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Abstract

In this paper, the maximum likelihood and Bayesian approaches have
been used to obtain the estimates of the stress-strength reliability R =
P(X <Y) based on upper record values for the two-parameter Burr
Type XII distribution. A necessary and sufficient condition is studied
for the existence and uniqueness of the maximum likelihood estimates of
the parameters. When the first shape parameter of X and Y is common
and unknown, the maximum likelihood (ML) estimate and asymptotic
confidence interval of R are obtained. In this case, the Bayes estimate
of R has been developed by using Lindley’s approximation and the
Markov Chain Monte Carlo (MCMC) method due to lack of explicit
forms under the squared error (SE) and linear-exponential (LINEX)
loss functions for informative prior. The MCMC method has been also
used to construct the highest posterior density (HPD) credible interval.
When the first shape parameter of X and Y is common and known,
the ML, uniformly minimum variance unbiased (UMVU) and Bayes
estimates, Bayesian and HPD credible as well as exact and approximate
intervals of R are obtained. The comparison of the derived estimates is
carried out by using Monte Carlo simulations. Two real life data sets
are analysed for the illustration purposes.
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1. Introduction

Let X1, X2,... be a sequence of continuous random variables. X is an upper record
value if its value is greater than all preceding values X1, Xo,..., Xx_1. By definition,
X is an upper record value. An analogous definition can be provided for lower record
values. The theory of record values was first introduced by Chandler [17] and it has been
extensively studied in the literature since then. More details and references may be found
in Ahsanullah [2], Arnold et al. [5] and Nevzorov [38].

Record values and the associated statistics are of interest in many real life appli-
cations, such as weather, sports, economics, life-tests and so on. For example, in the
manufacturing industry, it might be interesting to a researcher to determine the mini-
mum failure stress of the products sequentially, while the amount of the rainfall that is
grater (smaller) than the previous once is of importance to climatologists and hydrolo-
gists. In some experiments, an observation is stored only if it is an upper (lower) record
value because the measurement saving can be important especially when the sample size
is very big, costly or all (some portion) of the data is destroyed. For specific examples,
see Gulati and Padgett [23].

In the reliability context, the stress-strength model can be described as an assessment
of reliability of a system in terms of random variables X representing stress experienced
by the system and Y representing the strength of the system available to overcome the
stress. If the stress exceeds the strength, then the system will fail. Thus R = P(X <Y)
is a reliability of a system. The main idea was introduced by Birnbaum [13] and developed
by Birnbaum and McCarty [14]. A comprehensive account of this topic is presented by
Kotz et al. [24]. It provides an excellent review of the development of the stress-strength
up to the year 2003.

In the literature, many papers are available for an estimate of the reliability based on
a random sample or record values. When the X and Y are independent and follow the
Burr Type III, X and XII, generalized exponential, Weibull, Gompertz, Kumaraswamy
and Levy distributions, the estimation of R based on a random sample were studied by
Mokhlis [31], Ahmad et al. [1], Awad and Gharraf [9], Kundu Gupta [25, 26], Saragoglu
et al. [41], Nadar et al. [32] and Najarzadegan et al. [36], respectively. When the X and
Y are independent and follow one and two parameters generalized exponential, Weibull,
exponentiated gumbel, Kumaraswamy, one and two parameters exponential and Burr
Type X distributions, the classical and Bayesian estimates of R based on records were
considered by Baklizi [10], Asgharzadeh et al. [7], Baklizi [11], Tavirdizade [43], Nadar
and Kizilaslan [33], Baklizi [12] and Tavirdizade and Garehchobogh [44], respectively.

The Burr Type XII distribution was introduced by Burr [16]. If a random variable
X follows a Burr Type XII distribution, denoted by X ~ Burr(a, 3), then the cumula-
tive distribution function (cdf) and the probability density function (pdf) are given by,
respectively,

(11)  Fwia,B)=1—-(1+2")" 2>0,a>0, >0,

12)  flwe,8) =aBz® ' (1+2%) " 2z >0.

Here o > 0 and 8 > 0 are the two shape parameters. This distribution has been studied
by the several authors; see, for example, Al-Hussaini and Jaheen [3, 4], Ghitany and
Al-Awadhi [21], Nadar and Papadopoulos [35], Nadar and Kizilaslan [34] and Rao et al.
[40].
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The main purpose of this paper is to improve the inference procedures for the stress-
strength reliability based on upper record values while the measurements follow the
two-parameter Burr Type XII distribution when the first shape parameters are common.
When the first shape parameter « is unknown, the ML and Bayes estimates, as well
as asymptotic confidence and HPD credible intervals are derived. When « is known,
different estimates, namely ML, UMVU, Bayes and empirical Bayes estimates, are ob-
tained. The Bayes estimates of R under the SE and LINEX loss functions are derived in
closed forms for informative and non informative prior cases. It is also obtained by using
Lindley’s approximation and MCMC method. The exact and other Bayes estimates are
compared in terms of estimated risk (ER) by the Monte Carlo simulations. Also, the
exact and asymptotic confidence intervals, as well as Bayesian, empirical Bayesian and
HPD credible intervals are constructed for R.

The rest of the paper is organized as follows. In Section 2, a necessary and sufficient
condition for the existence and uniqueness of the ML estimates of the parameters is es-
tablished when « is unknown. The ML and Bayesian estimates as well as the asymptotic
confidence and HPD credible intervals of R are obtained. In Section 3, the ML and
UMVU estimates, as well as exact and asymptotic confidence intervals are obtained for
R when « is known. The Bayes estimates are derived analytically and also obtained by
using Lindley’s approximation and MCMC method for informative and non informative
prior cases. Moreover, Bayesian, empirical Bayesian and HPD credible intervals of R are
constructed. In Section 4, the different proposed methods have been compared by using
Monte Carlo simulations and the findings are illustrated by tables and plots. Further-
more, two real data sets analysis are presented. Finally, we conclude the paper in Section
5.

2. Estimation of R when the first shape parameter o is common

In this section, we investigate the properties of R = P(X < Y), when the first
shape parameter « is common for the distributions of X and Y. The ML estimates, its
existence and uniqueness, asymptotic confidence intervals, as well as Bayes estimates and
HPD credible interval for R are obtained.

2.1. MLE of R. Let X ~ Burr(a,f$1) and Y ~ Burr(a, 82) are independent random
variables. Then, the reliability R = P(X <Y) is

R

Pu«ﬂvzéfh@Pw<YwY:mw

b1
2.1 = —.
2.1) B1 + B2
The estimate of R are considered based on upper record data on both variables. Let
Ri,..., R, be a set of upper records from Burr(a, 1) and Si,...,Sm be a set of upper
records from Burr(a, 32) independently from the first sample. The likelihood functions
based on records are given by, see Arnold et al. [5],

Li(B1,alr) = f(ra;a,B1) Hl_rz’r ’5151) O<r <...<rp <00,
Lo(Brals) = glsmionfs) ] i%ﬂ§%5m<a<m<%<m
J9 s

where r = (r1,...,r0), s = (sl,...7sm), f and F are the pdf and cdf of X follows
Burr(a, f1), respectively and g and G are the pdf and cdf of Y follows Burr(a, 82),



716

respectively. Then, the joint likelihood function of (81, 82, ) given (r, s) is given by
(22) LB, Bz, alr,s) = hi(r;a)ha(s; @)™ By fyte” 111 i) em e lalomie),

where

n a—1 m a—1
T S
2. hi(r;a) = [[-2—, b =12
(2.3) 1(r; @) Hie 2(s; @) Ui

(2.4) Ti(rn;a) =In(1+7r5), To(sm; @) = In(1 + sp,).

The joint log-likelihood function is

(2.5)  U(B1,P2,alr,s) =Inhi(r;a) +Inha(s;a) + (n+m)Ina+nln f;
+m1n B2 — Bi1T1(rn; @) — BoTo(5m; ).

The ML estimates of (1, 32 and « are given by

i~ n
(2'6) Bl = m7

~ m
(2~7) 62 = m7

and @ is the solution of the following non-linear equation

n+m " Inr ud In s n rolnr,
o +Zl+rg+21+sg_<1n(1+rg)) 1+7rg

i=1 =1

B m Smins,
In(1+s2)/) 1453

Therefore, & can be obtained as a solution of the non-linear equation of the form h(a) = «
where

(2.8) h(a) = —(n +m) Inr; Ins; ( n ) r®Inr,

1417 ]_:114-5? In(l+rg)) 1+7rg

B m s In s, -t
In(1+s%)/) 1+s% '
Since, @ is a fixed point solution of the non-linear Equation (2.8), its value can be obtained
using an iterative scheme as: h(a(j)) = a(ji1), where a(;) is the ;" iterate of @. The
iteration procedure should be stopped when |a<]~+1) - oz(j)| is sufficiently small. After &

is obtained, B and B2 can be obtained from (2.6) and (2.7), respectively. Therefore, the
MLE of R, say R, is given as

(29) R=— b
b1+ B2
2.2. Existence and uniqueness of the ML estimates. We establish the existence

and uniqueness of the ML estimates of the parameters (1,32 and a. We present the
following lemma that will be used in proof of 2.2 Theorem.

2.1. Lemma. Let

w(a) = 1+ o) + (o) | ),

where §(z) = xIn(x)/(1 + z). Then w(z) >0 for x > 0.

Proof. For a proof, one may refer to Ghitany and Al-Awadhi [21]. O
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2.2. Theorem. The ML estimates of the parameters (1,82 and o are unique, with
ﬁl =n/Ti(rn; Q), 52 m/To(sm; @) where @ is the solution of the non-linear equation

n+m " lnr; " lns; n rélnr,
G J_ n
(@) =—, +;1+r?+j:11+s;‘ <ln( >

1+rR)) 1474
B m sﬁ"nlnsm_O
In(1+s2)/) 1+sy

if at least one of the ri, i =1,....,n (or s;, j =1,...,m) is less than unity.

Proof. We have

- . n+m 1 & 1 & nilnr,
G(O):i%G(a)_i%( )+§Zln“ 52:: 21n2
_mlnsm

21n2
Let
n ", Inr; n rolnry,
Gilasr) = E+; 147y N (ln(1+r%)) 1472’
and

L.m U Ins; m sp, In s,
Ga(ass) = — +Zl+s°f <ln(1+s%)> i

Then, G(a) = G1(a; 1) + G2(a; s). Firstly, we consider the limit of G1(«;r) as a — oo.
(i) If r,, is less than unity, that is r; < 1, ¢ =1,...,n, then

Gi(oo;r) = lim Gi(agr) = lim ( +Z Inri lnrn/(1+rn)>

a—oo a—oo 1+7ry ln(l +re)/rg
= Z(lnri —1Inr,) <0.

=1

(ii) If only 7, is greater than or equal to unity, thatisr, > landr; < 1,i=1,...,n—1
then

)

n—1
. lnn Inr, rolnry/(L+75)
. - 1 _
Gi(oos1) a1—>H§O< +Z 1o "1 " (49

n—1
= Z Inr; <O0.
i=1

(iii) If 7, and some r; record values are greater than unity and some r; record values
are less than unity, that is r, > 1and r; > 1,i=p,....,t, 1 <p <t <n, then

Gi(ooir) = lim g+ Z Inr; Z Inr; rolnr, /(1+75)

a—o00 1 —+ 'r‘f‘

147 " In(1+rg)

i=1(r;<1) i=1(r;>1)

n

= Z Inr; <0.

i=1(r;<1)

When the conditions given in (i)-(iii) holds for s;, j = 1,...,m, G2(a;s) < 0 as a« — o0.
So that, the limit of G(a) = G1(a;1) + G2(a;s) < 0 as @ — oo when r;, i =1,...,n and
sj, j =1,...,m satisfy any of the conditions given in (i)-(iii).
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Next, we need to show the limit of G(a) < 0as @ - oo for s; > 1,5 =1,...,m and
when the conditions given (i)-(iii) holds for r;, i = 1,...,n (or r; > 1,i = 1,...,n and
when the conditions given (i)-(iii) holds for s;, j = 1,...,m). In particular, when s; > 1,
j = 1,...,m and the conditions given (i) holds for r;, i = 1,...,n, we can take « large
enough, such that Ga(a;s) — 01 and Gi1(a;1) + Ga(a;8) < 0 as o — oo. Other cases
can be obtained similarly.

Finally, we need to show that there is no solution if all records are greater than unity,
thatisr; > 1,i=1,..,nands; >1,j=1,...,m. If r;, >1,9=1,...,n, then

1 T
147y (1+7g)?
Similarly, G2(a;s) — 0" as o — co. Therefore, G(a) — 07 as o — oo.

Except all records are greater than unity, we obtain that lims—oG(a) = oo and
lima—oo G(a) < 0. By the intermediate value theorem G(a) has at least one root in
(0,00). If it can be shown that G(«) is decreasing, then the proof will be completed. It

is easily obtained that
@) | n€(rm) (1 1
da a n—&—; re * In(14+rg) \rg In(1+rg)

dei(wr) _ 1
i “ w(rd
= a? |:; Ty + (ln(lJrT%))Q ( n):| .

— 0" as a — oo.

Gi(a;r) < 2o nlnr, {
e

M

Similarly,

dG2(a; s) 1= €(s7) n o
do o {Z s mi+ ssfn)fw(s’”)] '
It is clear that dG1(a;1)/da < 0 and dG2(a; s)/da < 0 by using 2.1 Lemma. Therefore,
dG(a)/da < 0.

Finally, we will show that the ML estimates of (31, 32, @) maximizes the log-likelihood
function (31, B2, a|r,s). Let H(B1,P2,a) be the Hessian matrix of I(31, B2, a|r,s) at
(B1, B2, @). It is clear that if det(H) # O for the critical point (81, B2, ) and det(H1) < 0,
det(Hz2) > 0 and det(Hs) < 0 at (81, B2, ) then it is a local maximum of I(31, B2, a|r, s),
where

521 921 221
852 9B19

H1 28752, H2= a% 5$2lﬁ2 5 H3:Handl:l(ﬂl,ﬂg,a|z,§).
1 9B20B1 852

It can be easily seen that

an 2
det(H1(,§1,,§2,62)) = 7M <0,

det(Hz(B1, B2, @) = (In(1+72))" (In(1 + s5,)) ~ 0,

n m

and

A < L) M e )

Hence, (31,32,62) is the local maximum of (1, B2, a|r,s). Since there is no singular
point of I(81, B2, «|r,s) and it has a single critical point then, it is enough to show that
the absolute maximum of the function is indeed the local maximum._ AsAsume that there
exist an &p in the domain in which I*(ao) > 1" (@), where " (@) = (81, B2, @|r,s). Since
a is the local maximum there should be some point a1 in the neighborhood of @ such
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that " (@) > " (). Let k() = 1" () — I* (@) then k(dp) > 0, k(a1) < 0 and k(@) = 0.
This implies that a1 is a local minimum of the {*(«), but & is the only critical point so it
is a contradiction. Therefore, (81, 82, @) is the absolute maximum of I(51, B2, a|r,s). O

2.3. Remark. In case all records are greater than one, we can still get a unique solution
of the parameters when we divide the record values, say by r, ( or by s, or divide r; by
rn and divide s; by sm, ) as long as the transformed observations follow from Burr Type
XIIL

2.3. Asymptotic distribution and confidence intervals for R. The Fisher infor-
mation matrix of I = I(f1, B2, @) is given by

8% 8% 2%
E(aag‘f) E(aﬂgglﬁz) Plano In Ly I
Te-|E(a)  E(5) E(Em) |- |0 B ).
221 221 221 31 132 133
E (aaa,el) E (aaﬂﬁg) E (W)

where I11 = n/f3, Ieo = m/B3,
R.InR, T
Lis=F ( I ) = Bl ?/)1(717/31)7

L+Rg ) al(n)
fas = agf:n) Y1(m, Ba), ¥1(a,b) = /0°° xlngg((11rjr(19[:;f2))a,1dx’
Ls =" + m Z 61a2r Z 52¢2 ]752 H;;ﬁfgn) )
+W, ¥a(a,b) :/O m(lnx)(1(41rn$bigx))a_ldx.

By the asymptotic properties of the MLE, Ris asymptotically normal with mean R and
asymptotic variance

where 33 = o and I;l is the (i,7)th element of the inverse of the I(f1, B2, ), see Rao
[39]. Then,

2
0 e (5 ()5
where

OR B2 OR -6

B (Bt P22 3Bz (Bit B)?

Therefore, an asymptotic 100(1 — v)% confidence interval of R is
(2.11) (E*ZW/QER,§+Z,Y/23R) s

where z., is the upper vth quantile of the standard normal distribution and cr is the
value of or at the MLE of the parameters.

If the likelihood equations have a unique solution @n, then 0, is consistent, asymptoti-
cally normal and efficient (see Lehmann and Casella [28]). When the likelihood equations
have a unique solution, the observed information matrix Jm(ﬁl, Ba, @)/m is a consistent
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estimator for I,,,(81, B2, a)/m (see Appendix C in Lawless [27]). The observed informa-
tion matrix J(S1, B2, @) is given by

8% 821 821
0p? 9B19B2 9B10c Juii Jiz Jis
_ 821 821 821 _
J(517527a) - 9B20pB1 85% B0 - J21 J22 J23 )
821 8% 821 Js1 Jz2 J33
dadfy Oad B2 da?
where
« «@
n rolnr, m Son 1IN Sy
Jin=—o5, Jiz=Jn == , Joo = —5, Joz = Jap = T——,
2 1478 b 1+ s%

m

_n+m " . Inr 2 o [ Ins; 2 of Inry, 2
J3z = o2 +;7‘i (1+rf‘> +Zsj <1+s§1 + Birn T2

o In sm 2
+ﬂ28m < .

j=1
Therefore, an asymptotic 100(1 — )% confidence interval of R can be obtained following
from Equation (2.11) by replacing I with J in Equation (2.10).

2.4. Bayes estimation of R. Bayesian approach has a number of advantages over the
conventional frequentist approach. Bayes theorem is a consistent way to modify our
beliefs about the parameters given the data that actually occurred (see Bolstad [15]). In
this subsection, we consider the Bayes estimates of the stress-strength reliability for Burr
Type XII distribution under different loss functions.

In the Bayesian inference, the most commonly used loss function is the squared error
(SE) loss, L(6*,0) = (6" — 0), where 6* is an estimate of §. This loss function is
symmetrical and gives equal weight to overestimation as well as underestimation. It
is well known that the use of symmetric loss functions may be inappropriate in many
circumstances, particularly when positive and negative errors have different consequences.
A useful asymmetric loss function is the linear-exponential (LINEX) loss, L(6*,6) =
e’ =9 _ (0" —0) — 1, v # 0, introduced by Varian [46]. The sign and magnitude of v
represents the direction and degree of asymmetry, respectively. For v close to zero, the
LINEX loss is approximately equal to the SE loss and therefore almost symmetric.

We assume that all parameters (31,32 and « are unknown and have independent
gamma prior distributions with parameters (as,b;), i = 1,2, 3, respectively. The density
function of a gamma random variable X with parameters (a,b) is

f@) = 2 et 50, a,b > 0,

I'(a)
Then, the joint posterior density function of 1, 52 and « is
T (Br, Bz alr,s) = I(r,8)ha(r; a)ha(s; @)™ el gt gt
(2.12) exp {—abs — B1 (b1 + T1(rn; ) — B2 (b2 + Ta(sm; )},

where

[I(f7 §)]—1 B /oo ha (f; Oé)h2(§; a)an+m+a37167ab3 o
T'(n+ a1)T'(m+ a2) o (b1 +T1(rn; )" T (by 4+ To(sm; @)™ T2

Then, the Bayes estimate of a given measurable function of 81, 82 and «, say u(531, B2, @)
under the SE loss function is

(2.13) ﬁB = /Oo /oo /Oo u(ﬁhﬂg,a)ﬂ(ﬁl,ﬂz,oz|ﬁ,§)dﬂ1d52da.
0 0 0
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It is not possible to compute Equation (2.13) analytically. Two approaches can be applied
to approximate Equation (2.13), namely, Lindley’s approximation and MCMC method.

2.4.1. Lindley’s approzimation. Lindley proposed a method to approximate the ratio of
two integrals such as Equation (2.13) in [30]. This procedure are also employed to the
posterior expectation of the function U(A), for given x, is

Ju(N)e@MNax
JeQMax
where Q(X) = I(A\) + p(N), I(N) is the logarithm of the likelihood function and p()) is

the logarithm of the prior demnsity of A. Using Lindley’s approximation, E(u()\)|x) is
approximately estimated by

E(u\)|x) = |u+ % Z Z(u” + 2uipj)oij + % Z Z Z ZLiijijUklul
P P k1

-2
+terms of order n~ “ or smaller,

where A = (A1, A2, oy ), 4,7,k L =1, ...,m, X is the MLE of \, u = u(A), ug = Ou/ON;,
U5 = 82'&/6)\16)\], Lijk = 831/8)\1(9)\]8Ak, Pj = 8p/8AJ-, and 0i5 = (i,j)th element in
the inverse of the matrix {—L;;} all evaluated at the MLE of the parameters.

For the three parameter case A = (A1, A2, A3), Lindley’s approximation leads to

E(u(A) [x) =

A

~ 1
up = E(u(N\) |x) =u+ (u1c1 + ugece + uzes +ca+c5) + 3 [A(ur011
+uz012 + u3o13) + B(ui10o21 + uz022 + uzoaes) + C(uio31 + uz0s2 + uzoss)],

evaluated at \ = (}:1,}:2,}:3), where

¢i = p10i1 + p20i2 + p3oiz, 1 =1,2,3,

C4 = U12012 + U13013 + U23023,

cs = %(uuan + u22022 + u33033),

A =o011L111 + 20120121 + 2013L131 + 2023 L231 + 022L221 + 033L331,
B = 011L112 + 2012 L122 + 2013 L132 + 2023 Laga + 022 L222 + 033 332,

C = 011L113 + 2012123 + 2013 L133 + 2023 L233 + 022223 + 033L333.
In our case, (A1, A2, A3) = (81, B2, @) and

ar —1 as — 1 as — 1
/)127(1 )_bl7p2:7(2 )_527p3:7(3 )—637
B1 B2 a

n m
Lin=——5, Lo2 = ——5,
{ B3

rolnr, so In s,

13 31 14re 23 32 1+sa

n+m ~ Inr; \? u Ins; \?

o @ K [e J

Lz = — o2 72” (1_1_7»,04) 7281' <1+5‘¥)
i=1 i j=1 J

B Inr, 2_5 & Insm \°
17n 1+T% 25m 1+S% )

0ij, 4,5 = 1,2,3 are obtained by using L;j;, ¢,j = 1,2,3 and

2m
Llll - 23 L222 = “h3 0
1 2
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o Inry 2 o [ Insmy, 2
133 331 Tn <1+r%) , 1233 322 Sm <1+S$‘n )

n+m Inr; ’ - a a In s, ’

B (1 — 2y (2o 2—5sa(1—5“) In s
1Tn n 1+'I"% 25m m 1+S$n

Moreover, A = o11L111+033L331, B = 022L222+033L332 and C' = 2013L133+2023L233 +
033 L333. To obtain the Bayes estimate of R under the SE loss function, we take u (81, 82, @) =
R = p1/(B1 + B2). Then, us = u1z = uzs = uzz = 0,

OR B2 IR B B1— B2

U S u =ug =
YTos T BB T 0B Bt p)? T T (Bl By
*R —20s &*R 26
ul = U222 = 223 = 7o g
857~ (Bi+ B2)®’ B3 (B1+ B)
and
C4 = U12012, C5 = §(u11011 + u22022).
Hence, the Bayes estimate of R under the SE loss function is given as
RBS . Lindiey = R+ [uic1 +uscs + cs + cs)
1
(2.14) —&-5 {A [U10'11 + U20’12] + B [IL10'21 + UQO'QQ] +C [U10'31 + UQng]} .

Notice that all parameters are evaluated at (31,32, Q).
For the Bayes estimate of R under the LINEX loss function, we take u(f1, 82, ) =
e . Then, uj = uls = uds = ujs =0,
. —vhae” " we"R(vB3 + 28182 + 255)

T Bt B T (B1 + B2)" ’

= vpBre " H = ve " (vBf — 28182 — 2B7)

(B1 + B2)? (B1 + B2)*
x _ . —wR vpB1 B2 B — B2
th2 = e ((51 + B2)4 * (B + 52)3’) '

and ¢j = u12012, ¢k = %(unou + u22022). Then, the Bayes estimate of R under the
LINEX loss function is given as

~ 1 —v
(215) RBL,Lindley = _E 1nE(e R)’

where
E(e™™) = e "4 |ufer +ubea + ¢ + ci]
1 * * * * * *
(2.16) +§ {Auion +uzo12] + B [ujoar + uz02e] + C [ujos1 + u3032]} .

Notice that all parameters are evaluated at (31,32, Q).
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2.4.2. MCMC method. In the previous subsection, the Bayes estimate of R are obtained
by using Lindley’s approximation under the SE and the LINEX loss functions. Since the
exact probability distribution of R is not known, it is difficult to evaluate Bayesian
credible interval of R. For this reason, we use the MCMC method to compute the Bayes
estimate R under the SE and the LINEX loss functions as well as the HPD credible
interval.

We counsider the MCMC method to generate samples from the posterior distributions
and then compute the Bayes estimate of R under the SE and the LINEX loss functions.
The joint posterior density of 51,82 and « is given by Equation (2.12). It is easy to see
that the posterior density functions of 81, 82 and « are

BGila,r,s ~ Gamma(n + a1, b1 + T1(rn; @),

B2 |a,r, s ~ Gamma(m + a2, ba + Ta(sm; @),

and

(217)  w(a|pr, B2y, 8) o T exp {ab3 — BiTi(rn; ) = Y In(1 4 1)
=1

—BaTa(sm; @) + (Z Inr;+» In sj> —> (1 + s?)} .
i=1 Jj=1 Jj=1

Therefore, samples of 51 and [2 can be generated by using the gamma distribution.
However, the posterior distribution of o cannot be reduced analytically to well known
distribution, therefore it is not possible to sample directly by standard methods. If the
posterior density of « is unimodal and roughly symmetric then it is often convenient
to approximate it by a normal distribution (see Gelman et al. [20]. Since the poste-
rior density of « is log-concave density (so unimodal) and it is roughly symmetric (by
experimentation), we use the Metropolis-Hasting algorithm with the normal proposal
distribution to generate a random sample from the posterior density of c. The hybrid
Metropolis-Hastings and Gibbs sampling algorithm, which will be used to solve our prob-
lem, is suggested by Tierney [45]. This algorithmm combines the Metropolis-Hastings with
Gibbs sampling scheme under the normal proposal distribution.
Step 1. Start with initial guess a(®.
Step 2. Set i = 1.
Step 3. Generate Y) from Gamma(n + a1, Th (1n; V) + by).
Step 4. Generate 5;0 from Gamma(m + az, To(sm; "~V + bo).
Step 5. Generate ¥ from (|81, 2,7, s) using the Metropolis-Hastings algorithm
with the proposal distribution ¢(a) = N(al"1 1) :
(a) Let v = a1,
(b) Generate w from the proposal distribution gq.

m(w ‘Bf“, Béi)vﬂv ) ’I(v)

W(v’ 0,85 1, 8) qlw)

(c) Let p(v, w) = min < 1,
(d) Generate u from Uniform(0,1). If u < p(v, w) then accept the proposal and
set ¥ = w; otherwise, set ¥ = v.
Step 6. Compute the R = ﬂy)/(ﬂii) + Béi)).
Step 7. Set i =1 + 1.
Step 8. Repeat Steps 2-7, N times, and obtain the posterior sample R, i =1,..., N.
This sample are used to compute the Bayes estimate and to construct the HPD credible
interval for R. The Bayes estimate of R under the SE and the LINEX loss function are
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given as

) N-M
2] _ (4)
Rps,mcmc = N E RY,

i=M+1
N-M
~ 1 _ 1 1 _oR(®
=—-InE(E " =-=1 Sooe ).

RBr,mcMmc ,n (e™") o n <N i i:M+1e

where M is the burn-in period.

The HPD 100(1 — v)% credible interval of R is obtained by using the method given in
Chen and Shao [18]. From MCMC, the sequence R™"), ..., R™") are obtained and ordered
as Ry < ... < R(n). The credible intervals are constructed as (R(j),R(jHN(l,ﬂ,)])) for
j=1,..,N — [N(1 — )] where [z] denotes the largest integer less than or equal to x.
Then, the HPD credible interval of R is that interval which has the shortest length.

3. Estimation of R when the first shape parameter o is known

In this section, we consider the estimation of R when « is known, say o« = «ap. Let
R, ..., R, be a set of upper records from Burr(ag, 1) and S, ..., S be a set of upper
records from Burr(ag, 82) independently from the first sample.

3.1. MLE estimation and confidence intervals of R. Based on the samples de-
scribed above, the MLE of R, say RarE, is

= B nT3(sm; ao)
3.1 R = — — = ,
(3.1) MLE Bi + B2 nTo(Sm; o) + mTi(rn; ao)

where T (1n; o) = In(1 +73°), T2(Sm; o) = In(1 + s5?).
It is easy to see that 28; In(14+720) ~ x%(2n) and 282 In(1+5%°) ~ x*(2m). Therefore,

. < R ) 1— Ruwie
F" = =
1-R Ryure

is an F distributed random variable with (2n, 2m) degrees of freedom. The pdf of Ru1
is

R ( _# nf " (%)nil
fRMLE r) = r2B(m,n) \ mp (1 + M)M—m?

mpBor

where 0 < r < 1. The 100(1 — )% exact confidence interval for R can be obtained as

1 1
1 +F2m,2n;% (liRMLE) 1 +F2m,2n;1—% (liRMLE)

Ryoe Ryie

(3.2)

where FZm,Qn;% and F2m72n;17;{ are the lower and upper Fth percentile points of a F

distribution with (2m, 2n) degrees of freedom.
On the other hand, the approximate confidence interval of R can be easily obtained
by using the Fisher information matrix. The Fisher information matrix of (31, 32) is

E(5)  E(aidm)) _ (s o
o \eGr) (5 (" )
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By the asymptotic properties of the MLE, Ruwg is asymptotically normal with mean R
and asymptotic variance

OR BR
ZZ 9B; 5@

Jj=11i=1

where Iigl is the (7, 7) th element of the inverse of the I, see Rao [39]. Then

(3.3) o =R*(1-R) (l + i)

n m

Therefore, an asymptotic 100(1 — v)% confidence interval for R is
(3.4) (I:EMLE — 2y/20R, RuLe + ZW/QGR) )

where z, is the upper ~yth percentile points of a standard normal distribution and o'r is
the value of or at the MLE of the parameters.

3.2. UMVUE of R. In this subsection, we obtain the UMVUE of R. When the first
shape parameter « is known, (T (rn; o), T2(sm; o)) is a sufficient statistics for (81, B2).
It can be shown that it is also a complete sufficient statistic by using Theorem 10-9 in
Arnold [6]. Let us define

_ 1 iftRi <5
¢(Rl’sl)*{ 0 if R >S5

Then F (¢(R1,S51)) = R so it is an unbiased estimator of R. Let Py = In(1 + R{°) and

= In(1+57°). The UMVUE of R, say Ry, can be obtained by using the Rao-Blackwell
and the Lehmann-Scheffe’s Theorems, see Arnold [6],

Ry = E(¢(P,P2) | (T1,12))

/ ¢(P1, P2) f(p1,p2|T1, T )dpidps
Py J Py

/ d(Pr, P2) fpy 1y (P1 |T1) fpy 1, (P2 | T2 )dp1dpa,
Py J Py

where (T1,T2) = (T1(rn; @0), T2 (Sm; @0)), f(p1,p2 |T1, T2 ) is the conditional pdf of (P1, P2)
given (7T1,T2). Using the joint pdf of (R1, R») and (S1,Sm) and after making a simple
transformation, we obtain the fp |1, (p1 [T1) and fp, 1, (p2 |T2), and are given by

t — n—2
e o1 1T3) = (0= D2 0 <,
1
to — m—2
froim (P2 | T2) = (m — 1)%7 0 <p2 <to.
Therefore,
Ry = //fplm (p1 | Th) fpy s (P2 | T2)dp1dp2

P <Py

n—2 m—2 .
0! fptf (n—1)(m—1)4 tfl)l {2 tp2—)1 dpadpr  if ta >t

oy =2 (4o .
o A (n—1)(m—1) t t;l)l (t2 t;’f,)l dpidps  if ta < tq

(3 5) o 2F1(1,1—m;n;t1/t2) iftg Ztl
’ o 1—2 F1(1,1—n;m;t2/t1) ifto <ty ’
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where 2 Fi (., .;.;.) is Gauss hypergeometric function, see formula 3.196(1) in Gradshteyn
and Ryzhik [22].

3.3. Bayes estimation of R. In this subsection, we assume that $; and (2 are un-
known and have independent gamma prior distributions with parameters (a;, b;), ¢ = 1,2,
respectively. Then, the joint posterior density function of 5; and f2 is

(3.6) (b1, B2 |ao,r s)_ﬁ 511 382 —1 ,~B1A1 .~ Baho
. 1, P2 |0, L, 5 7F((51)F(52) 1 2 5

where \1 = b; +T1(7”n;ao), A2 = ba +T2(Sm;0z0), 01 = n -+ ai, 02 = m + as. We can
obtain the posterior pdf of R using the joint posterior density function and is given by

(37) fR(r) — )\(il Agz 7‘6171(1 _ T)62*1

= , 0<r<1.
B(61,92) (ra + (1 — T))\2)61+52

The Bayes estimate of R, say EBS, under the SE loss function is

1
Rps :/ r fr(r)dr.
0

After making suitable transformations and simplifications by using formula 3.197(3) in
Gradshteyn and Ryzhik [22], we get

51

38) R 51‘1152 (%) 2F1(01 +52,51+1;51+52+1;1*%) if A1 < A2
. BS =
)

S2
61‘1152 (%) 2F1(51+52,52;51+52+1;1—%

if Ao < X\
The Bayes estimator of R under the LINEX loss function, say ﬁBL, is

~ 1

RBL = —; 111.ER(671JR)7

where Er(.) denotes posterior expectation with respect to the posterior density of R. It
can be easily obtained that

E(eva) = /0 e " fr(r)dr

{ (3)% @161, 00+ 62,80 + 02,1 — 31, —0) i A1 < A

2Ry

(32)%2 €7 @1(82,61 + 82,61 + 82,1 = 32,0) ifha <A

where ®41(., ., .,.,.) is confluent hypergeometric series of two variables, see formulas 3.385
and 9.261(1) in Gradshteyn and Ryzhik [22]. Therefore,

c1+1n @1(61,51 —|—52,51+62,1—%,—1}):|) if A1 < A2

1
(39) Rpr= Z A .
—= co +1n ‘1:'1(527(514—(52,51—"-62,1—Tfﬂ))]) if Ao < )\
where Cc1 — 51 111()\1/)\2) and Co — 62 ln()\z/)\l) — .
If we use the Jeffrey’s non informative prior, is given by v/det I, then the joint prior
density function is 7(81, 82) x 1/B182. Therefore, the joint posterior density function of
B1 and fs is

o TlnTQm n—1om—1_-—61T1 —B2T2
77(51,52 |0é0,£7§) = W 1 2 € €

and the posterior pdf of R is given by
TlnTQm 7‘"_1(1 _ T)m—l
B(n,m) (rTh + (1 — r)Tp)ntm’

)

fr(r) =

0<r<l,
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where 71 = T1(Tn; a0) and To = To(Sm; ao) The Bayes estimate of R under the SE and
the LINEX loss function, say RBS and RBL respectively, are

(3.10) Rps = (%T) (i) 2Fi(n+myn+ Lin+m+ 1 f%) ifT <1
' PSR Gs) oFi(n A momin+m+ 1 - 22) T, < Ty
and
l _7 _ .
(3.11) Ry = v (C3+ln [q)l(” n+m,n+m,1— 7k —v) ) if Ty < T

—%(C4+ln[¢1(mn+mn+m1 T,v)] if 7o <Ty

where ¢s = nln(T1/T2) and ca = mIn(T2/T1) — v

The Bayes estimates are not always derived in the closed forms. However, for our case
the Bayes estimates are obtained in the closed form. These estimates can be obtained by
using alternative methods such as Lindley’s approximation and the MCMC method. The
purpose of applying all these two methods is to see how good the approximate methods
compared with the exact one. If these result are close, then it will be encouraging to use
the approximate methods when the exact form can not be obtained as in the case of «
unknown. These estimators will be compared in the simulation study section. Next, we
give the Bayes estimates of R using Lindley’s approximation and the MCMC method.

3.3.1. Lindley’s approzimation. The approximate Bayes estlmate of R under the SE and
the LINEX loss functions for the informative prior case, say Rps, Lindley and Rpr \Lindley
respectively, are

~ — R)2 R — R
(312) RBS,Li’rLdley — R <1 + (1 R) _ R(l R) > ,

n+a —1 m+as—1

and
= ~ 1 vR(1 — R)?>(vR—2) wR*(1 - R)(v—vR+2)
1 indley — — -1 1 )
(8.13)  RpL.Lindiey = R v + 2(n+a1 —1) + 2(m+az —1)
where R = =81 B = sl ang By, = mtaa—l

B1+ B2 b1+T1 (Tn;0) bo+T2(sm;a0) "
If we use the Jeffrey’s non informative prior, the approximate Bayes estimate of R

under the SE and the LINEX loss functions, say REg rindiey a0d RB L Lindiey Tespectively,
are

~ f— n 2 n — n
(314) R*BS,Lindley =R (1 + (1 R) - R(l R)) )

n—1 m—1
and
. ~ 1 vR(1— R)>(WR—2) vR?*(1—R)(v—vR+2)
.1 R ; =R—-In|1l
(3 5) BL,Lindley v n + 2(TL — 1) 2(m — 1) )
E 7 n—1 7T m—1
where R = by +52 by = Ty (rn;a0) and bz = T2 (sm;a0)

3.3.2. MCMC method. It is clear from Equation (3.6) that the marginal posterior den-
sities of 81 and (2 are gamma distribution with the parameters (d1, A1) and (d2, A\2),
respectively. We generate a samples by using Gibss sampling from these distributions.
The following algorithm are used.

Step 1. Set i = 1.

Step 2. Generate 8" from Gamma(51, \1).

Step 3. Generate @i) from Gamma(da, A2).

Step 4. Compute the R = 8 /(8" + g9,
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Step 5. Set i =i+ 1.

Step 6. Repeat Steps 2-5, N times, and obtain the posterior sample R, i =1,..., N.

This sample is used to compute the Bayes estimate and to construct the HPD credible
interval for R. The Bayes estimate of R under the SE and the LINEX loss functions are
given as

N
2 _1 (i)
Rps,mcmc = N E R,

i=1

1 1 (1 ro

o) _ —vRy\ __ —vR

RBL,McMc——ElnE(e )7—;ln <N;e >

The HPD 100(1 —v)% credible interval of R can be obtained by the method of Chen and
Shao [18]. Its algorithm is given in Subsection 2.4.2.

3.4. Empirical Bayes estimation of R. We obtained the Bayes estimates of R using
three different ways. It is clear that these estimates depend on the prior parameters.
However, the Bayes estimates can be also obtained independently of the prior parameters.

These prior parameters could be estimated by means of an empirical Bayes procedure,
see Lindley [29] and Awad and Gharraf [9]. Let Ri,...,R, and Si,...,Sm be two
independent random samples from Burr(ao,31) and Burr(ao, 82), respectively. For
fixed r, the function Li(f1 |ao,r) of B1 can be considered as a gamma density with
parameters (n+ 1,71 (rn; ao)). Therefore, it is proposed to estimate the prior parameters
a1 and 31 from the samples as n + 1 and T1(r»; o), respectively. Similarly, as and 32
could be estimated from the samples as m + 1 and T>(sm; o), respectively. Hence, the
empiljcal Bayes estimate of R with respect to SE and LINEX loss functions, say EEBS

and Rgpr, respectively, could be given as
(3.16) R _J cescr 2Fi(2n+2m +2,2n 4 2;2n + 2m + 35¢0) M T1 < T
' EBS =\ coes oF1(2n+2m +2,2m + 1;2n 4 2m + 3;¢10) i To < Ty

and

1 T .
=R = 2n+1)In(z) + Incis if Ty < Ty
(3.17) Rgpr = | T2 )

— (2m+1)h’l(%)*v+h’l012) if T <Ty

where ¢g = (2n+1)/(2n+2m+2), ¢z = (T1/T2)*" ™, cs = (T2 /T1)*™ T, co = 1—(T1/T2),
Cio = 1-— (TQ/T1), C11 = <I>1(2n—|—1,2n—|—2m+2,2n—|—2m+2,09,—v) and C12 = @1(277’1/4—
1,2n +2m+ 2,2n + 2m + 2, ¢10, v).

3.5. Bayesian credible intervals for R. We know that 1 |ao,r ~ Gamma(d1, A1)
and B2 |ao, s ~ Gamma(dz, A2). Then, 2X151 |ao,r ~ x*(2(n + a1)) and 2X2f2 |ao, s ~
X*(2(m + az2)). Therefore,
_ 2XoB2 a0, s /2(m + az)
2161 oo, T /2(n + a1)
is an F' distributed random variable with (2(m + a2),2(n + a1)) degrees of freedom and
the 100(1 — )% Bayesian credible interval for R can be obtained as

1 1
(3.18) ,
L+ CFyntaz) 2(ntariz 1+ CFagmtas) 2(ntar)ii-3

— (m+a2)(b1+Ti(rn;0))
where C = (n+a12)(b21+T21(sm;ag))’ F2(m+a2),2(n+a1);% and F2(m+a2),2(n+a1);17% are the

lower and upper Jth percentile points of a F' distribution with (2(m + az),2(n + a1))
degrees of freedom.
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Moreover, this interval can be obtained independently of these parameters by using
the empirical method given in Subsection 3.4. In this case, the posterior distributions of
B1 and B2 have gamma distributions with parameters (2n + 1,271 (rn; o)) and (2m +
1,275 (sm; o)), respectively and the 100(1 — v)% Bayesian credible interval for R can be
obtained as

1 1
(3.19) :
1+ ClF(4m+2),(4n+2);% 1+ ClF(4m+2),(4n+2);17%

Am+42)T7 (19 ;0
= W, F(4m+2)7(4n+2);% and F(4m+2)1<4n+2);1,% are the lower and

upper 2th percentile points of a F' distribution with (4m + 2, 4n +2) degrees of freedom.

where C}

4. Numerical experiments

In this section, firstly the Monte Carlo simulations for the comparison of the derived
estimates are presented, then two real life data sets are analysed.

4.1. Simulation study. In this subsection, we present some numerical results to com-
pare the performance of the different estimates for different sample sizes and different
priors. The performances of the point estimates are compared by using estimated risks
(ERs). The performances of the confidence and credible intervals are compared by us-
ing average interval lengths and coverage probabilities (cps). The ER of 6, when 6 is
estimated by 0, is given by

N

1 ~ 2
ER(0) = NE:I (‘97.' - 91‘) ;

im
under the SE loss function. Moreover, the ER of 6 under the LINEX loss function is
given by

ERE) = L3 (00— (8- 0) -1).

where N is the number of replications. All of the computations are performed by using
MATLAB R2010a. All the results are based on 3000 replications.

We consider two cases separately to draw inference on R, namely when the common
first shape parameter « is unknown and known. In both cases we generate the upper
record values with the sample sizes; (n,m) = (5,5), (8,8), (10, 10), (12,12), (15,15) from
the Burr Type XII distribution and different values of n and m, given in Table 1, are
considered.

In Table 1, the ML and Bayes estimates of R and their corresponding ERs are listed
when « is unknown. The Bayes estimates are computed by using Lindley’s approximation
and MCMC method under the SE and the LINEX (v = —1 and 1) loss functions for
different prior parameters. In the Bayesian case, Prior 1: (a1,b1) = (4,2), (a2, b2) = (4, 2),
(as, bs) = (3,3), Prior 2: (a1,b1) = (5,1), (a2,b2) = (3,3/2), (as,b3) = (3,3/2) and Prior
3: (a1,b1) = (5,1/2), (az,b2) = (3,3), (a3, b3) = (3,3/2), are used for R = 0.5006,
0.7145 and 0.9095, respectively. Moreover, the 95% asymptotic confidence intervals,
which are computed based on Fisher information and observation matrices, and HPD
credible intervals with their cps are listed. From Table 1, the ERs of all estimates
decrease as the sample sizes increase in all cases, as expected. The Bayes estimates
under the SE and LINEX loss functions generally have smaller ER than that of ML
estimates. Moreover, the ERs of the Bayes estimates based on Lindley’s approximation
are generally smaller than that of MCMC method. These estimates are close to each
other as the sample sizes increase. The average lengths of the intervals decrease as the
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sample sizes increase. The asymptotic confidence intervals based on Fisher information
and observation matrices are very similar, as expected. The average lengths of the HPD
Bayesian credible intervals are smaller than that of the asymptotic confidence intervals.

In the MCMC case, we run three MCMC chains with fairly different initial values
and generated 10000 iterations for each chain. To diminish the effect of the starting
distribution, we generally discard the first half of each sequence and focus on the second
half. To provide relatively independent samples for improvement of prediction accuracy,
we calculate the Bayesian MCMC estimates by the means of every 5" sampled values
after discarding the first half of the chains (see Gelman et al. [20]). The scale reduction

factor estimate V'R = v/ Var(y)/W is used to monitor convergence of MCMC simula-
tions where v is the estimand of interest, Var(¢)) = (n—1)W/n+ B/n with the iteration
number n for each chain, the between- and within- sequence variances B and W (see
Gelman et al. [20]). In our case, the scale factor value of the MCMC estimates are found
below 1.1 which is an acceptable value for their convergency.

In Table 2 and 3, the ML, UMVU and Bayesian estimates of R and their corresponding
ERs are listed when « is known (a = 3). In this case, the Bayes estimates are evaluated
analytically under the SE and the LINEX (v = —1 and 1) loss functions for different
prior parameters. Moreover, it is also computed by using Lindley’s approximation and
MCMC method. In the Bayesian case, Prior 4: (a1,b1) = (6,5/2), (a2,b2) = (4,2), Prior
5: (a1,b1) = (12,2), (az,b2) = (3,3/2) and Prior 6: (a1,b1) = (15,5/4), (az,b2) = (2,2)
are used for R = 0.5484, 0.7506 and 0.9165, respectively. In addition, the empirical
Bayes estimates are obtained. All point estimates of R are listed in Table 2. The exact
and asymptotic confidence intervals are computed from Equations (3.2) and (3.4). The
Bayesian and empirical Bayesian credible intervals are computed from Equations (3.18)
and (3.19). The HPD credible interval is constructed by using the MCMC samples. All
interval estimates of R are listed in Table 3.

From Table 2, the ERs of all estimates decrease as the sample sizes increase in all
cases, as expected. The Bayes estimates with their corresponding ERs based on Lindley’s
approximation and MCMC method are very close to the exact values. The ERs of the
ML, UMVU, Bayes and empiric Bayes (under the SE loss function) estimates are ordered
as ER(Rps) < ER(Rpps) < ER(Rurp) < ER(Ry) when R = 0.5484, 0.7506 and
ER(Rps) < ER(Ry) < ER(Ruie) < ER(Rgps) when R = 0.9165. Moreover, the
ERs of the Bayes estimates under the LINEX loss function have smaller than that of ML
estimates. From Table 3, the average lengths of the intervals decrease as the sample sizes
increase. The average lengths of the empirical Bayesian credible intervals are smallest,
but their cps are not preferable. The HPD Bayesian credible intervals are more suitable
than others in terms of the average lengths and cps.

In Table 4, the ML, UMVU and Bayesian estimates of R and their corresponding ERs
are listed when « is known (o = 3). In this case, the Bayes estimates are evaluated
analytically and by using Lindley’s approximation under the SE and the LINEX (v = —1
and 1) loss functions for the non informative prior. Moreover, the exact and asymptotic
confidence intervals are computed from Equations (3.2) and (3.4). The point and interval
estimates are computed for R = 0.25, 0.33, 0.50, 0,70, 0.90 and 0.92 when (31, 32) =
(2,6), (2,4), (2,2), (7,3), (18,2) and (23,2), respectively. From Table 4, the ERs of
all estimates decrease as the sample sizes increase in all cases, as expected. The Bayes
estimates under the SE loss function with their corresponding ERs are close to their
response in the ML case. Moreover, the Bayes estimates with their corresponding ERs
based on Lindley’s approximation are very close the exact values. The ERs of the ML,
UMVU and Bayes (under the SE loss function) estimates are ordered as ER(Rjg) <
ER(Ryie) < ER(Ry) when R = 0.25, 0.33, 0.50, 0.70 and ER(Ry) < ER(Ruie) <
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ER(R}s) when R =0.90, 0.92. The ERs of ML and Bayes estimates have larger values
when the true value of R is around 0.5 and it decreases as the true value of R approaches
the extremes. Furthermore, the average lengths of the intervals decrease as the sample
sizes increase. When R = 0.25, 0.90 and 0.92 the lengths of the asymptotic confidence
intervals are smaller than that of exact confidence intervals, but for R = 0.33, 0.50 and
0,70 it is other way around.

On the other hand, to compare the performance of the different estimates of R, the
graphs of MSEs and Biases are obtained for different n and m when «a is unknown and
known cases. When « is unknown, the graphs are plotted based on the MLE and Lindley
methods in Figure 1. When « is known, the graphs are plotted based on the MLE,
UMVUE and Lindley methods in Figure 2. For each choices of (81, 82, a) or (81, 82), we
use the following procedure for the comparison of the estimates.

Step 1: For given (81, B2, ) or (81, 82), we compute R.

Step 2: For given different n and m, we generate a sample from the Burr Type XII
distributions for the strength and the stress variables.

Step 3: The different estimates of R are computed.

Step 4: Steps 2-3 are repeated 3000 times, the MSEs and Biases are calculated and
are given by MSE(R, 1) = .~ (R — R)?/N and Bias(R. ) = Y., (R?” — R)/N.

From the Figures 1 and 2, it is observed that the MSEs and Biases of the estimates
decrease when the sample size increases, as expected. The MSEs of the Bayes estimates
under the SE and LINEX (v = —1,1) loss functions are smaller than that of other
estimates. Moreover, the MSE is small for the extreme values of R, but it is large when
R is around 0.5 for all types of estimates. When R is around 0.5, the MSEs of UMVUE
are greater than that of MLE and when R is around extreme values, the MSEs of UMVUE
are smaller than that of MLE in Figure 2. Notice that the similar outcomes are observed
in all Tables.

4.2. Real life examples. In this subsection, we consider the two real life data sets to
illustrate the use of the methods proposed in this paper.

4.2.1. Lifetime data for insulation specimens. Nelson described the results of a life test
experiment in which specimens of a type of electrical insulating fluid were subjected to a
constant voltage stress in [37]. The length of time until each specimen failed, or "broke
down," was observed. The results for seven groups of specimens, tested at voltages
ranging from 26 to 38 kilovolts (kV) were presented. The data sets for 36kV and 38 kV,
reported in Lawless [27], are considered and corresponding upper record values are given
in Table 5. We fit the Burr Type XII distribution to the two data sets. The Kolmogorov-
Smirnov (K-S) distances between the fitted and the empirical distribution functions and
corresponding p-values, the parameters and the reliability (R) estimates are computed.
All these results are presented in Table 6. From Table 6, we observe the Burr Type XII
distribution provides an adequate fit for both of the data sets.

4.2.2. Lifetime data for steel specimens. Crowder gave the lifetimes of steel specimens
tested at 14 different stress levels in [19]. The data sets for 38.5 and 36 stress levels are
considered and corresponding upper record values are given in Table 7. Since all record
values are greater than unity, we encounter the problem for the uniqueness of the ML
estimates of the parameters. To overcome this situation, these data sets are divided by
the corresponding maximum values. Then, we compute the K-S distances between the
fitted and the empirical distribution functions based on the Burr Type XII distribution.
Moreover, for this example it is recommended to compare the Burr Type XII distribution
with common distributions such as Weibull and two-parameter bathtub-shaped based on
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Table 1. Estimates of R when « is unknown and the true values of R = 0.5006,0.7145 and 0.9095 by using the Priors 1-3.

Bayes estimates under the LINEX

Bayes under the SE v=-1 i v=1 Asymptotic C.I.  Asymptotic C.I.  HPD Credible

(n, m) R Ryre Rps Lindley Rpsymcomc  RBL Lindley Rpr.umcomc  RprLindiey Rprvcmc  based on Fisher  based on Observ. Interval
(5,5) 0.5006 0.5016 0.4976 0.5005 0.4947 0.5069 0.5018 0.4941 (0.2224,0.7808) (0.2221,0.7819)  (0.2852,0.7157)
0.0263 0.0053 0.0070 0.0136 0.0035 0.0046 0.0035 0.5584/0.8640 0.5598/0.8653 0.4305/0.9917
(5,10) 0.5157 0.4817 0.4999 0.4825 0.5053 0.4794 0.4945 (0.2650,0.7663) (0.2647,0.7665)  (0.3000,0.6965)
0.0190 0.0039 0.0063 0.0026 0.0032 0.0019 0.0032 0.5013/0.8879 0.5018/0.8882 0.3965/0.9840
(8,5) 0.4879 0.5173 0.5004 0.5197 0.5060 0.5171 0.4947 (0.2292,0.7468) (0.2290,0.7471) (0.2985,0.7047)
0.0205 0.0036 0.0065 0.0017 0.0032 0.0028 0.0033 0.5176/0.8925 0.5181/0.8929 0.4062/0.9843
(8,8) 0.5002 0.5007 0.5002 0.5053 0.5050 0.4961 0.4954 (0.2700,0.7304) (0.2700,0.7304) (0.3127,0.6877)
0.0155 0.0039 0.0065 0.0020 0.0033 0.0020 0.0033 0.4604/0.8980 0.4604/0.8977 0.3750/0.9743
(10,10) 0.5035 0.5018 0.5024 0.5064 0.5065 0.4972 0.4982 (0.2940,0.7129) (0.2940,0.7129)  (0.3276,0.6773)
0.0112 0.0037 0.0054 0.0019 0.0027 0.0019 0.0027 0.4189/0.9233 0.4189/0.9230 0.3498/0.9780
(10,15) 0.4913 0.4875 0.4897 0.4915 0.4934 0.4834 0.4861 (0.2982,0.6844) (0.2982,0.6844)  (0.3250,0.6532)
0.0088 0.0037 0.0047 0.0018 0.0023 0.0019 0.0023 0.3862/0.9383 0.3862/0.9383 0.3281/0.9800
(12,8) 0.4982 0.5070 0.5031 0.5115 0.5074 0.5025 0.4988 (0.2844,0.7120) (0.2844,0.7120) (0.3266,0.6808)
0.0115 0.0036 0.0053 0.0019 0.0026 0.0018 0.0026 0.4276/0.9253 0.4276/0.9253 0.3543/0.9753
(12,12) 0.4990 0.4996 0.4993 0.5038 0.5029 0.4954 0.4956 (0.3060,0.6920) (0.3060,0.6920) (0.3347,0.6638)
0.0089 0.0036 0.0047 0.0018 0.0023 0.0018 0.0023 0.3860/0.9390 0.3860/0.9390 0.3291/0.9820
(15,5) 0.4986 0.5344 0.5137 0.5358 0.5187 0.5360 0.5088 (0.2584,0.7389) (0.2582,0.7392)  (0.3252,0.7061)
0.0160 0.0050 0.0056 0.0023 0.0028 0.0089 0.0028 0.4803/0.9100 0.4808/0.9103 0.3809/0.9387
(15,15) 0.5011 0.5007 0.5008 0.5044 0.5039 0.4971 0.4977 (0.3261,0.6761) (0.3261,0.6761)  (0.3484,0.6529)
0.0055 0.0025 0.0032 0.0013 0.0016 0.0013 0.0016 0.3500/0.9647 0.3500/0.9647 0.3045/0.9890
(5,5) 0.7145 0.7116 0.6738 0.7051 0.6598 0.7099 0.6813 0.7001 (0.4753,0.9415) (0.4728,0.9527)  (0.5125,0.8805)
0.0203 0.0085 0.0053 0.0193 0.0026 0.0033 0.0027 0.4662/0.8367 0.4799/0.8410 0.3680/0.9920
(5,12) 0.7327 0.6611 0.7077 0.6520 0.7117 0.6645 0.7036 (0.5253,0.9362) (0.5219,0.9379) (0.5298,0.8674)
0.0135 0.0074 0.0041 0.0129 0.0020 0.0026 0.0021 0.4109/0.8572 0.4160/0.8626 0.3375/0.9929
(8,8) 0.7085 0.7013 0.7054 0.7042 0.7090 0.6983 0.7018 (0.5143,0.9027) (0.5139,0.9032) (0.5401,0.8584)
0.0120 0.0029 0.0050 0.0014 0.0025 0.0015 0.0025 0.3884/0.8963 0.3893/0.8990 0.3182/0.9750
(8,15) 0.7182 0.6990 0.7073 0.7015 0.7102 0.6963 0.7042 (0.5465,0.8898) (0.5462,0.8901)  (0.5554,0.8468)
0.0085 0.0031 0.0040 0.0015 0.0020 0.0016 0.0020 0.3433/0.9010 0.3439/0.9017 0.2914/0.9793
(10,8) 0.7056 0.7065 0.7059 0.7098 0.7091 0.7032 0.7025 (0.5204,0.8909) (0.5202,0.8910)  (0.5476,0.8535)
0.0102 0.0028 0.0046 0.0014 0.0023 0.0015 0.0023 0.3705/0.9093 0.3707/0.9097 0.3059/0.9690
(10,10) 0.7096 0.7050 0.7067 0.7083 0.7097 0.7018 0.7036 (0.5346,0.8845) (0.5346,0.8846) (0.5546,0.8483)
0.0087 0.0031 0.0043 0.0015 0.0021 0.0016 0.0022 0.3499/0.9073 0.3500/0.9077 0.2937/0.9717
(12,12) 0.7087 0.7059 0.7064 0.7089 0.7090 0.7030 0.7037 (0.5481,0.8692) (0.5481,0.8692) (0.5643,0.8395)
0.0071 0.0031 0.0039 0.0015 0.0019 0.0016 0.0020 0.3212/0.9267 0.3211/0.9267 0.2752/0.9713
(12,15) 0.7102 0.7050 0.7063 0.7076 0.7087 0.7023 0.7038 (0.5579,0.8626) (0.5579,0.8626)  (0.5695,0.8342)
0.0067 0.0033 0.0039 0.0016 0.0019 0.0017 0.0020 0.3047/0.9130 0.3046/0.9130 0.2647/0.9627
(15,10) 0.7071 0.7096 0.7081 0.7125 0.7107 0.7066 0.7055 (0.5469,0.8673) (0.5469,0.8673)  (0.5674,0.8410)
0.0074 0.0032 0.0040 0.0016 0.0020 0.0016 0.0020 0.3204/0.9130 0.3204/0.9130 0.2736/0.9583
(15,15) 0.7092 0.7066 0.7069 0.7091 0.7091 0.7041 0.7047 (0.5651,0.8532) (0.5652,0.8532)  (0.5766,0.8294)
0.0056 0.0030 0.0035 0.0015 0.0017 0.0015 0.0018 0.2881/0.9247 0.2881/0.9247 0.2527/0.9673
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Table 2. Estimates of R when « is known (o = 3) and the true values of R = 0.5484,0.7506 and 0.9165 by using the Priors 4-6.

Bayes estimates under the LINEX

Bayes estimates under the SE

v=—1

v=1

(n,m) R Rure Ru Rps Rps,Lindley RBsmcmc Rpps Rpr  Rpr,Lindiey Rermcmc Resr  Rpr RprLindley Rervmcemc Resr
(5,5) 0.5484 0.5475 0.5511 0.5508 0.5503 0.5508 0.5461 0.5562 0.5565 0.5561 0.5502 0.5453 0.5442 0.5453 0.5421
0.0191 0.0222 0.0108 0.0108 0.0108 0.0181 0.0054 0.0054 0.0054 0.0091 0.0054 0.0054 0.0054 0.0091
(8,8) 0.5477 0.5499 0.5502 0.5500 0.5502 0.5468 0.5543 0.5545 0.5543 0.5495 0.5461 0.5455 0.5461 0.5440
0.0127 0.0139 0.0085 0.0085 0.0085 0.0122 0.0043 0.0043 0.0042 0.0061 0.0043 0.0043 0.0043 0.0061
(10,10) 0.5427 0.5442 0.5462 0.5461 0.5462 0.5420 0.5497 0.5499 0.5497 0.5443 0.5427 0.5422 0.5427 0.5397
0.0100 0.0107 0.0072 0.0072 0.0072 0.0097 0.0036 0.0036 0.0036 0.0048 0.0036 0.0036 0.0036 0.0048
(12,12) 0.5446 0.5460 0.5472 0.5471 0.5472 0.5439 0.5503 0.5504 0.5503 0.5459 0.5441 0.5438 0.5441 0.5420
0.0085 0.0091 0.0064 0.0064 0.0064 0.0083 0.0032 0.0032 0.0032 0.0042 0.0032 0.0032 0.0032 0.0042
(15,15) 0.5433 0.5444 0.5456 0.5455 0.5456 0.5428 0.5483 0.5484 0.5483 0.5444  0.5430 0.5427 0.5430 0.5412
0.0069 0.0072 0.0056 0.0056 0.0056 0.0067 0.0028 0.0028 0.0028 0.0034 0.0028 0.0028 0.0028 0.0034
(5,5) 0.7506 0.7347 0.7496 0.7513 0.7502 0.7513 0.7291 0.7543 0.7534 0.7543 0.7321 0.7482 0.7471 0.7482 0.7261
0.0140 0.0153 0.0062 0.0062 0.0062 0.0137 0.0031 0.0031 0.0031 0.0070 0.0031 0.0031 0.0031 0.0068
(8,8) 0.7426 0.7520 0.7522 0.7516 0.7522 0.7387 0.7545 0.7540 0.7545 0.7406 0.7498 0.7492 0.7498 0.7368
0.0086 0.0090 0.0047 0.0047 0.0047 0.0085 0.0023 0.0023 0.0023 0.0043 0.0024 0.0023 0.0024 0.0042
(10,10) 0.7417 0.7493 0.7499 0.7494 0.7498 0.7384 0.7519 0.7516 0.7519 0.7400 0.7478 0.7474 0.7478 0.7368
0.0067 0.0069 0.0041 0.0041 0.0041 0.0066 0.0020 0.0020 0.0020 0.0033 0.0021 0.0021 0.0021 0.0033
(12,12) 0.7404 0.7467 0.7484 0.7481 0.7484 0.7377 0.7502 0.7499 0.7502 0.7390 0.7465 0.7462 0.7465 0.7363
0.0062 0.0064 0.0038 0.0038 0.0038 0.0062 0.0019 0.0019 0.0019 0.0031 0.0019 0.0019 0.0019 0.0031
(15,15) 0.7463 0.7514 0.7511 0.7509 0.7511 0.7440 0.7527 0.7525 0.7527 0.7450 0.7496 0.7494 0.7496 0.7429
0.0045 0.0046 0.0032 0.0032 0.0032 0.0045 0.0016 0.0016 0.0016 0.0022 0.0016 0.0016 0.0016 0.0022
(5,5) 0.9165 0.9029 0.9155 0.9165 0.9162 0.9166 0.8977 0.9172 0.9167 0.9172 0.8986 0.9159 0.9156 0.9159 0.8967
0.0042 0.0037 0.0012 0.0012 0.0012 0.0044 0.0006 0.0006 0.0006 0.0023 0.0006 0.0006 0.0006 0.0022
0.9080 0.9157 0.9156 0.9154 0.9156 0.9042 0.9161 0.9158 0.9161 0.9051 0.9151 0.9150 0.9151 0.9040
0.0023 0.0021 0.0010 0.0010 0.0010 0.0024 0.0005 0.0005 0.0005 0.0012 0.0005 0.0005 0.0005 0.0012
0.9085 0.9146 0.9147 0.9145 0.9147 0.9056 0.9151 0.9149 0.9151 0.9060 0.9142 0.9141 0.9142 0.9052
0.0017 0.0016 0.0008 0.0008 0.0008 0.0018 0.0004 0.0004 0.0004 0.0009 0.0004 0.0004 0.0004 0.0009
0.9077 0.9129 0.9132 0.9131 0.9132 0.9052 0.9136 0.9135 0.9136 0.9056 0.9129 0.9128 0.9128 0.9049
0.0015 0.0014 0.0008 0.0008 0.0008 0.0016 0.0004 0.0004 0.0004 0.0008 0.0004 0.0004 0.0004 0.0008
(15,15) 0.9079 0.9121 0.9119 0.9118 0.9119 0.9059 0.9122 0.9121 0.9122 0.9062 0.9115 0.9115 0.9115 0.9057
0.0012 0.0011 0.0007 0.0007 0.0007 0.0012 0.0004 0.0004 0.0004 0.0006 0.0004 0.0004 0.0004 0.0006

Note: The first row represents the average estimates and the second row represents corresponding ERs for each choice of (n,m).
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Table 4. Estimates of R for the non informative prior when « is known (a = 3).

Bayes estimates under the LINEX

| Bayes estimates under the SE | =-1 [ v=1 Exact C.I. Asymptotic C.I.

(n,m) R Ryure Ry Rps REs Lindey RiL RE L Lindley Rpr RpL,Lindiey length/cp length/cp
(5.5)  0.25(0.33) 0.2604(0.3376) 0.2421(0.3231) 0.2750(0.3487) 0.2789(0.3519) 0.2822(0.3575) 0.2870(0.3624) 0.2681(0.3403) 0.2705(0.3412) 0.4442(0.4956) _ 0.4388(0.5056)
0.0157(0.0197) 0.0170(0.0228) 0.0149(0.0177) 0.0150(0.0173) 0.0075(0.0089) 0.0077(0.0078) 0.0075(0.0088) 0.0072(0.0084) 0.9457(0.9473)  0.8807(0.8813)
0.50(0.70)  0.5004(0.6828) 0.5005(0.6984) 0.5003(0.6707) 0.5003(0.6673) 0.5104(0.6788) 0.5133(0.6776) 0.4903(0.6623) 0.4873(0.6573) 0.5396(0.4851)  0.5658(0.4919)
0.0218(0.0185) 0.0264(0.0207) 0.0187(0.0171) 0.0178(0.0168) 0.0093(0.0084) 0.0090(0.0080) 0.0093(0.0087) 0.0089(0.0088) 0.9497(0.9507)  0.8943(0.8907)
0.90(0.92) 0.8790(0.9059) 0.8950(0.9196) 0.8641(0.8926) 0.8614(0.8905) 0.8672(0.8948) 0.8644(0.8925) 0.8609(0.8902) 0.8585(0.8885) 0.2825(0.2353)  0.2515(0.2029)

0.0054(0.0036)

0.0044(0.0029

0.0066(0.0046)

0.0070(0.0048)

0.0032(0.0022

0.0033(0.0023)

0.0034(0.0024)

0.0036(0.0025) 0.9460(0.9487)

0.8937(0.8940)

(88) 0.25(0.33)
0.50(0.70)

0.90(0.92)

0.2598(0.3401)
0.0088(0.0114)
0.5006(0.6895)
0.0139(0.0101)
0.8909(0.9121)
0.0025(0.0016)

0.2482(0.3310
0.0091(0.0125
0.5006(0.6998
0.0157(0.0107
0.9005(0.9205
0.0022(0.0014

0.2699(0.3477)
0.0086(0.0107)
0.5006(0.6809)
0.0125(0.0097)
0.8817(0.9039)
0.0029(0.0020)

0.2715(0.3490)
0.0086(0.0106)
0.5006(0.6794)
0.0123(0.0097)
0.8809(0.9032)
0.0030(0.0020)

0.2745(0.3535
0.0044(0.0054
0.5073(0.6862
0.0062(0.0047
0.8832(0.9050
0.0014(0.0010

0.2764(0.3555)
0.0044(0.0054)
0.5085(0.6855)
0.0061(0.0047)
0.8823(0.9042)
0.0015(0.0010)

0.2654(0.3420)
0.0043(0.0053)
0.4939(0.6754)
0.0063(0.0050)
0.8801(0.9028)
0.0015(0.0010)

0.2664(0.3424) 0.3628(0.4109)
0.0042(0.0052)  0.9583(0.9563)
0.4926(0.6734)  0.4472(0.3963)
0.0062(0.0050)  0.9563(0.9573)
0.8795(0.9023)  0.2030(0.1713)
0.0015(0.0010)  0.9517(0.9567)

0.3600(0.4176)
0.9193(0.9167)
0.4627(0.4000)
0.9137(0.9220)
0.1857(0.1540)
0.9137(0.9150)

(10,10) 0.25(0.33)
0.50(0.70)

0.90(0.92)

0.2556(0.3393)
0.0072(0.0093)
0.4997(0.6887)

0.8900(0.9135)
0.0023(0.0014)

0.2463(0.3321
0.0074(0.0100

0.0126(0.0096
0.8976(0.9200
0.0020(0.0013

0.2639(0.3455)
0.0071(0.0088)
0.4997(0.6817)
0.0104(0.0089)
0.8826(0.9070)
0.0026(0.0017)

0.2649(0.3464)
0.0072(0.0088)
0.4997(0.6808)

0.8820(0.9066)
0.0027(0.0017)

0.2675(0.3502
0.0036(0.0045

0.0052(0.0044
0.8838(0.9078
0.0013(0.0008

0.2687(0.3515)
0.0037(0.0045)
0.5061(0.6856)
0.0052(0.0044)
0.8832(0.9074)
0.0013(0.0008)

0.2603(0.3409)
0.0035(0.0044)

0.0052(0.0045)
0.8814(0.9062)
0.0013(0.0008)

0.2610(0.3412) 0.3233(0.3717)
0.0035(0.0043)  0.9557(0.9590)
0.4934(0.6760)  0.4066(0.3574)
0.0052(0.0045)  0.9617(0.9580)
0.8809(0.9059)  0.1803(0.1484)
0.0013(0.0009)  0.9557(0.9440)

0.3210(0.3767)
0.9237(0.9220)
0.4183(0.3599)

0.1678(0.1360)
0.9197(0.9177)

(12,12) 0.25(0.33)
0.50(0.70)

0.90(0.92)

0.2545(0.3353)
0.0060(0.0081)
0.4963(0.6869)
0.0096(0.0084)
0.8928(0.9135)
0.0019(0.0011)

0.2468(0.3292
0.0061(0.0085
0.4961(0.6935
0.0105(0.0087
0.8990(0.9189
0.0017(0.0010

0.2616(0.3407)
0.0059(0.0077)
0.4964(0.6810)
0.0090(0.0081)
0.8867(0.9081)
0.0021(0.0013)

0.2623(0.3413)
0.0059(0.0076)
0.4964(0.6804)
0.0089(0.0081)
0.8863(0.9078)
0.0021(0.0013)

0.2646(0.3446
0.0030(0.0039
0.5011(0.6846
0.0045(0.0040
0.8876(0.9087
0.0010(0.0006

0.2654(0.3455)
0.0030(0.0039)
0.5017(0.6843)
0.0044(0.0040)
0.8872(0.9084)
0.0010(0.0007)

0.2586(0.3369)
0.0029(0.0038)
0.4917(0.6773)
0.0045(0.0041)
0.8857(0.9074)
0.0010(0.0007)

0.2591(0.3371) 0.2962(0.3401)
0.0029(0.0038)  0.9530(0.9520)
0.4912(0.6764)  0.3753(0.3290)
0.0044(0.0041)  0.9570(0.9440)
0.8855(0.9072)  0.1599(0.1343)
0.0011(0.0007)  0.9447(0.9550)

0.2942(0.3438)
0.9197(0.9257)
0.3846(0.3311)
0.9283(0.9227)
0.1503(0.1247)
0.9157(0.9300)

(15,15)  0.25(0.33)
0.50(0.70)

0.90(0.92)

0.2534(0.3350)
0.0043(0.0060)
0.4971(0.6951)
0.0074(0.0058)
0.9004(0.9152)

(
(
(
(
(
(0
(
(
(
(
(
(
M
0.0114(0.0092)
(
(
(
(
(
(
(
(
(
(
(
M
0.0010(0.0008)

0.2472(0.3301
0.0043(0.0063
0.4970(0.7006
0.0079(0.0060
0.9052(0.9195

)
)
)
)
)
)
)
)
)
)
)
)
)
0.4997(0.6968)
)
)
)
)
)
)
)
)
)
)
)
)
|
0.0009(0.0008)

0.2592(0.3394)
0.0042(0.0058)
0.4972(0.6900)
0.0070(0.0057)
0.8956(0.9109)
0.0010(0.0009)

0.2597(0.3398)
0.0043(0.0058)
0.4972(0.6896)
0.0070(0.0057)
0.8954(0.9108)

(
(
(
(
(
(0
(
(
(
(
(
(
M
0.0103(0.0089)
(
(
(
(
(
(
(
(
(
(
(
M
0.0010(0.0010)

0.2616(0.3426
0.0022(0.0029
0.5010(0.6929
0.0035(0.0028
0.8962(0.9114

)
)
)
)
)
)
)
)
)
)
)
)
)
)
0.5053(0.6860)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
0.0005(0.0005)

0.2622(0.3432)
0.0022(0.0029)
0.5014(0.6927)
0.0035(0.0028)
0.8960(0.9112)
0.0005(0.0005)

0.2568(0.3363)
0.0021(0.0029)
0.4934(0.6871)
0.0035(0.0029)
0.8950(0.9104)
0.0005(0.0005)

(
(
(
(
(
(0
(
(
(
(
(
M
0.4942(0.6773)
(
(
(
(
(
(
(
(
(
(
(
(
(
(

0.2572(0.3364) 0.2663(0.3075)
0.0021(0.0029)  0.9647(0.9603)
0.4930(0.6866)  0.3401(0.2939)
0.0035(0.0029)  0.9630(0.9483)
0.8948(0.9103)  0.1342(0.1168)
0.0005(0.0005) 0.9490(0.9630)

0.2647(0.3103)
0.9393(0.9347)
0.3472(0.2951)
0.9350(0.9293)
0.1270(0.1099)

(
(
(
(
(
(
(
(
(
(
(
(
0
0.9220(0.9220)
(
(
(
(
(
(
(
(
(
(
(
M
0.9337(0.9423)

Notes: The first row represents the average estimates and the second row represents corresponding ERs for each choice of (n,m). But,

for the last two columns, the first row represents the average length and second row represents their cp’s.

reported within bracket in each cell for R = 0.33, 0.70 and 0.92.

The corresponding results are
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MSE vs. R when a is known (a=6) and (n,m)=(5,8)
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Table 5. Upper record values from 36kV and 38kV data sets.

1 1 2 3 4
r 197 258 2.71 25.50
s 047 0.73 1.40 2.38

Table 6. K-S values and estimates when the first shape parameters
(o) are common.

Kolmogorov-Smirnov and corresponding p values
Data Set K-S(MLE) p-value K-S(Lindley) p-value

r 0.6111 >0.05 0.4796 >0.2
S 0.3879 >0.2 0.4180 >0.2
Parameter and reliability estimates
Parameter MLE Lindley(SEL)
B 0.5468 0.4227
B2 1.9134 0.4736
e 2.2587 1.9249
R 0.2222 0.3311

the goodness-of-fit test. The Weibull distribution is considered by Baklizi [11] based on
upper records for the reliability problem and the two-parameter bathtub-shaped distri-
bution is considered by Selim [42] and Asgharzadeh et al. [8] based on upper records for
the parameter and interval estimation problems. The Weibull distribution parameters
have the unique ML estimates. However, the existence and uniqueness of the ML esti-
mates of the two-parameter bathtub-shaped distribution parameters are not considered
in literature, but these parameters are obtained for this example. The K-S values and the
corresponding p-values, the parameters and the reliability (R) estimates are presented in
Table 8. From Table 8, it is observed that the Burr Type XII distribution gives a better
fit than the other distributions for both of the data sets.

Table 7. Upper record values from 38.5 and 36 stress levels.

i 1 2 3 4 5
r 60 83 140 — -
s 173 218 288 394 585

5. Conclusion

In this paper, we have derived the estimates of the stress-strength reliability based
on upper record values when the stress and strength variables follow the Burr Type XII
distribution under the non-Bayesian and Bayesian frameworks. The first shape param-
eters of the distributions of the measurements are assumed to be the same. When the
first shape parameters are unknown, the ML and Bayes estimates are obtained by using
Lindley’s approximation and MCMC method. It is observed that the performance of
the Bayes estimates are better than ML estimates. When the first shape parameters are
known, the Bayes estimates are obtained exactly and approximately by using Lindley
and MCMC methods for the informative prior case. It is observed that the performance
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Table 8. K-S values and estimates when the first shape parameters
(o) are common.

Kolmogorov-Smirnov and corresponding p values

based on Burr Type XII based on Weibul based on bathtub
Data Set K-S(MLE) K-S(Lindley) K-S(MLE) K-S(MLE)
r 0.5104(p >0.2) 0.4464(p >0.2) 0.5058(p >0.2) 0.6626(0.05< p <0.1)
s 0.4431(p >0.2) 0.3098(p >0.2) 0.4636(0.1< p <0.2) 0.4601(0.1< p <0.2)
Parameter and reliability estimates
based on Burr Type XII based on Weibull based on bathtub
Parameter MLE Lindley(SEL) MLE MLE
B 4.3281 15.1596 0.006 0.0365
B2 7.2135 14.3937 0.001 0.0056
@ 2.0278 4.3117 1.7096 0.3008
R 0.3750 0.7283 0.8737 0.8672

of the Bayes estimates are better than ML and UMVU. Moreover, for the non informa-
tive prior case, it is observed that the performance of the Bayes estimates are better
than others when the true values of the stress-strength reliability is not close to the ex-
tremes (0 or 1), while near the extremes the UMVU and ML estimates are better than
the Bayes estimates. It is observed that the performance of the HPD Bayesian credible
interval are better than others in all cases. When the first shape parameter is known,
we observe that the stress-strength reliability estimates are very close for both exact and
approximate methods. This is encouraging when the first shape parameter is unknown,
because the stress-strength reliability estimates can be obtained from the approximate
methods only. Furthermore, the Bayes estimates based on Lindley’s approximation and
the MCMC method are close to each other. Since the computation time for the MCMC
method is much more than Lindley’s approximation, the Bayes estimates based on Lind-
ley’s approximation are recommended.

To obtain the point and interval estimates of the stress-strength reliability are difficult
due to lack of explicit form of the reliability when the measurements follow from the
Burr Type XII distribution with no common parameters. More work is needed along
that direction.
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