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ABSTRACT. In this paper, we develop new upper bounds for the numerical radii of the tensor products of two
operators. These inequalities improve and generalize some earlier related inequalities.
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1. INTRODUCTION
In this paper,  denotes a complex Hilbert space with inner product (.,.) and norm ||.||. By
B(#), we denote the algebra of all bounded linear operators acting on H. For A € B(H), A*

denotes the adjoint of A and |A| = (A*A)% is the absolute value of A. The cartesian decompo-
sition of Ais A = Re(A) + iIm (A4), where Re (4) = A+TA* and Im (A) = A%ZA*, are known as
the real and imaginary parts of A, respectively.

Recall that for A € B(#), the the usual operator norm of A is defined as

[All = sup {||Az[| : z € H, ||z = 1}.
The numerical range of A, denoted by W (A), is defined as

W (A) = {{Az,z) : x € H, ||z]| =1}
and the numerical radius is defined as

w(A) =sup{|(Az,z)| : z € H, ||z|| = 1}.
For more material about the numerical radius, we refer the reader to [4, 5, 6, 9]. It is well known
that w(-) is a norm on B(H) and for all A € B(#), the following inequalities
1

(1.1) Al = w(a) < Al

hold, that is, w(-) defines a norm equivalent to | - || on B(#). The first inequality becomes
equality if A% = 0 and the second one turns into equality if A is normal.

In [3], Dragomir proved that for the product of the two operators A, B € B(H) and r > 1,
we have

g * 1 T r
(12) w'(B*A) < S| AP + B[ .
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It is known that the tensor product # ® K of the Hilbert spaces H and K, which is defined
as the completion of the inner product space consisting of elements of the form Y77, ; ® y;,
with z; € H and y; € K, and n > 1, is a Hilbert space under the inner product (z ® y,u ® v) =
(x,u) (y,v). The tensor product of the two operators A € B(H) and B € B(K) denoted by A®@ B
isdefinedon H ® K as (A® B) (x ® y) = Az ® By for z @ y € H ® K. Recall that we can write
A® B as the product of A®Zx and 7y ® B, ie., AQ B = (A®Zx) (Iy ® B), where Zx and Ty
are the identity operators on # and IC, respectively.

Forany A € B(H) and B € B(K), A® B € B(H ® K) as it satisfies |4 ® B|| = ||A] ||B|-
Therefore, from the inequalities (1.1), it follows that

1
(1.3) 3 14IIBll = w(A® B) < ||A | BI-
Also, w(A ® B) satisfies the following inequalities
(1.4) w(A)w(B) < w(A® B) < 2w(A)w(B).
In [1], Bhunia et al. proved that
(15) w? (48 B) < |14 @ B + |4 @ |B°P|
and

1 . . 1 * *

(16)  w(A®B) < {|lAP @ |Bf 14 @ |BF| + 5 IRe (lA]|A*| @ |B||B*])].

In this work, we will continue working in this direction and we prove several new numerical
radius inequalities for the tensor product of two operators. In particular, we generalize and
improve the inequalities (1.5) and (1.6). Some earlier existing inequalities are also refined.

2. MAIN RESULTS

In this section, we present our results. First, we start with the following lemmas that will be
used to develop new results in this paper.

Lemma 2.1 ([2]). If a,b, e are vectors in H with ||e|| = 1, then
(@, €) {e,0)] < %(Hall 161l + [{a; b)) -
Lemma 2.2 ([14, p.20]). Let A € B(H) be a positive operator and let x € H such that ||x|| = 1. Then
(Az,z)" < (A"z,z) for allr > 1.
Lemma 2.3 ([9]). Let A € B(H). Then
|(Az, y)|* < (|Alz,2) {|A"] v, y)
forallx,y € H.
Lemma 2.4 ([7]). If a,b, e are vectors in H and ||e|| = 1, then

e (e ) < 221

T b?"
< oo lall” o+

[{a,b)["

200 4 2
forany o« > Oand r > 1.

Lemma 2.5 ([8]). Let a,b,e € H with |le]| = 1and ¢ € C\ {0}. Then

(@, e) {e,b)] < % (max {1, [T = [} [[a][ [l + [(a, b)) -
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Lemma 2.6 ([13]). If h is a convex function on a real interval J containing the spectrum of the self-
adjoint operator A, then for any unit vector x € H,

h({Az,z)) < (h(A)z,z).

Lemma 2.7 ([11]). Let h be a twice differentiable convex function on [a,b] such that B > o=
min h (z) > 0. Then

z€la,b]

2 2 ~ g

h(a—l—b) < h(a)+h(b) 1 (a—b)2.
Lemma 2.8 ([12]). If A, B € B(H) are two normal operators, then
w(A+B) <V2w(|A|+i|B]).
Lemma 2.9 ([10, 12]). If A, B € B(#) are positive operators, then
w? (A+iB) < ||A* + B?||.
Our first result reads as follows.
Theorem 2.1. Let A® B € B(H® K) and o > 0. Then

W (A® B) < 2a—|—1 w" (A*® B?),

1
A2r B27‘ A*27‘ B* 2r
1P e 1B AP 0 1B + 5

foranyr > 1.
Proof. Let f € H ® K with || f|| = 1. Then, by using Lemma 2.4, it follows that

((A® B) f. f)I*
= ({(A@ B) f, HII{f, (A" @ B*) f)])"

20+ 1 r r
< A® B A" ® B*
< ST lAe B I @ B A + 5

2 1 T * * T
< (e By AP + 1A @ B £177) +

(by the arithmetic-geometric mean inequality)

SR (e BRrs) + (4 e B L))+

5 ((A®B) f, (A" B") /)

(4@ B?) .0

200 4+ 2

(4@ B?) .0

4da+4 200 +2
2a+1 2r * * |27 2 2 r
<2 ((ae B 1 f) + (14 e B £ 1)) + s (a2 0 B £.)
(by Lemma 2.2)
2 +1 T * * | 4T 1 T
:4Z+4<<|A®B|2 +|A ®B|2)f’f>+2a+2|<(A2®BQ)f’f>‘
2 +1 T T * |21 x| 2T r
< o I 9 1B+ A @ B + e (42 0 BY).
Taking the supremum over all f € H ® K with || f|| = 1, we get the desired inequality. O

Corollary 2.1. Let AQ B € B(H ® K) and let o > 0. Then, for any r > 1, we have

20+ 1
da+4

A ® |BI* + A" @ |B**"]|.

W (A® B) < 41" @ 1B + 14" @ B W' (A% @ B?)

200 4+ 2

IN

5
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Proof. By using the inequality (1.2), we have

w* (A® B)

200+ 1 2r or 2r 2r 1 2 2
< A B A* B* "(A B
<o 1P @ 1B 14 @ B + 5 (420 B

20[ + 1 2r 2r 2r 2r 1 2r 2r 2r 2r
< A B A B* H A B A B*
<i g AP @ 1BPT 414 B || + 1= A @ 1B + |4 @ | B

1 2r 2r * |27 * |27
=5 [14P" @1BP" + 14" 2 B

O

Remark 2.1. By taking o = 0 and r = 1 in Corollary 2.1, we get the inequality (1.5). Hence, the
inequality in Theorem 2.1 is a generalization and refinement of the inequality (1.5).

Theorem 2.2. Let A® B € B(H ® K) and let o > 0. Then

1
204 B<7HA2 BI? A*|2 B*zH L
(40 B) < gy [14F 0 1B + 4P o B + 5

1
(a +1)
«
2(a+1)
Proof. Let f € H ® K with ||f|| = 1 and let & > 0. Then
2 1

(A& B) NI =~ HA@B) [N+ —5 (A& B) [N

[Re (JA[|A™[ @ [B][B])]|

+ A @ [B| +|A"| @ [B||w (A® B).

< o A®BIf (A" BT f.f)

+ S (4@ BN (A 8 B £.)* (A B) £.J)]
(by Lemma 2.3)

* * 2
§m<(|A®B|+|A ® B*|) f, f)
L >
2(a+1)
<«
“4(a+1)

[0
BEICES))
1

aFvery ((lAe B +14" @ B1*) 1,1)

(14® Bl + 4" © B*) £. /) |(A® B) £, )]
(4@ Bl+|4"© B £, f)

(A B+ A" @ B*|) f, /) ((A® B) f, f)|

+ [Re (JA[|A™] @ [B][B])]|

2(a+1)
[0

2(a+1)

- 1 (4P e 4P F) 1.1)
1

2(a+1)
[0

2(a+1)

+ (A B+ A" @ B*|) f, /) ((A® B) f, f)|

+ (Re (|A[|A"| @ |B[|B*]) £, f)

+ ((IAl@ Bl + A% @ |B*|) f, /) {(A® B) f, )
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1 2 2 2 2
<—||Al" ® |B]” + |A*|" ® | B* H

1 . .
UEICES) (Re (|A[|A*| @ B[ |B*]) f, f)

[0
—|||4| ® |B| + |A* B* A® B).
o I8l 14 @ Bl (Ae B)

Taking the supremum over all f € H ® IC with || f|| = 1, we get the desired inequality. O

Letting o = 0 in Theorem 2.2, we get the following corollary.
Corollary 2.2. Let A® B € B(H ® K). Then
W (A B) < 3 [1AF @ 1B + 147 o 18P + 5 IRe (14114 ©1B] B
Theorem 2.3. Let A, B € B(H). Then
W (A® B) <

w? (|A]"® [B|" +i]A"|" & |B*") ‘\AIZ)T@IB\QWIA*|2T®\B*I2T

5]

%M—‘.J;\»—l

w(|A* @ B*|"|[A® B|")

forany r > 2.

Proof. Let f € H ® K with || f|| = 1. Then

((A® B) f, /)I*
=[((A®B) f. )" [((A* @ B*) f, /)"
<A@ B) f|" [(A* ® B*) f|I"

= (ae Bl ) (4 e )
< (|4 BI" £,1){|4"® B'[" ,f) (by Lemma 2.2)
((A® Bl f.f)+ (A" @ B[ f.1)"
(1ae Bl 7, )° qm@BWﬁJﬁ+ﬂM®BVﬂ>@f®BWﬁﬁ)
(A@ B 1) +i (A" @ BT LA+ 3 (A@ Bl £.1) (£14° @ B'T )
((A® Bl +ila* ® B[ £, )P + 7 IlA@ Bl fIA° © B f|
(IA® B|" f,|A* ® B*|" f) (by Lemma 2.1)
(1A Bl +ila® BN £ 01 + < (4 ® B fI° +114° © BT 71°)

1
4
1
4
1
4
1
4
Ll
4
1
4
1 * *

+ 14" @B A Bl £, 1)
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(by the arithmetic-geometric mean inequality)

=LA B +ila e B 1P+ 2 (140 B + 1470 B £.1)

iwv®B|M®B|ﬁ>
< @ (A® Bl +ilA*® B + HM®m”+M%MH”-%wL¥®BIM®BH
= 39 (A @ B +i 14T ® B + £ 1A @ B + |4* " @ |B*
i (A" B[ |[A® B|").
Taking the supremum over all f € H ® K with || f|| = 1, we get the desired inequality. O

Remark 2.2. The inequality in Theorem 2.3 is a generalization and improvement of the inequality (1.5).
Indeed, by using Lemma 2.9 and the inequality (1.2), it can observed that

w¥ (A® B) < i 214" ® |B]" +i|A*" @ |B*[") H|A|2T ® B + A" ® B
+ w4 e BT A8 Bl)
< ;14 @ 1B+ 4 e 1|+ 5[l @ 1B+ 147 B
é H|A|2r @ B + 4" © |B**
1

H|A|2'I‘® ‘B|2T+ |A*‘27’® |B |27"

Theorem 2.4. Let AQ B B(H® K)andlet 0 <« < 1. Then

2—a w1112
| @ |B*[]"

W (A® B) < Sw?(|A® B| +i|A* @ B*|) +

<22
it
Proof. Let f € H ® K with ||f|| =1and let 0 < a < 1. Then

((A® B) f, )

=al((A®@B)f. )P +(1—-a)[{(A® B) f. )

<a(l[A®B|f, f)(|A* @ B*| f, f) + (1 - a) (|A® B| f, f) (|A* @ B*| f, f)
(by Lemma 2.3)

< TWASBIL N+ (A" B £.5)
+(1—a) (4@ B f.f) (|A" & B| 1. )
= % (<IA®B|f, PP+ (A @B, /) +2(|A@ BI £, f) (| A* ®B*\f,f>)
+(1—0a) (A® B|£.£) (A" & B| £, f)
< S (U4 BI LN +(4° © B £, /) +2( 4 Bl £, ) 4" © B £.1))
+(L=a) (|4 BIf,f) (A" @ B*| £.)
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< (4@ Bl +il4* @ B ) £, A + S (1A B +|4" 0 B') £, £)°
M Bl AT B £ f)°

%|<(|A®BI+Z|A*®B )£ I +T<(\A®B\+|A*®B )£ 1)
< 70 (|[A® B +i|A"® B') + | |B|||*.

Taking the supremum over all f € H ® K with || f|| = 1, we get the desired inequality.

Remark 2.3. Let A® B € B(H® K)andlet 0 < a < 1. We have

2—a

w? (A® B) < 7w ([A® Bl +i|A*® B*|) + llAl® | Bl + |A*| © | B|||*

2(|A®B|+i|A*®B*|)+

»MQ »MQ »MQ

2w? (14| ® |B| +|4%| © |B*))

2 —
w(|A® BI® + 14" @ B*") + “"w? (|4 @ |B| +i] A" © | BY))
(by Lemma 2.9 and Lemma 2.8)
2 —
= 2w (|4 ® B + 14 ® |B**) + = ~w? (14| ® |B| +i|4"| & |B*)
2 -«
4

< Zw (1P @ B + 14 P o |B) +
(by Lemma 2.8)

w(14F @B + 14 @B

= o (4@ B + AP 0B )

=[P o182 410 01800
Theorem 2.5. Let A® B € B(H® K) and let ¢ € C\ {0}. Then
max {1, |1 —

¢} 2 2 2 a2 L L a2 o p2
e 147 @ 1B + 14" @ | 37| H+|<|w(A ® B?).

Proof. Let f € H ® K with ||f|| = 1. Then, by using Lemma 2.5, we have

((A® B) f, )
=KM®BUJMU¢F®BUM

(max {1, [1 = ([} [[(A@ B) f|[ [(A" @ B*) fl| + [(A® B) f, (A" ® BY) )])

w? (A® B) <

ICI
ST |(max{1 [L=ClHI(A® B) fL (A" @ B*) fI| + [((A* © B?) f.1)])

1 (max{l, 1= ¢} 2 1oav @ B £ S
|C|< 9 <||(A®B)f|| +11(4 ®B)fH)+|<(A ®B)f,f>‘>

m“%tﬁC}«M®BHWA®mﬁ+«N®BﬂﬁQﬁ®Bﬂﬁ)

+ e ) 1)

223
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mx{;’l?_m(<(A®B)*(A®B)f,f>+<(A®B)(A*®B*)f,f>)
e ) 1)
max {1, |1 — (|} 2 2 2 2 2 2
=—7———=((|4 B A B A*® B
e (AP 1B+ 14 1B £, f) + \<||<( ® B) f. f)|
max {1,|1 —¢|} " B 2 2
§—2IC\ H\A|®|B|+|A|®\B|H+|qw(A ® B?).
Taking the supremum over all f € H ® K with || f|| = 1, we get the desired inequality. O

Considering ¢ = n € N\ {1} in Theorem 2.5, we get the following corollary.
Corollary 2.3. Let A® B € B(H ® K). Then
-1 1
W (A® B) < = H|A\2 ® |B? + 4" ® |B*|2H +~w (42 BY)
foralln € N\ {1}.

For n = 2 in Corollary 2.3, we get the following inequality.
Corollary 2.4. Let AQ B € B(?—[ ® K). Then

W (A® B) < H|A| ® B + |A** © |B*| H+ “w(A2@ B?).
Remark 2.4. If we take n — oo in Corollary 2.3, then we obtain
W (A® B) < H\A| ® B + 4" @ |B*P| .

Theorem 2.6. Let A® B € B(H ® K) and let h be a twice differentiable nonnegative non-decreasing
convex function on [0, 00) such that 0 < o < h". Then

hw(4) < 5 Ih(A® Bl + k(4" @ B - int 5(7),

where §(f) = o ((|[A® B| — |A* ® B*|) £, f)°.
Proof. Let f € H ® K with || f|| = 1. Then, we have

R((A®B)f.0) <h((A® BIf N (A" @ B 1, )7)

(<A®B|f,f>+<A*®B*|f,f>>
5 .

(by the arithmetic - geometric mean inequality)

h({|[A® Bl f, f)) +h (A" @ B*| f, f))
= 2
~ a((A®BIf,f) - (4" © B [, )’
(by Lemma 2.7)

<h

< (A B) +h (A @ BN £.1) ~ sal(A® Bl - 14" @ B*]) £, /)
(by Lemma 2.6).
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Thus,
h({(A® B) f, )I)
<5 (1A B+ h(4"© B)) £ f) - ol Bl |4"0 B [, /)

Taking the supremum over f € H ® K with || f|| = 1 in the above inequality, we get

B4 B) < 5w (h(A@ B +h(A"© B) ~ inf (7
1 * NI — in
<gllh(A®B)+h(A"® B - inf 5(f),
where § (f) = ta ((|A® B| — |A* @ B*|) f, f)°. O

For h(t) = ¢ in Theorem 2.6, we get @ < 2 and we have the following remark, which is a
refinement of the inequality (1.5).

Remark 2.5. Let A® B € B(H® IC) Then

w? (A®B) < H|A®B| + |A* ® B¥| ‘ - }Iulflé(f),

where § (f) = 1 ((|A® B| — |A* @ B*|) £, f)*.
Theorem 2.7. Let AQ B € B(H® K)andlet 0 < « < 1. Then

W2 (A® B) S%H|A*\2®IK+IH®|B|2Hw(A®B)

P®TIx+In® |B|2H2.
Proof. Let f € H® K with ||f|| =1andlet 0 < a < 1. Then
{(A® B) f. )
={(A®Zx) (Tu @ B) f, )
=((Zn ® B) f,(A" ® Ix) f)|?
=a((Zu® B) f,(A" ® Ix) f)|*
+(1—a)[(Zy ® B) f.(A" @ Ic) f)|?
= a|(zu e 1BP) || (4" @ To) £ (T  B) £, (4" @ T) £)]

+ - a)|(zeo 182 £ At o 7 12

o e Bl £.£) (1o Tl £.4) (A9 B) £,
+ (1 —a)(IZu e B £.f) (|40 e[ £, f )

« *

< S (o B +14" @ Tcl?) £.1) (A B) £, 1)
1 *

+ 22 (Zwe BR + 1A o TcP) 1.5)

(by the arithmetic-geometric mean inequality)
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<5 ((1Zu® BF + 14" 9 T £.1) (A B) £, )]
+ 25 (T BE 4 14 o T 1. 1)
< S|P e T+ Tw e 1B w (4@ B)

1— 2
+ |14 P e Te + T2 1B
Taking the supremum over all f € H ® K with || f|| = 1, we get the desired inequality. O
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