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lansat Varltklan Fiyattama Modetine kadar olan ge
tişmeler k|sa.r naİ .nihiş ve bu Dodelin ha.arlan.
masDda kullanlan var§ar,ımla. iizerinde yapİan ça-
rrymalar dikkate alınarak, mod€lin eleştirisi yaPılmış_

Yrd. Doç. Dr. İ. Eıklğ sÖNMEz.

ı _ MABKolvITz,s MEAN _ VARIANGE PoBTFoLIo
SELECTION MODEL

The approach for §electing securities fo! an i]ıvestment port-
iolio \cas first statpd by Markowitz in hi§ ı052 articıe ( 1). The wolk
ol Ma.kowi'uz on Portfolio selectiotı result€d in a İevolution h the
theoİy of fiİıance. He described the mean - vaİiance portlolio 6elec_
tion approach in gİ€at detail iı his ı959 book (2).

Markowitz developed the two - pa.rameter portfolio analysi§
model and said that the two İeıevant chaİacteiistics of a portlolio
aİe ıts eİpected retum and risk. He assumed that rationaı İrıves_
t rs Eiıl hold effıciğıt portfolios and he defined portfolio elİlency
as the portİollo with largest r€tum fof a givğn levet of ri§k oı as
the poüfolto ç,ith lorıre§t ıi§k for a given rate o' return. In ofder to
choo§e the efficient portfolios, he mentioned that the requifed tn-
puts wgle eğrectad retum and vaİia.rıce of İetum for each security
aİrd the teı.tiotı§ıfp§ of the return oİ ea.h §ecuİity to every other
s€culity. In other ı,ord§, variance of the portfolio dep€nds on tİıe
vaIiaİrce ol each indıvidual securlty and the covariaİrce among
them. ın oıdeİ t ıpply the Maİkowitz technique (for on anatysi§
of N secuİities, the analyst mu§t provlde e§timate§ of N eİpected
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retuTns, N valiance§ of return, aırd N ( N + 1),/2 covaİiances oI

return. Thrı6 the nırmber of estimates rcquired l§ N (N + 3) /2.» (3)

For exampıe, 5, 15o iteın§ of input dsta are Equlİed fo! an analy-
sis of a 100 security ııniveİse.

(Hi§ (Maİkowitz's) treatment of investo! portfoıio selection
as a pİobıem of utllity maxirDization under condition§ of unceİ-

tatnty is a pathbreaktng contribution. Maıkowitz deals rnaiİı]y
with the special case in which investoİ prefelences are a.ssum€d to
be defined o,/er the iı,€an and vadance§ of the pıobabiıity distrt-
bution of sin8le - pe.iod portfolio Ietuİns» (4). Iİe defined the ef,
ficient frontieİ concept as the upper borde! of the available §et of
portfolios, The portfo|ios which lie on the efflcient frontier aİe eJ-

ficient b€cause they ofİel the nlaximum retum foİ a given leveı ol
İi§k o! minimum ljsk foİ a given level of İ€tuİn. Flguİ€ I show8 the
graphical form of the Malkowitz's mean - vaiance modeı.

An investol limited onty to investmeıt§ i]ı rjsky a§sets whGe
indiffeİence cuİves ale showİr in thl§ figurc maxtmizes his expec-
ted utittty by investtng in portfotıo Y.

E(R)

E(BY}

st.rıd.rd d.vlat!q. of'İ.tu!n

(]) c"t"" K"ı-r" J. -,l Po8ue, Jerry A., "An EmPirical E,alu.lion ot
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comovement a.mong §ecuİitıes as the bd§l§ for divet§lficstion
l§ one of the mo§t important elements ın ı{alkowitz arıalysis. If
the coEelation coefficient between two 8ecudtie§ is les§ than the
ratio of the sm.ıleİ standard devlatioı to the ıargeİ standaİd de_
dation, portfolıo !,ariance can be mininized by dlirrsificatıon.

sitıce the appücation of the above modet needed a gleat deal
of ilput data foİ portfolio selection, it wa§ diificuıt to r§e in prac-
tice. Aıthough Markowitz fiTst suggest€d the idea oİ single . index
model, sharpe developed the diagonal model for portfoılo selec_
tio!.

Iı _ sılARPE,s SINGLE _ lNnf.J MoDEı

shaİP proposed a simplifled portfoıio §election model ç,hich
requiİed less inpııt data (5). He did not tüie the covalience§ o!
each secutity with each other secrırii;y. (The major characteri§tic
of the §lngle - index modet is the assumption that the various se-
sudties aİe İelated only through comhon İelatlonships wlth an
index of gene.al rnaİket performance» (6), shaİpe sugge§t€d the
ide8 that the İeturn on a §ecurity may be İelated to some bu§ine§s
lndex or market lndex. Each §ecurity's rate of retum i§ a§sumed
to be telated ro the tcvel of the index. For §€curity t,

R,=at+blI+€ı

wherc n,
a!

b,
I

= actual İeturn on §ecurlty i
= coı!§tant
= coİtstant
= actual level of index
= rııceıtain veriable

(5)

e

sharpe, wiltiam, r,, rA simplified Model For Poİtfolio Analysisr, Ma-
Dlatment scierrcc, vol ı Ix, No : 2, Januaİy |963, pp, 277 -293.
op. clt., coh€n and Pogue, p. t68.(6)
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t'igule 2 provides an illır6tlation foİ the single - index model,

Flgute 2

tıl st".p., wıli.- F., Pontotlo r.-beoty .ttd cıptbl ıİİt(.ı!, Neq York:

Rı

",I

According to this model, letum from an individual security is

deteIoined by random iactors and ihe relatio!§hip between the

§ecurity and the common index, Under the assumptions of the
diagonal model, the retum from a security can be broken into t]po

fac;Is (?). one fa.tof is the İesult of the unique characteIisties
of the security and the otheİ is the resuit of the thing§ common to

all §ecurities.

It was sharpe's idea that the letum on a §ecunty varies with
its sensitivity to cıijl.les iıı the market. lf we take the va ance of

the effoİ term (e,) in the diagonal model, we will get the following
equation :

var(R)=var(a,+bI+e,)

Vaİ (R ) = b,'vaT (I) + var (e,)

12B

Mccias - Hill, Inc,, 1970, p, 96.



since the varlance of the indeı i§ common to aıı securttıes, lts
elfect can not be eltnİıBted by any aınount of diversillcotton.
sharpe'§ beta coerficlent, b,, measu&§ the §en§tivity of R, to va-
riation İ1 I. This paü ol the vada,nce ls ca.lıed «sy§t€matic or uİ-
dlver§oble ri§k» snd the second psrt ol the total rj§k i§ ca.ııed
«unsJ6tematlc oı diver§i&ble risk.»

The pra4tlcal applıcstion of the poİtfolio seıectlon technique
i§ ga€atıy faaıltt8t€d by the a§sumptton of the sihgte _ lndeı mo-
deı which reduced the estimation to§k Thu§ the numbeı of esti-
mates reqü.ed for portfolio anat]Dis i§ reduced frcm N (N + 3)/2
tn the Markowitz _ model to 3N + 2 in the §ingle - lıdex model.

IlI - oAPITAI AssET PRlcıNG MoDEL AND rTs
LIıi[ıTATıoNs

Tobin (8) showed that çhen investoİ§ pta.e part o' thelİ
İ]ııd§ t]ı a rl§k - fİe€ a§set, portlolio selection needs two §epaİate
decjslons. Undğr these corıdİtioD§, an investor ftİst deterİnine§ the
§et of rrsky securltie§ which proüde an efricient portfolio, thğr he
dl§tribute§ bis İunds between thls elİtctent portfolıo aıd the .i§k _
fİee a§set.

sharpe (9) _ Lintneİ (1o) and Mo§sin (11) 8pply the principle
of Tobiı's sepatatlon theory to pIovide şhat is by f8r the ;ct İm-
portant pocitlve erten§lon ol the meaİı - verlaİıce concept - The
capitaı A§set Plicing Modeı (oAPM). It de§cfib€§ ttte maJk t eqü_
librtum reıotion§hlp between tisk and retum lor a.ll ışky asseis.

ın tİe deveıopment of the capitaı a§set pdcing modet, tt t
generaıly as8umed thot :

(8) Tobin, James, .Liquidity Pr€fererce as Bebavior Towaıd§ Ri§kı R.it *ol EcororDlc sıude!, vol: 25, February 1958, pp. 65.85.(9) sharp€, ltilüam n, .capital A§sct Price§: A Theo.y of Market Equilib,
rium unde. conditions of RisL,, Jouİnİr of FtlııEe, s*pt. 1%1, p;. 42.'
.,.,2.

(l0) 
_Untner, John,.secuİity Pricas, Rist, and Maximal Gains fİDm Div€rsi-ficationı Joum.! of FID.nc., D...mber l%5, pp.587.6t5.(rl) Mossin,_J,, rğquiliiJİium iD a capital 
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1.. There aİe pe!İect capitat maİkets and tİıey are in equiıib-

,ı*" tı,"-'iapı,a" iı,at tnfo;ation is avaılable to all investors at

no co§t.

2. All investols are nsk aveİse and they choo§e portfolios

tnut--u*i"rır" their expected single period utility of vJealttı,

3. All tnvestors have same §ubjectıve e§timates rega,ding the

p"*-"t""" "i 
the joint plobabiıity disiribution of au available se-

cuİity r€tum§.

4. All investoİ§ can borrcw o! lend any amount at a giveo

risk - İr€e rate of intQrest,

Glven these assumptions, sharpe - Lintner and Mossin asset

plicing theory states that

E (R,) = R, + B, (E(R") - R4 (1)

stİnply reorraİtging this equation, it can be İewİltten as

E(R,) = (ı - B,) R, + Bı E(R-) Q\

The symbols in equations (1) and (2) aİe defined as follo\ıs:

E(R,) = equiribnwn expected retuİn on aİıy as§et i,

R, = Iiskless late of intercst
E (R-) = expected retum on t}re maİket portfolio
g,'= 

"-ua*"^t ""-itıvity» 
o( asset i, (the Gyst,matlc, tl§k of

the i(th) a6set). ıt ls defiİıed by,

cov (R,, R-)
Bi:

va! (R-)

Altİıough CAPM received widespr€ad 8ttentlon iıı the literatu-

re iıı ıeceniyeaıs, it ı,as subject to tbeoretica,ı Aııd empirical crit!

"ı"-_ 
ıt*t or tr," -ujor assumptloD§ ol the mdel do not conform

to wnat people observe in the İeal Eorld, go, tD,any schoıat§ have

exaııinei tne eırect ot ıeıaxlrıg some tİre ba§ıc a§sumptlot§ o' the

model. Evidğnce pİe§ented by ıintner indicete§ t,İEt r€la,dng a§_

"r-ptlor, 
(ıı d; not nece§sadty chsİtg€ the structuİe o' oAPM

İn any sigtüricont way (ı2).

ııı -ı-irıre.- ıot", .rte Aggtgatid of ınv€§tors' Diverse JudgDeDls and
''" 

'-f;; 
in Periectly cornp€titive s€drity Markct§,, JüDd oİ fl-

nııaı,"a o"""uı"ur. AD.ryd,, Dec€6b., ı'$p, pP,347,4{0,
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In addition, lecent empiricaı §tudies that chellenged the ade-
qua.y of the CAPM have §hovn that the modeı does not pro!,lde
a compıete de§cription of the structure of §ecurity İetum§. The
fiı§t test of the model ıı,as done by Douglas (ı3) and he found out
that the average İeoıized retıun oİr coııımon §tocks was posttively
rcıated to the valiance of the securitys leturD§ over time. This re-
suıt §eem§ to be incoİı§i§tent with the ıet8,tion given bY the CAPM
Anothe! woİk done by MiIler and scholes suggests that there is a
negative relation between risk and performance (14). The emplri-
cal work of Black, Jen§en a!ıd scholes (15) ha6 demonstrated that
the eırpected eıcess retum flom holdlig e security 16 not propor_
ttonal to the covaİlance of it§ r€tum ıtrith the market portfolio.
They found that average rctüİn on low beta a§setb was highe! end
avelage netum on high b€ta a§sets wa§ loıver than predicted by the
model.

Although many empirical studies have test€d several theorle§
of the oAPM, there arc few studies about the eflect of lelaJ.iıg a§-
sumptlon (4) on the CAPM.

The standald oAPM as§umes that the intere§t İot€ on a risk _

free asset i§ coİ§tant. But, in reality, ri§k - fİee mtğ is not cons_
tant and fluctuates over time. Merton a§sert§ that since the in_
.terest İate varie§ over ti.İne, investors aİe wllliıg to pay a pİemium
for those asset§ which have no systematic ri§k, but hedge agaiıı§t
İi§ing intere§t !4t€§ (16).

In addition, the eİl§tence of debt iİrstlument§ İ,ltlch have a
inteİe§t - İate ri§k cau§e§ some ptobleırıs for the oAPM. since the
effects oİ var.J,ing int€re§t _ rate on asset netuln§ are not conslde_
red İn the standard cApM, tivo._ index model js better than the
single _ ildex market modeı lıı order to deat with the pİobıem o'
int€ıest - rate effects on a§§et returrıs

or)

o1)

o5)

06)
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ıv - A Two - INDEX MoDEL AND ıNrEBEST -

BATE BISK

st ne's (l?) two - index model §tates tİlıt İetum on s€cuİtty ı
i§ given by :

R,=A, + B, (R.) +c, (Ft) +e, (3)

whete: cov (R., e,) = 0

cov (R,, e,) = 0
andE (e,) = 0

Iı equatioİı (3), the symbotn aİe defi]ıed as foılow§:
A,, B,, and c, ale corrstants
B. = retum on eqüty index
R. = İetuİn on debt irtdex
B, = measufe the rtsponsivene§§ of secııfity i to equlty

malket movements (sy§teDatic equity İi§k).
c, = measure the İespon§iveness of security i to debt mafket

ınovements (Gystematic interest _ İat€ tisk).

In stone's two - inde). model, the beta of secrtity ı s,, i8 a
combinatıon of the effects of B, and c,.

(4)

cov (R", R.)
wheİe B, = cl = 

-- 
' atıd B. = 

-

val (R4 vat (a.)

s,=B,+c,(Bo
Cov (R,, R, cov(R,, R4

v.r (R,)

when we sub§titute the values ot B,, c, and B. lnto equatıon
(4), the betB of seculity i is given by:

var (R.) cov (R,, R.) + cov (R,, R4 cov (R,, R,)

vor (R ) var (R.)

07) ston;E;;' K, .s!,"tematic Int.r.st _ Raie Rist in a Two , IDde{
Model of Returns,. JourDıl of Flnıü!ıı ıDd Qurntltıttvc rr!dyd., vol:
9. Novembc. 1974, w. 7@,72l.
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If B, is zerc, that is cov (R., R.) = 0, then the beta of a §ecu_
tity will not be affected by R. (return on debt inde*). when B. i§
not equa.l to zero, c, must be equal to zerc, in order fo! the beta of
a security to be unalfected by R". Either B" = 0, or c, = 0, i§ a sü-

'icient 
condıtion to §ay that R. ha§ no effect on the beta of a §ecu-

lity.

ın a tlvo - index model, betas rcflect a §ecuİity's iıterest - rat€
sensitivıty in varying deglees depending on both the valu€s of c,
and the comovement of R. and R4 §o, faiiure to tİeat intercst - !a-
te effects means in§tability in the mea§uIement .of equity İ€spon-
slvene§s.

v - aİ.AcK,s CAPM wıTtt RESTRIoTED BonnolvıNc
AND PBICE LEVEL CHANGES

If it i§ a6§umed that price - level change§ make atl as§ets rj§ky,
then Black's CAPM which a§sume§ no riskıess boİrowing and len-
ding can be ı§ed to investigate the impact of pricc _ level ctranges.
Bla.k (ı8) has shown that when no .isk _ fİec boüowing oı len-
ding t§ allowed, the expected Teal İeturn on aİly a§set will equal :

E( R,) = E (E.) + B, (E(R",) -E (R.)) (5)

*he!e B, = (cov (R,, R-))/var (R.),andE (R.) i§ the expect€d
Ietum frcm a minimum varieoce poüfolio which ha§ zero cova_
İıEnce nlth Etutn fİom the market portfoıio, R-,

Thı§ relatiotl6hip al§o holĞ foİ the expected İeal retum on
the.Ii§k - iİee borİowing oı ıending and it can b-- stated by the fol_
lowing equatlon :

cov (R,, R.)
E (R4 =E (R,) +-.- (E(E") -E (Rr) (6)

var (R-)

Jf we subtract equation (6) lİom equatton (5), we wilı get:

(l8) Black,Ik_heİ, .caPital Market Equilibriue wiü Rest.icted Bo.lowin8ı
Jounat oİ Brrn .r, Vol : 45, Jlly lg72, pp. 444.454. -



cov (R,, R-) - cov (R,, R-)
E (R,) -E (R, =

var (R.)

Ttıi6 equatton can also be r€,\rİitten as :

(E(R-) -E(R,)) (?)

E (R,) = (R, +
cov (R- - R,, R-) var (R.)

(E(R-) - E (R.))

I{owever, we kıow from equation (6) that

cov (R,, R-)

cov (R, - R,, R' cov (R,, R.)
(1 -

(E(R.-E (Rr) (9)

(B)

E (R, -E (R,) =
var (R-)

aıd fiİıauy §ubstituting equation (9) int equation (8), we obtatn

cov (R, - R,, R-)
E(n,)=E(Rr+ (E(R.) -E (R0) (10)

cov (R- - Rl, R-)

Equ.tion (1o) show§ the equiübrtırm relatıoırship between ri§k
and !ea.l İeturn when changes in the prlce leveı ale İıtfoduced ltı,
to tİıe CAPM (ı9). ıt state§ tİ8t the expected leal letum on any
asset ı§ stiıı o line&f functıoİı ol ıts risk. But ther€ i§ big diJfetance
b€ts,e€n eqrıation (ıo) 6ttd the standaİd CAPM equatton (1), that
l§, the mea.sure of ri§k. This dlfference t§ due to ttle fact th&t the
rcAl rctrıİn on the borroıDlng and ıendiDg rat€ varies §tocba§tıcalıy.
on the otİıef haDd, ü we assume ı coD§tant R,, tlığt the mea§uİe
of İisk trı equati.D (1o) wü be eaactly equsl to tbe ri§k İıı tİe
§taİıdgİd CAPM.

09) Eq*tt"" oo t" 
"ı"" 

derived in th€ appendiı of tb€ folowina aİticle:
Hagc.man, Rob€rt L. and Kim, E. HaD, .caPital As6ct Pricins with
Price ı.vel chalsEs,, JoiıIDıl oı rın ndıl and QDıütıdY. 

^J.ıyj.,s€ptembe. 1976, pp, 381-39ı.
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tf we write equation (10) in the fouoşİng way,

cov (R,,,R-) - cov (R", R,)
E (R,) = E (R,) +

var (R.) - cov (R., R4
(E(R.) - E (R,)) (ır)

İt can be ceen that the expected real r€turn o!ı any rl§ky aaset i§
not affected by the reıatior§hip between chaİıges fuı the geneİaı
pdce ıeveı and the asset it§elf. tr'urthelmoıe tf we a§§ume tİıat rça,ı

market returns aİe indepetıdent ol tİıe price - leveı change§, tüat
is, cov (R., R,) = o, then tİıe equiıibİlrım cotıdltlon expre88ed ln
equation (1o) is identical t tİat of the §tandsld CAPM except
the co!§tant risk - fuee rate r€pıace§ the erpect€d ıeaı İetum oD

borrowlng and lending rate.

vI - MEETotf§ ıNTEıTEMPoBAL CAPM

Meİton (20) deEoıı§tİates that people will hold inve§tmeDt§
in thİee poltfolio§ tf tİle rl§ldess intere§t rat€ iı tİre ı!ı9e§tııı€nt
opportuıity §et varleg ove! tjme. The§e thee portfoıio§ are: (1)
the rtskıe§s a§§et (§hort _ term Treasury bitls), (2) tİıe malket
portfolio, and (3) , portrolio N whıch is perfectly negattveıy cor-
reıated ırith changes İn the ri§kltes§ intere§t rate. b t}ıi§ ca§e, jn
ve6tors wiıl hoıd tİıe §ha!e8 ol portfoııo N ln oİde. to hedge again§t
the eflect§ of changeg üı the İisıJe§s int€r€§t rat€.

Merton also demor§trate§ that the instantaneou§ expectad rğ.
turn on a risky as§ei deırends not only oİr systeEıattc rısk but al8o
on opportuİıitie§ to hedge agaiD6t change§ İo lnt€fest rat€8 aa §ta-
t d by the following equation :

E (R,) = r + ı, (E(rr.) -r) * }ı (E (R.) -r)
where :

r = İBte oİ İ€tuin on (ri§k _ less asset.»
R., R. = return on nııIket and a§set N (long - tera bolds) le§pec-
ttveıy.

(20) op, ci.,, Me.ton, R.c.
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', 
(p,. - p- p_)

6. (l - ?'..)

D, (p. - p,- p-)

6. (r - p\,)

p.- = corret&tion between the returrr§ on the malket portfoıio snd
the risk]e§s !ate.

The eİpected retum on the asset ıpould not be equaı to the
rrsırless rate even if the ş'ctematic ri§k p,, weİe 0, becaüae the as_

set retufı§ mey be s]ıstematlcally related to ch8nges ü the int€-
test rate (p,, > 0). Thus, Merton concıudes that the itıt rtempo-
tal modeı ıs coİlsistent with the results fouİd by Bıack - Jensen
and scholes tİat tndicate that hlgh bet4 a§6ets eam ıess aİtd loı,
bets asseb dam more thsİı pr€dict d by the stBndsrd CAPM.

Furthermoİe, by analyzing the İet&tion§hip between Bıa4k's
zero - beta model and Merton's inteİtemporal model Had8way (21)

show§ th&t to!, - beta securitie§ provide hlgher returna than ptğ
dlcted by the §tandard CAPM during petiod§ ol İi§ılıg intğğt r&-

t §. Thu§ tolE - bets §t cks pİoüde s hedge agalnst ri§lng inter€st
ratrs. Eadaway also demon§trate§ that when tbi covariance bet-
ween Tİ€a.suly bilı İat€§ arrd m8İket returo (cov (R,, R-)) b ne,
gatlve, lügh - beta stock§ letuİn ıe§s than prtdid.d by the tladi-
tional CAPM. Ee concıudes tİat the§e llndİıg§ or€ con§t§t€tıt
wıth Merton'§ hedglİg behavtor.

vlı _ SUMMAıY AND coNcLU§loN

B€cause ol the fact th&t mct İece!ıt empiricat evldences chsl-
ığng€d tııe adequa4y oİ tlxe staİıdaİd cAP! on tİıe ı§sue tıtıt it did
not pİovide a sıti§İa.tory deGcİipti@ı of the structuİ€ of recurity
İeturtı§, we tİied to expl8ln th€ r€asorı for thi§ 

'a4t 
b, live§tiga-

ting several assıımption§ of the eodel. Erp€cıalıİ we aİıaıyred tbe
effect ol rcladng the a§sumption of constant rbk - ıİee ıendiDg
and bortowing rate on the cA!M. Nthough maııy eD,.piİİcal stu-
dtes tİıat tested the other as§umptloİr6 o' the oodeı !,ery §trong

(zır-İ-;;şS;;;İe Jr,, .Tlıc 2rro - B€ta Poffoüo aod lntcrt @Dor.l
A$ct Priciru,, s€pr. ı96, Joiıİııı oı nııc_
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stlong and Dbu§t Eith regaİd to the a§§umptioDs undeI colt§iden-
tıon, it l§ §hown that the relaİation oİ the co,rıstant İisk - free late
is the lea§on for incon§i§tencie§ found by §eveİal empirlcal tests.

Fluctuatiıg rlsk _ free intere§t rat€s have a;ı important erlect
on CAPM explaining the behavior of a§set ret.urr§. It is fouıd that
the retum on high _ beta a§sets aİe le§s and the r€tum on low -
bet4 a3set6 aİe more than pdict€d by the §tandard CAPM.

13?
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