of A with respect to J and v in (W, v, J). Shortly, it is symbolized by I'(A) in place
of I'(A)(3, v). In [1], an operator W : P(W) — v is given by Wrr(A) = W\T'(W \ A) and also the topologies are defined
on W as follows: c ={ACW:ACYr(A)},o0={ACW:ACint(cl(Wr(A)))} suchthatvy Co Coy. If A€o, Ais
named o-open [1] and if A € 07, A is named o-open [1].

The concept of the 8°-closedness [13] is presented by Noorie and Goyal in (W, v,J). A subset A of W is called
#3-closed [13] if T'(A) C A. Furthermore, a 6-closure of a set with respect to an ideal was defined in [6] where 6-closure
of A with respect to an ideal J is given as cl3,(A) = A UT(A)(3, v).

Lemma 1.1. In (W,v,3) for A C W,
@@ [1] A* CT(A).
(ii) [12] A is closed in (W, o) if and only if T(A) C A.

Theorem 1.2 ([1]). Let A, K C W in (W,v,33). Then, the following properties hold.
(i) IfA C K, then T'(A) C T(K).
(ii) If A C K, then Yr(A) C Yr(K).
(iii) T(A) = cl(T'(A)) C clg(A) and T'(A) is closed.
(iv) Yr(A N K) = Pr(A) N Yr(K).
W) IfAE€S, then(A) = 2.
i) I'(@) = 2.
vii) W = T(W) if and only if cl(v) N 3 = {@}, where cl(v) = {cl(U) : U € v}.

Corollary 1.3 ([1]). U € ¥Yr(U) for each U € vq in (W, v, ).

Lemma 1.4. In (W,v,3) for AC W,
(i) Yr(A) € Y(A). .
(@i) A is closed in (W, o) if and only if A is 6°-closed.

Proof. LetA C Win (W, v,3).
(i) From the Lemma 1.1 (i), (W \ A)* CT(W \ A). Then, Yr(A) = W\T(W\A) C W\ W\ A" =Y(A).
(ii) It is obvious from the Lemma 1.1 (ii). |

Definition 1.5 ( [15]). A set A is called 3r-perfect (resp. Lr-perfect, Rp-perfect, Sr-dense, I'-dense-in-itself) if A =
I'(A) (resp. A\T'(A) € 3, T(A)\A 3, T(A) =W, A CT(A)) for A C Win (W,v,3J). Moreover, A is called Cr-perfect
if A is both Lr-perfect and Rr-perfect.
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Remark 1.6 ( [15]). In (W,v,S3), the below implications hold for A € W:

I'-dense-in-itself <—— Jr-dense

T~ |

Sr-perfect Lr-perfect

RN

6°-closed ——— Rr-perfect <——— Cr-perfect

6-closed

Definition 1.7 ([16]). A set A is said to be a ¥ — C set if A C cl(Wr(A)) for A € W in (W, v, 3). The collection of all
Yr — C sets in (W, v, 3J) is symbolized by Yr(W, v, J).

Definition 1.8 ([19]). Let A € W in (W, v, ). A is called
(i) ' — 3—open, if A C int(T'(A)).
(ii) pre—T" — J—open, if A C int(A UT(A)).
(iii) [r—open, if intg(A) = cl(int(T(A))).
(iv) almost I' — J—open, if A C cl(int(I'(A))).
The family of all ' — S—open (resp. pre—I" — I—open) sets is denoted by I'SO(W) (resp. PTIO(W)).

Theorem 1.9 ([19]). For A C Win (W,v,3): if A isT — 3—open, then
(i) A is I'-dense-in-itself.
(ii) A is almost T — 3—open.
(iii) A is pre-I" — JI—open.

Remark 1.10. In (W,v,3) for A € W, A is pre—I' — 3—open & A C intf(AUT'(A)) & A C int(cls,(A)).
Theorem 1.11 ( [16]). In (W,v,3), ints(A) € Yr(A), for each A C W.

Lemma 1.12. In (W,v) for A C W,
(@) [1] if A is closed, int(A) = inty(A).
(ii) [5] if A is 6-open, A is M*-open.
(iii) [5] if A is M*-open, A is 6-semiopen.
(iv) [18] A is 0-open if and only if ints(A) = A.

Theorem 1.13 ( [14]). In (W, v, 3) where cl(v) NI = {2}, Yr(A) C ['(A) for each subset A of W.
Corollary 1.14 ( [1,2,16]). The following diagram is valid in an ideal topological space.
6-semiopen —— semi 6-open

| T

6-open — o-open —— 0g-open —> Y — C set <—— regular 6-closed

2. FurTHER FEATURES OF I' — 3—0PEN SETS, PRE—I" — 3—0PEN SETS AND ALMOST I — 3—0PEN SETS
Theorem 2.1. For H C W in (W,v,S3), if H is I’ — 3—open, H is Lr-perfect.
Proof. Tt can be observed from the Theorem 1.9 (i) and the Remark 1.6. |
Remark 2.2. In an ideal topological space, an Lr-perfect set may not be I' — I—open.

Example 2.3. Let W = {t,p, 1, g},3 = {2, {l}} and v = {2, {g}, {t, [}, {t, [, g}, W}. H = {l} is an Lp-perfect set but it is not
I' — 3—open in (W, v, 3J).
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Theorem 2.4. In (W,v,3) for HC W,

(i) if H is 3r-dense, H is T' — 3—open.

(ii) if H is both open and T'-dense-in-itself, H is T’ — 3—open.

(iii) if H is both pre—I" — 3—open and I'-dense-in-itself, H is I' — 3—open.

(iv) if H is both Jr-dense and pre—T1" — 3—open, H is ' — 3—open.

(v) if H is both 3r-perfect and pre—T" — 3—open, H is ' — 3—open.
Proof. In (W,v,3) for HC W,

(i) let H be Jr-dense, namely, ['(H) = W. It implies that H C W = int(W) = int(T'(H)). As aresult, H is '—J3—open.

(ii) let H be both open and I'-dense-in-itself. Then, int(H) = H and H C I'(H). It implies that H = int(H) C
int(T'(H)). As aresult, H is ' — 3—open.

(iii) let H be both pre—I" — 3—open and I'-dense-in-itself. Then, H C I'(H) and H C int(H U I'(H)). It implies that
H Cint(HUT(H)) = int(I'(H)). As aresult, H is ' — 3—open.

(iv) It can be observed from the Remark 1.6 and the Theorem 2.4 (iii).

(v) It can be observed from the Remark 1.6 and the Theorem 2.4 (iii). |

Theorem 2.5. In (W,v,33) for H C W, if H is Jr-dense, then H is pre-I" — 3—open.
Proof. Ttis clear from the Theorem 2.4 (i) and the Theorem 1.9 (iii). |

Remark 2.6. AT — J3—open set or a pre—I" — I—open set may not be Ir-dense in an ideal topological space.
Example 2.7. Let W = {t,p,,g},3 = {2,{l}} and v = {@,{g}, {t,1},{t.], g}, W}. K = {t} is both [' — I—open and
pre—I" — J—open, but X is not Jr-dense in (W, v, J).
Theorem 2.8. The following properties hold for H C W in (W, v, 3):

(i) if H is almost I — 3—open, then it is ['-dense-in-itself.

(ii) if H is almost T — 3—open, then it is Lr-perfect.

(iii) if H is almost T — 3—open and 6-closed, then it is a semi-open set.
Proof. Let HC W in (W, v, 3).

(i) Let H be an almost I' — 3—open set. Then, H C cl(int(I'(H))) C cl(I'(H)). From the Theorem 1.2 (iii), H is
I'-dense-in-itself.

(ii) It can be observed from the Theorem 2.8 (i) and the Remark 1.6.

(iii) Let H be #-closed and an almost I' — 3—open set. Then, H C cl(int(T'(H))) C cl(int(clo(H))) = cl(int(H)) by the
Theorem 1.2 (iii). As a result, H is semi-open. |

Remark 2.9. A I'-dense-in-itself set or an Li-perfect set may not be almost I' — J—open in an ideal topological space.

Example 2.10. In the ideal topological space (R, 7, {@}), where R is the set of all real numbers, Z is the set of all
integers and 7, is the usual topology on R, the set Z is both a I'-dense-in-itself set and an Lr-perfect set, but Z is not
almost I' — 3—open.

Remark 2.11. In (W, v, 3J), the following diagram holds for H € W:
almostT' — 3 — open <—— 1T — 3 — open —— pre — ' — 3 — open

e

I-dense-in-itself <————— Jr-dense

T

Sr-perfect Lr-perfect

i

63-closed ———————— Rp-perfect Cr-perfect

O-closed
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Proof. This follows from the Remark 1.6, Theorem 1.9, Theorem 2.4, Theorem 2.5 and Theorem 2.8. a

Theorem 2.12. The following properties hold for H C W in (W, v, 3J):
(i) if H is open and T'-dense-in-itself, then it is almost I' — I—open.
(ii) if H is 6-open and T'-dense-in-itself, then it is almost T — 3— open
(iii) if T(H) is open and H is I'-dense-in-itself, then H is almost I' - 3-open.
(iv) if H is 6-open and I'r—open, then it is almost I — J—open.

Proof. Let HC Win (W, v, 3).
(i) It can be observed from the Theorem 2.4 (ii) and the Theorem 1.9 (ii).
(ii) It can be observed from the Theorem 2.12 (i) and vy C v.
(iii) Let I'(H) be open and H be I'-dense-in-itself. Then, H C I'(H) = int(I'(H)) and so H C cl(int(I'(H))). As a

result, H is almost I' — J—open.

(iv) Let H be 6-open and I'r—open. Then, inty(H) = cl(int(T(H))) and H = inty(H) from the Lemma 1.12 (iv) and
so H = cl(int('(H))). As a result, H is almost I' — J—open. |
Theorem 2.13. For H C W in (W, v, 3) where cl(v) N3 = {@}, if H is 0g-open, then H is T — 3—open.

Proof. For HC W in (W, v, 3) where cl(v) N3 = {@}; let H be og-open. From the Theorem 1.13, Wr(H) C I'(H), then
cl(WYr(H)) € cl(T'(H)). It implies that c/(¥Yr(H)) € F(H) by the Theorem 1.2 (iii) and so int(cl(Yr(H))) C int(T(H)).
As H is og-open, H C int(I'(H)). Finally, H is aI” — 3—open set. O

Corollary 2.14. In (W, v, 3) where cl(v) NI = {@}, vy C 0 C 09 CTIO(W) C PTIOW).
Proof. In (W,v,3) where cl(v) N3 = {@}: it is obvious from the Corollary 1.14, Theorem 2.13 and Theorem 1.9
(iii). O

Corollary 2.15. For H C W in (W, v, 3) where cl(v) N3 = {@}:
(i) if H is 0g-open, it is an almost T’ — JI—open set.
(ii) if H is o-open, it is an almost T — 75 open set.

(iii) if H is 6-open, it is an almost ' — 3—open set.
Proof. For HC W in (W, v, 3) where cl(v) N3 = {@}:
(i) let H be oy-open. From the Theorem 2.13 and Theorem 1.9 (ii), H is an almost I' — 3—open set.
(ii) let H be o-open. From the Corollary 1.14 and Corollary 2.15 (i), H is an almost F J—open set.
(iii) let H be 6-open. From the Corollary 1.14 and Corollary 2.15 (ii), H is an almost I' — 3—open set. |

Remark 2.16. In (W, v, J) where cl(v)NJI = {@}, al —I—open set may not oyp-open. Moreover, an almost I' —I—open
set may not be 6-open (resp. o-open, op-open).

Example 2.17. W {t,p,1,8},3 = {2,{l}} and v = {@, {g},{t, 1}, {t, ], g}, W}. Although, M = {p} is both I" — I—open
and almost I — J3—open, it not oy-open (resp. o-open, 6-open) in (W, v, J), where cl(v) N I = {T}.

Proposition 2.18. T'{2}JO(W) = PT{2}OW) in (W, v,{@}).

Proof. In (W, v, {@}), the case of [{@}O(W) C PT{@}O(W) is obvious from the Theorem 1.9 (iii). Let V be a pre-T" —
J—open set in (W, v, {@}). Then, V C int(VUI(V)) = int(V U cly(V)) = int(cly(V)) = int(T'(V)), thatis V is ' — J—open.
Therefore, PT{@}O(W) C T'{@}O(W). As aresult, PT{a}O(W) = T'{@}O(W). O

Proposition 2.19. In (W,v, P(W)),
() TP(W)O(W) = {2}
(i) the collection of almost I' — 3—open sets is {D}.

Proof. In (W, v, P(W)),

(i) it is obvious that @ is I' — J—open. Inversely, if H is a I' — 3—open set in (W, v, P(W)), then H C int(I'(H)) =
int(@) = @. Thus, H = @ and so TP(W)O(W) = {@}.

(ii) @ is an almost I' — 3—open set. Conversely, if H is almost I — i‘s open in (W, v, P(W)), then H C cl(int(I'(H))) =
cl(int(@)) = @. Therefore, H = @ and so the collection of almost I' — 3—open sets is {@}. |
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3. ONI'r—o0PEN SETS AND M*-OPEN SETS

Proposition 3.1. In (W,v,3), if H is I'r—open, then the following properties hold for H C W.
(V) cl(intT'(H))) = cl(inty(I'(H))) < Yr(H)
(ii) inty(H) C T'(H)
(iii) int(T'(H)) € Yr(H)
(iv) cl(int(T(H))) € H

Proof. Let HC W in (W,v,3) and H be a ['-—open set.

(i) It is known that inte(H) € Y¥r(H) for every H € W from the Theorem 1.11. Then, by the hypothesis,
cl(int(T'(H))) = inte(H) € Yr(H). Furthermore, since I'(H) is closed from the Theorem 1.2 (iii), cl(int(I'(H))) =
cl(inty(I'(H))) from the Lemma 1.12 (i). As a result, cl(int(I'(H))) = cl(inty(T'(H))) C Yr(H).

(i) By the hypothesis, inty(H) = cl(int(I'(H))) C cl(I'(H)) and thus ints(H) C I'(H) from the Theorem 1.2 (iii).

(iii) It is observed from the Proposition 3.1 (i).

(iv) It is clear as intp(H) C H and by the hypothesis. O

Theorem 3.2. For H C W in (W,v,3), if inty(H) # @ and H is I'r—open, then there exists an open set G containing x
such that cl(G) ¢ 3 for each x € inty(H).

Proof. Letinty(H) # @ and H be a I'r—open subset of W in (W, v, J). If x € inty(H), x is also in I'(H) by the Proposition
3.1 (i1). Afterward, there exists G € v(x) such that c/(G) C H and hence c/(G)NH ¢ 3. Therefore, there exists G € v(x)
such that c/(G) N H = cl(G) ¢ 3. O

Theorem 3.3. The following properties hold for H C W in (W, v, 3):
(i) if H is 6-open and I'r—open, it is almost I’ — I—open.
(ii) if H is 6-open and I'r—open, it is T'-dense-in-itself.
(iii) if H is 6-open and I'r—open, it is Lr-perfect.
(iv) if H is T — 3—open and T'r—open, it is 6-open.
(v) if H isT — 3—open and I'r—open, it is o-open.
i) if H is T — 3—open and T'r—open, it is og-open.

Proof. Let HC Win (W,v,3).

(i) Let H be B-open and I'r—open. Then, inty(H) = cl(int(I'(H))) and thus from the Lemma 1.12 (iv) H
cl(intT'(H))). As aresult, H is almost I' — 3—open.

(ii) It obvious from the Theorem 3.3 (i) and the Theorem 2.8 (i).

(iii) It obvious from the Theorem 3.3 (ii) and the Remark 1.6.

(iv) Let H be I' — 3—open and I'r—open. Since inty(H) = cl(int('(H))) and H C int(T(H)), H C cl(H) C
cl(int(T(H))) = inty(H). Thus, H = inty(H) and so H is 6#-open from the Lemma 1.12 (iv).

(v) The proof can be observed from the Theorem 3.3 (iv) and the Corollary 1.14.

(vi) The proof can be observed from the Theorem 3.3 (v) and the Corollary 1.14. O

Theorem 3.4. In (W,v,3), for HC W, if W\ H is I'r—open, then H is o-open.

Proof. Let HC W in (W,v,3) and W \ H be I'T—open. Then, clo(H) = W \ inty(W \ H) = W\ cl(int(T(W \ H)))
int(cl(Wr(H))). Since H C cly(H), H C int(cl(¥Yr(H))). As a consequence, H is op-open.

Remark 3.5. The complement of a oy-open set may not be ['r—open in an ideal topological space.

Example 3.6. W ={1,p,[,g},3 = {2,{p}} and v = {@, {g}, {1, 1}, {t. ], g}, W}. Altough, N = {t,1} is a og-open set, W \ N
is not I'r—open in (W, v, 3J).

Theorem 3.7. In (W,v,3), for HC W, if H is an M*-open set, then H is 0y-open.

Proof. Let H be subset of W in (W, v, J) and H be an M*-open set. It is known that inty(H) C Wr(H) from the Theorem
1.11. It implies that cl(inty(H)) C cl(Wr(H)). Then, H C int(cl(inty(H))) C int(cl(Wr(H))). As a consequence, H is
op-open. O
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Corollary 3.8. In (W,v,3), for HC W, if H is an M*-open set, then
(i) H is a Y1 — C set.
(ii) H is a semi 6-open set.

Proof. (i) It is obvious from the Theorem 3.7 and the Corollary 1.14.
(ii) It is obvious from the Lemma 1.12 (iii) and the Corollary 1.14. O

Remark 3.9. A oy-open set (resp. a semi §-open set, a Y1 — C set) may not be an M*-open set in an ideal topological
space.

Example 3.10. W ={z,p,l,¢},3 ={2,{p}} and v = {2, {g}, {1, [}, {t, L, g}, W}. Although, N = {¢, [} is both oy-open and
aWr — C set, N is not an M*-open set in (W, v, 3). Furthermore, the set O = {¢, p, [} is a semi 6-open set, but O is not
an M*-open set in (W, v, J).

Remark 3.11. In (W, v, 3J), the following implications hold for H € W:

M*-open —— 0-semiopen —— semi 0-open

6-open — o-open —— 0y-open — Y1 — C set <—— regular 0-closed

Proof. The proof is obvious from the Lemma 1.12 (ii), the Lemma 1.12 (iii), the Corollary 1.14 and the Theorem
3.7. O

Theorem 3.12. In (W, v, 3) where cl(v) NI = {@}, for H C W, if H is an M*-open set, then
() HisT —3- open
(ii) H is pre—T" — 3—open.
(iii) H is I'- dense -in-itself.
(iv) H is Lr-perfect.
(v) H is almost T — 3—open.

Proof. In (W,v,3J) where cl(v) N3 = {2}, for H € W, let H be an M*-open set. The proof is obvious
(i) by the Theorem 3.7 and the Theorem 2.13.
(ii) by the Theorem 3.12 (i) and the Theorem 1.9 (iii).
(iii) by the Theorem 3.12 (i) and the Theorem 1.9 (i).
(iv) by the Theorem 3.12 (iii) and the Remark 1.6.
(v) by the Theorem 3.12 (i) and the Theorem 1.9 (ii). |

Remark 3.13. The reverse of the above conditions may not be true in an ideal topological space (W, v, ) where
cllvyNnJ ={a}.

Example 3.14. W = {t,p,[,¢},3 = {@,{p}} and v = {@, {g}, {t N {t, 1, g}, W}. Altough, N = {#,} is ' — 3—open
(resp. pre—I" — I—open, I'-dense-in-itself, Lr-perfect, almost I' — I—open), N is not an M*-open set in (W, v, J) where
cllv)yN3 ={az}.

Remark 3.15. In (W, v, 3) where cl(v) N3 = {@}, the following diagram holds for H C W:
6-open —— > M*-open

Iy

o-open —— > 0p-open —— > [ — J — open —— I'-dense-in-itself —— Lr-perfect
pre —T' =3 — open almost T — 3 — open
Proof. The proof is obvious from the Remark 3.11, the Theorem 3.12 (i), the Corollary 2.14 and the Remark 2.11. O
Proposition 3.16. In (W, v, P(W)), for H C W, H is I'r—open if and only if inty(H) = @
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Proof. Let HC W in (W, v, P(W)).
(:=) Let H be I'r—open. Then inty(H) = cl(int(T'(H))) = cl(int(2)) = @.
(:<) Let inty(H) = @. Then cl(int(I'(H))) = cl(int(@)) = @ = inty(H) and so H is ['T—open. m|

4. CONCLUSION

In this study, the relationships between the sets I' — I—open, pre—I" — 3—open, I'—open, almost I' — I—open, M*-
open, and the some special sets obtained by the operators I and W were investigated in ideal topological spaces. These
relations were also searched in the special cases cl(v) NI = {@}. Moreover, the findings were combined with diagrams
to expand the scope of the relationships. Therefore, the results are made more remarkable.
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