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1. INTRODUCTION

In this paper, H denotes a complex Hilbert space with inner product ⟨., .⟩ and norm ∥.∥. By
B(H), we denote the algebra of all bounded linear operators acting on H. For A ∈ B(H), A∗

denotes the adjoint of A and |A| = (A∗A)
1
2 is the absolute value of A. The cartesian decompo-

sition of A is A = Re (A) + i Im (A), where Re (A) = A+A∗

2 and Im (A) = A−A∗

2i , are known as
the real and imaginary parts of A, respectively.

Recall that for A ∈ B(H), the the usual operator norm of A is defined as

∥A∥ = sup {∥Ax∥ : x ∈ H, ∥x∥ = 1} .

The numerical range of A, denoted by W (A), is defined as

W (A) = {⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1}

and the numerical radius is defined as

ω (A) = sup {|⟨Ax, x⟩| : x ∈ H, ∥x∥ = 1} .

For more material about the numerical radius, we refer the reader to [4, 5, 6, 9]. It is well known
that w(·) is a norm on B(H) and for all A ∈ B(H), the following inequalities

(1.1)
1

2
∥A∥ ≤ w(A) ≤ ∥A∥

hold, that is, w(·) defines a norm equivalent to ∥ · ∥ on B(H). The first inequality becomes
equality if A2 = 0 and the second one turns into equality if A is normal.

In [3], Dragomir proved that for the product of the two operators A,B ∈ B(H) and r ≥ 1,
we have

(1.2) wr(B∗A) ≤ 1

2
∥ |A|2r + |B|2r ∥.
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It is known that the tensor product H⊗K of the Hilbert spaces H and K, which is defined
as the completion of the inner product space consisting of elements of the form

∑n
j=1 xi ⊗ yi,

with xi ∈ H and yi ∈ K, and n ≥ 1, is a Hilbert space under the inner product ⟨x⊗ y, u⊗ v⟩ =
⟨x, u⟩ ⟨y, v⟩. The tensor product of the two operators A ∈ B(H) and B ∈ B(K) denoted by A⊗B
is defined on H⊗K as (A⊗B) (x⊗ y) = Ax⊗By for x⊗ y ∈ H ⊗K. Recall that we can write
A⊗B as the product of A⊗IK and IH ⊗B, i.e., A⊗B = (A⊗ IK) (IH ⊗B), where IK and IH
are the identity operators on H and K, respectively.

For any A ∈ B(H) and B ∈ B(K), A ⊗ B ∈ B(H ⊗ K) as it satisfies ∥A⊗B∥ = ∥A∥ ∥B∥.
Therefore, from the inequalities (1.1), it follows that

(1.3)
1

2
∥A∥ ∥B∥ ≤ w(A⊗B) ≤ ∥A∥ ∥B∥ .

Also, w(A⊗B) satisfies the following inequalities

(1.4) w(A)w(B) ≤ w(A⊗B) ≤ 2w(A)w(B).

In [1], Bhunia et al. proved that

(1.5) ω2 (A⊗B) ≤
∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

∥∥∥
and

(1.6) ω2 (A⊗B) ≤ 1

4

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

2
∥Re (|A| |A∗| ⊗ |B| |B∗|)∥ .

In this work, we will continue working in this direction and we prove several new numerical
radius inequalities for the tensor product of two operators. In particular, we generalize and
improve the inequalities (1.5) and (1.6). Some earlier existing inequalities are also refined.

2. MAIN RESULTS

In this section, we present our results. First, we start with the following lemmas that will be
used to develop new results in this paper.

Lemma 2.1 ([2]). If a, b, e are vectors in H with ∥e∥ = 1, then

|⟨a, e⟩ ⟨e, b⟩| ≤ 1

2
(∥a∥ ∥b∥+ |⟨a, b⟩|) .

Lemma 2.2 ([14, p.20]). Let A ∈ B(H) be a positive operator and let x ∈ H such that ∥x∥ = 1. Then

⟨Ax, x⟩r ≤ ⟨Arx, x⟩ for all r ≥ 1.

Lemma 2.3 ([9]). Let A ∈ B(H). Then

|⟨Ax, y⟩|2 ≤ ⟨|A|x, x⟩ ⟨|A∗| y, y⟩
for all x, y ∈ H.

Lemma 2.4 ([7]). If a, b, e are vectors in H and ∥e∥ = 1, then

|⟨a, e⟩ ⟨e, b⟩|r ≤ 2α+ 1

2α+ 2
∥a∥r ∥b∥r + 1

2α+ 2
|⟨a, b⟩|r

for any α ≥ 0 and r ≥ 1.

Lemma 2.5 ([8]). Let a, b, e ∈ H with ∥e∥ = 1 and ζ ∈ C \ {0}. Then

|⟨a, e⟩ ⟨e, b⟩| ≤ 1

|ζ|
(max {1, |1− ζ|} ∥a∥ ∥b∥+ |⟨a, b⟩|) .
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Lemma 2.6 ([13]). If h is a convex function on a real interval J containing the spectrum of the self-
adjoint operator A, then for any unit vector x ∈ H,

h (⟨Ax, x⟩) ≤ ⟨h (A)x, x⟩ .

Lemma 2.7 ([11]). Let h be a twice differentiable convex function on [a, b] such that h
′′ ≥ α :=

min
x∈[a,b]

h (x) > 0. Then

h

(
a+ b

2

)
≤ h (a) + h (b)

2
− 1

8
α (a− b)

2
.

Lemma 2.8 ([12]). If A,B ∈ B(H) are two normal operators, then

ω (A+B) ≤
√
2ω (|A|+ i |B|) .

Lemma 2.9 ([10, 12]). If A,B ∈ B(H) are positive operators, then

ω2 (A+ iB) ≤
∥∥A2 +B2

∥∥ .
Our first result reads as follows.

Theorem 2.1. Let A⊗B ∈ B(H⊗K) and α ≥ 0. Then

ω2r (A⊗B) ≤ 2α+ 1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

2α+ 2
ωr

(
A2 ⊗B2

)
,

for any r ≥ 1.

Proof. Let f ∈ H ⊗K with ∥f∥ = 1. Then, by using Lemma 2.4, it follows that

|⟨(A⊗B) f, f⟩|2r

= (|⟨(A⊗B) f, f⟩| |⟨f, (A∗ ⊗B∗) f⟩|)r

≤ 2α+ 1

2α+ 2
∥(A⊗B) f∥r ∥(A∗ ⊗B∗) f∥r + 1

2α+ 2
|⟨(A⊗B) f, (A∗ ⊗B∗) f⟩|r

≤ 2α+ 1

4α+ 4

(
∥(A⊗B) f∥2r + ∥(A∗ ⊗B∗) f∥2r

)
+

1

2α+ 2

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣r
(by the arithmetic-geometric mean inequality)

=
2α+ 1

4α+ 4

(〈
|A⊗B|2 f, f

〉r

+
〈
|A∗ ⊗B∗|2 f, f

〉r)
+

1

2α+ 2

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣r
≤ 2α+ 1

4α+ 4

(〈
|A⊗B|2r f, f

〉
+
〈
|A∗ ⊗B∗|2r f, f

〉)
+

1

2α+ 2

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣r
(by Lemma 2.2)

=
2α+ 1

4α+ 4

〈(
|A⊗B|2r + |A∗ ⊗B∗|2r

)
f, f

〉
+

1

2α+ 2

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣r
≤ 2α+ 1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

2α+ 2
ωr

(
A2 ⊗B2

)
.

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Corollary 2.1. Let A⊗B ∈ B(H⊗K) and let α ≥ 0. Then, for any r ≥ 1, we have

ω2r (A⊗B) ≤ 2α+ 1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

2α+ 2
ωr

(
A2 ⊗B2

)
≤ 1

2

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥ .
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Proof. By using the inequality (1.2), we have

ω2r (A⊗B)

≤2α+ 1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

2α+ 2
ωr

(
A2 ⊗B2

)
≤2α+ 1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

4α+ 4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

=
1

2

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥ .

□

Remark 2.1. By taking α = 0 and r = 1 in Corollary 2.1, we get the inequality (1.5). Hence, the
inequality in Theorem 2.1 is a generalization and refinement of the inequality (1.5).

Theorem 2.2. Let A⊗B ∈ B(H⊗K) and let α ≥ 0. Then

ω2 (A⊗B) ≤ 1

4 (α+ 1)

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

2 (α+ 1)
∥Re (|A| |A∗| ⊗ |B| |B∗|)∥

+
α

2 (α+ 1)
∥|A| ⊗ |B|+ |A∗| ⊗ |B∗|∥ω (A⊗B) .

Proof. Let f ∈ H ⊗K with ∥f∥ = 1 and let α ≥ 0. Then

|⟨(A⊗B) f, f⟩|2 =
1

α+ 1
|⟨(A⊗B) f, f⟩|2 + α

α+ 1
|⟨(A⊗B) f, f⟩|2

≤ 1

α+ 1
⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩

+
α

α+ 1
⟨|A⊗B| f, f⟩

1
2 ⟨|A∗ ⊗B∗| f, f⟩

1
2 |⟨(A⊗B) f, f⟩|

(by Lemma 2.3)

≤ 1

4 (α+ 1)
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩2

+
α

2 (α+ 1)
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩ |⟨(A⊗B) f, f⟩|

≤ 1

4 (α+ 1)

〈
(|A⊗B|+ |A∗ ⊗B∗|)2 f, f

〉
+

α

2 (α+ 1)
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩ |⟨(A⊗B) f, f⟩|

=
1

4 (α+ 1)

〈(
|A⊗B|2 + |A∗ ⊗B∗|2

)
f, f

〉
+

1

2 (α+ 1)
∥Re (|A| |A∗| ⊗ |B| |B∗|)∥

+
α

2 (α+ 1)
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩ |⟨(A⊗B) f, f⟩|

=
1

4 (α+ 1)

〈(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
f, f

〉
+

1

2 (α+ 1)
⟨Re (|A| |A∗| ⊗ |B| |B∗|) f, f⟩

+
α

2 (α+ 1)
⟨(|A| ⊗ |B|+ |A∗| ⊗ |B∗|) f, f⟩ |⟨(A⊗B) f, f⟩|
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≤ 1

4 (α+ 1)

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥

+
1

2 (α+ 1)
⟨Re (|A| |A∗| ⊗ |B| |B∗|) f, f⟩

+
α

2 (α+ 1)
∥|A| ⊗ |B|+ |A∗| ⊗ |B∗|∥ω (A⊗B) .

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Letting α = 0 in Theorem 2.2, we get the following corollary.

Corollary 2.2. Let A⊗B ∈ B(H⊗K). Then

ω2 (A⊗B) ≤ 1

4

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

2
∥Re (|A| |A∗| ⊗ |B| |B∗|)∥ .

Theorem 2.3. Let A,B ∈ B(H). Then

ω2r (A⊗B) ≤ 1

4
ω2 (|A|r ⊗ |B|r + i |A∗|r ⊗ |B∗|r) + 1

8

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

+
1

4
ω (|A∗ ⊗B∗|r |A⊗B|r)

for any r ≥ 2.

Proof. Let f ∈ H ⊗K with ∥f∥ = 1. Then

|⟨(A⊗B) f, f⟩|2r

= |⟨(A⊗B) f, f⟩|r |⟨(A∗ ⊗B∗) f, f⟩|r

≤ ∥(A⊗B) f∥r ∥(A∗ ⊗B∗) f∥r

=
〈
|A⊗B|2 f, f

〉 r
2
〈
|A∗ ⊗B∗|2 f, f

〉 r
2

≤ ⟨|A⊗B|r f, f⟩ ⟨|A∗ ⊗B∗|r f, f⟩ (by Lemma 2.2)

≤ 1

4
(⟨|A⊗B|r f, f⟩+ ⟨|A∗ ⊗B∗|r f, f⟩)2

=
1

4

(
⟨|A⊗B|r f, f⟩2 + ⟨|A∗ ⊗B∗|r f, f⟩2 + 2 ⟨|A⊗B|r f, f⟩ ⟨|A∗ ⊗B∗|r f, f⟩

)
=

1

4
|⟨|A⊗B|r f, f⟩+ i ⟨|A∗ ⊗B∗|r f, f⟩|2 + 1

2
⟨|A⊗B|r f, f⟩ ⟨f, |A∗ ⊗B∗|r f⟩

≤ 1

4
|⟨(|A⊗B|r + i |A∗ ⊗B∗|r) f, f⟩|2 + 1

4
∥|A⊗B|r f∥ ∥|A∗ ⊗B∗|r f∥

+
1

4
⟨|A⊗B|r f, |A∗ ⊗B∗|r f⟩ (by Lemma 2.1)

≤ 1

4
|⟨(|A⊗B|r + i |A⊗B|r) f, f⟩|2 + 1

8

(
∥|A⊗B|r f∥2 + ∥|A∗ ⊗B∗|r f∥2

)
+

1

4
⟨|A∗ ⊗B∗|r |A⊗B|r f, f⟩
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(by the arithmetic-geometric mean inequality)

=
1

4
|⟨(|A⊗B|r + i |A∗ ⊗B∗|r) f, f⟩|2 + 1

8

〈(
|A⊗B|2r + |A∗ ⊗B∗|2r

)
f, f

〉
+

1

4
⟨|A∗ ⊗B∗|r |A⊗B|r f, f⟩

≤ 1

4
ω2 (|A⊗B|r + i |A∗ ⊗B∗|r) + 1

8

∥∥∥|A⊗B|2r + |A∗ ⊗B∗|2r
∥∥∥+

1

4
ω (|A∗ ⊗B∗|r |A⊗B|r)

=
1

4
ω2 (|A|r ⊗ |B|r + i |A∗|r ⊗ |B∗|r) + 1

8

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

+
1

4
ω (|A∗ ⊗B∗|r |A⊗B|r) .

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Remark 2.2. The inequality in Theorem 2.3 is a generalization and improvement of the inequality (1.5).
Indeed, by using Lemma 2.9 and the inequality (1.2), it can observed that

ω2r (A⊗B) ≤ 1

4
ω2 (|A|r ⊗ |B|r + i |A∗|r ⊗ |B∗|r) + 1

8

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

+
1

4
ω (|A∗ ⊗B∗|r |A⊗B|r)

≤ 1

4

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥+

1

8

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

+
1

8

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥

≤ 1

2

∥∥∥|A|2r ⊗ |B|2r + |A∗|2r ⊗ |B∗|2r
∥∥∥ .

Theorem 2.4. Let A⊗B ∈ B(H⊗K) and let 0 ≤ α ≤ 1. Then

ω2 (A⊗B) ≤ α

4
ω2 (|A⊗B|+ i |A∗ ⊗B∗|) + 2− α

8
∥|A| ⊗ |B|+ |A∗| ⊗ |B∗|∥2 .

Proof. Let f ∈ H ⊗K with ∥f∥ = 1 and let 0 ≤ α ≤ 1. Then

|⟨(A⊗B) f, f⟩|2

= α |⟨(A⊗B) f, f⟩|2 + (1− α) |⟨(A⊗B) f, f⟩|2

≤ α ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩+ (1− α) ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩
(by Lemma 2.3)

≤ α

4
(⟨|A⊗B| f, f⟩+ ⟨|A∗ ⊗B∗| f, f⟩)2

+ (1− α) ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩

=
α

4

(
⟨|A⊗B| f, f⟩2 + ⟨|A∗ ⊗B∗| f, f⟩2 + 2 ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩

)
+ (1− α) ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩

≤ α

4

(
⟨|A⊗B| f, f⟩2 + ⟨|A∗ ⊗B∗| f, f⟩2 + 2 ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩

)
+ (1− α) ⟨|A⊗B| f, f⟩ ⟨|A∗ ⊗B∗| f, f⟩
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≤ α

4
|⟨(|A⊗B|+ i |A∗ ⊗B∗|) f, f⟩|2 + α

8
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩2

+
1− α

4
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩2

=
α

4
|⟨(|A⊗B|+ i |A∗ ⊗B∗|) f, f⟩|2 + 2− α

8
⟨(|A⊗B|+ |A∗ ⊗B∗|) f, f⟩2

≤ α

4
ω2 (|A⊗B|+ i |A∗ ⊗B∗|) + 2− α

8
∥|A| ⊗ |B|+ |A∗| ⊗ |B∗|∥2 .

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Remark 2.3. Let A⊗B ∈ B(H⊗K) and let 0 ≤ α ≤ 1. We have

ω2 (A⊗B) ≤ α

4
ω2 (|A⊗B|+ i |A∗ ⊗B∗|) + 2− α

8
∥|A| ⊗ |B|+ |A∗| ⊗ |B∗|∥2

=
α

4
ω2 (|A⊗B|+ i |A∗ ⊗B∗|) + 2− α

8
ω2 (|A| ⊗ |B|+ |A∗| ⊗ |B∗|)

≤ α

4
ω
(
|A⊗B|2 + |A∗ ⊗B∗|2

)
+

2− α

4
ω2 (|A| ⊗ |B|+ i |A∗| ⊗ |B∗|)

(by Lemma 2.9 and Lemma 2.8)

=
α

4
ω
(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
+

2− α

4
ω2 (|A| ⊗ |B|+ i |A∗| ⊗ |B∗|)

≤ α

4
ω
(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
+

2− α

4
ω
(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
(by Lemma 2.8)

=
1

2
ω
(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
=

1

2

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥ .

Theorem 2.5. Let A⊗B ∈ B(H⊗K) and let ζ ∈ C \ {0}. Then

ω2 (A⊗B) ≤ max {1, |1− ζ|}
2 |ζ|

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

|ζ|
ω
(
A2 ⊗B2

)
.

Proof. Let f ∈ H ⊗K with ∥f∥ = 1. Then, by using Lemma 2.5, we have

|⟨(A⊗B) f, f⟩|2

= |⟨(A⊗B) f, f⟩| |⟨f, (A∗ ⊗B∗) f⟩|

≤ 1

|ζ|
(max {1, |1− ζ|} ∥(A⊗B) f∥ ∥(A∗ ⊗B∗) f∥+ |⟨(A⊗B) f, (A∗ ⊗B∗) f⟩|)

≤ 1

|ζ|
(
max {1, |1− ζ|} ∥(A⊗B) f∥ ∥(A∗ ⊗B∗) f∥+

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣)
≤ 1

|ζ|

(
max {1, |1− ζ|}

2

(
∥(A⊗B) f∥2 + ∥(A∗ ⊗B∗) f∥2

)
+

∣∣〈(A2 ⊗B2
)
f, f

〉∣∣)
=

max {1, |1− ζ|}
2 |ζ|

(⟨(A⊗B) f, (A⊗B) f⟩+ ⟨(A∗ ⊗B∗) f, (A∗ ⊗B∗) f⟩)

+
1

|ζ|
∣∣〈(A2 ⊗B2

)
f, f

〉∣∣
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=
max {1, |1− ζ|}

2 |ζ|
(〈
(A⊗B)

∗
(A⊗B) f, f

〉
+ ⟨(A⊗B) (A∗ ⊗B∗) f, f⟩

)
+

1

|ζ|
∣∣〈(A2 ⊗B2

)
f, f

〉∣∣
=

max {1, |1− ζ|}
2 |ζ|

〈(
|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2

)
f, f

〉
+

1

|ζ|
∣∣〈(A2 ⊗B2

)
f, f

〉∣∣
≤ max {1, |1− ζ|}

2 |ζ|

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

|ζ|
ω
(
A2 ⊗B2

)
.

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Considering ζ = n ∈ N \ {1} in Theorem 2.5, we get the following corollary.

Corollary 2.3. Let A⊗B ∈ B(H⊗K). Then

ω2 (A⊗B) ≤ n− 1

2n

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

n
ω
(
A2 ⊗B2

)
for all n ∈ N \ {1}.

For n = 2 in Corollary 2.3, we get the following inequality.

Corollary 2.4. Let A⊗B ∈ B(H⊗K). Then

ω2 (A⊗B) ≤ 1

4

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥+

1

2
ω
(
A2 ⊗B2

)
.

Remark 2.4. If we take n → ∞ in Corollary 2.3, then we obtain

ω2 (A⊗B) ≤ 1

2

∥∥∥|A|2 ⊗ |B|2 + |A∗|2 ⊗ |B∗|2
∥∥∥ .

Theorem 2.6. Let A ⊗ B ∈ B(H ⊗K) and let h be a twice differentiable nonnegative non-decreasing
convex function on [0,∞) such that 0 < α ≤ h

′′
. Then

h (ω (A)) ≤ 1

2
∥h (|A⊗B|) + h (|A∗ ⊗B∗|)∥ − inf

∥f∥=1
δ (f) ,

where δ (f) = 1
8α ⟨(|A⊗B| − |A∗ ⊗B∗|) f, f⟩2.

Proof. Let f ∈ H ⊗K with ∥f∥ = 1. Then, we have

h (|⟨(A⊗B) f, f⟩|) ≤ h
(
⟨|A⊗B| f, f⟩

1
2 ⟨|A∗ ⊗B∗| f, f⟩

1
2

)
≤ h

(
⟨|A⊗B| f, f⟩+ ⟨|A∗ ⊗B∗| f, f⟩

2

)
.

(by the arithmetic - geometric mean inequality)

≤ h (⟨|A⊗B| f, f⟩) + h (⟨|A∗ ⊗B∗| f, f⟩)
2

− 1

8
α (⟨|A⊗B| f, f⟩ − ⟨|A∗ ⊗B∗| f, f⟩)2

(by Lemma 2.7)

≤ 1

2
⟨(h (|A⊗B|) + h (|A∗ ⊗B∗|)) f, f⟩ − 1

8
α ⟨(|A⊗B| − |A∗ ⊗B∗|) f, f⟩2

(by Lemma 2.6).



Upper bounds for the numerical radii of the tensor products of operators 225

Thus,

h (|⟨(A⊗B) f, f⟩|)

≤1

2
⟨(h (|A⊗B|) + h (|A∗ ⊗B∗|)) f, f⟩ − 1

8
α ⟨(|A⊗B| − |A∗ ⊗B∗|) f, f⟩2 .

Taking the supremum over f ∈ H ⊗K with ∥f∥ = 1 in the above inequality, we get

h (ω (A⊗B)) ≤ 1

2
ω (h (|A⊗B|) + h (|A∗ ⊗B∗|))− inf

∥f∥=1
δ (f)

≤ 1

2
∥h (|A⊗B|) + h (|A∗ ⊗B∗|)∥ − inf

∥f∥=1
δ (f) ,

where δ (f) = 1
8α ⟨(|A⊗B| − |A∗ ⊗B∗|) f, f⟩2. □

For h(t) = t2 in Theorem 2.6, we get α ≤ 2 and we have the following remark, which is a
refinement of the inequality (1.5).

Remark 2.5. Let A⊗B ∈ B(H⊗K). Then

ω2 (A⊗B) ≤ 1

2

∥∥∥|A⊗B|2 + |A∗ ⊗B∗|2
∥∥∥− inf

∥f∥=1
δ (f) ,

where δ (f) = 1
4 ⟨(|A⊗B| − |A∗ ⊗B∗|) f, f⟩2.

Theorem 2.7. Let A⊗B ∈ B(H⊗K) and let 0 ≤ α ≤ 1. Then

ω2 (A⊗B) ≤ α

2

∥∥∥|A∗|2 ⊗ IK + IH ⊗ |B|2
∥∥∥ω (A⊗B)

+
1− α

2

∥∥∥|A∗|2 ⊗ IK + IH ⊗ |B|2
∥∥∥2 .

Proof. Let f ∈ H ⊗K with ∥f∥ = 1 and let 0 ≤ α ≤ 1. Then

|⟨(A⊗B) f, f⟩|2

= |⟨(A⊗ IK) (IH ⊗B) f, f⟩|2

= |⟨(IH ⊗B) f, (A∗ ⊗ IK) f⟩|2

= α |⟨(IH ⊗B) f, (A∗ ⊗ IK) f⟩|2

+ (1− α) |⟨(IH ⊗B) f, (A∗ ⊗ IK) f⟩|2

= α
∥∥∥(IH ⊗ |B|2

)
f
∥∥∥ ∥(A∗ ⊗ IK) f∥ |⟨(IH ⊗B) f, (A∗ ⊗ IK) f⟩|

+ (1− α)
∥∥∥(IH ⊗ |B|2

)
f
∥∥∥2 ∥(A∗ ⊗ IK) f∥2

= α
〈
|IH ⊗B|2 f, f

〉 1
2
〈
|A∗ ⊗ IK|2 f, f

〉 1
2 |⟨(A⊗B) f, f⟩|

+ (1− α)
〈
|IH ⊗B|2 f, f

〉〈
|A∗ ⊗ IK|2 f, f

〉
≤ α

2

〈(
|IH ⊗B|2 + |A∗ ⊗ IK|2

)
f, f

〉
|⟨(A⊗B) f, f⟩|

+
1− α

2

〈(
|IH ⊗B|2 + |A∗ ⊗ IK|2

)
f, f

〉2

(by the arithmetic-geometric mean inequality)
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≤ α

2

〈(
|IH ⊗B|2 + |A∗ ⊗ IK|2

)
f, f

〉
|⟨(A⊗B) f, f⟩|

+
1− α

2

〈
|IH ⊗B|2 + |A∗ ⊗ IK|2 f, f

〉
≤ α

2

∥∥∥|A∗|2 ⊗ IK + IH ⊗ |B|2
∥∥∥ω (A⊗B)

+
1− α

2

∥∥∥|A∗|2 ⊗ IK + IH ⊗ |B|2
∥∥∥2 .

Taking the supremum over all f ∈ H ⊗K with ∥f∥ = 1, we get the desired inequality. □

Acknowledgements: The authors thank the editor and the reviewers for their valuable com-
ments.

Conflict of interest The authors declare that there is no conflict of interest.
Data availability No data was used for the research described in the article.

REFERENCES

[1] P. Bhunia, K. Paul and A. Sen: Numerical radius inequalities for tensor product of operators, Proc. Indian Acad. Sci.
(Math. Sci.), 133 (2023), Article ID: 3.

[2] M. L. Buzano: Generalizzazione della diseguaglianza di Cauchy-Schwarz (Italian), Rend. Sem. Mat. Univ. Politech.
Torino, 31 (1974), 405–409.

[3] S. S. Dragomir: Power inequalities for the numerical radius of a product of two operators in Hilbert spaces, Sarajevo J.
Math., 5 (18) (2009), 269–278.

[4] M. El-Haddad, F. Kittaneh: Numerical radius inequalities for Hilbert space operators, II. Studia Math., 182 (2) (2007),
133–140.

[5] M. Guesba: Some generalizations of A-numerical radius inequalities for semi-Hilbert space operators, Boll. Unione Mat.
Ital., 14 (4) (2021), 681–692.

[6] M. Guesba: On some numerical radius inequalities for normal operators in Hilbert spaces, Interdiscp. Math., 25 (2) (2022),
463–470.

[7] M. Guesba, M. Garayev: Estimates for the Berezin number inequalities, J. Pseudo-Differ. Oper. Appl., 15 (2024), Article
ID: 43.

[8] M. Khosravi, R. Drnovsek and M. S. Moslehian: A commutator approach to buzano’s inequality, Filomat, 26 (4) (2012),
827–832.

[9] F. Kittaneh: Notes on some inequalities for Hilbert space operators, Publ. RIMS Kyoto Univ., 24 (1988), 283–293.
[10] F. Kittaneh: Numerical radius inequalities for Hilbert space operators, Studia Math., 168 (2005), 73–80.
[11] H. R. Moradi, S. Furuichi, F. C. Mitroi and R. Naseri: An extension of Jensen’s operator inequality and its application to

Young inequality, Rev. R. Acad. Cienc. Exact. Fs. Nat. Ser. A Mat., 113 (2019), 605–614.
[12] H. R. Moradi, M. Sababheh: New estimates for the numerical radius, Filomat, 35 (2020), 4957–4962.
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