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EXISTENCE OF MILD SOLUTIONS FOR AN IMPULSIVE
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS WITH
NON-LOCAL CONDITION

K. HILAL, L. IBNELAZYZ, K. GUIDA, AND S. MELLIANI

ABSTRACT. In this paper we are interested in studying the existence of solu-
tions for a controlled impulsive fractional evolution equations. We use several
tools such as fractional calculus, fixed point theorems and the theory of semi-
group. We first give some preliminaries and notations, the second part of the
work we provide an existence result for our problem and in the final section,
we give some examples to show the importance of our results.

1. INTRODUCTION

The theory of non-integer calculus has been introduced in 1695 by Leibniz and
L’Hopital. Fractional calculus caracterize the memory in the evolution process and
it is an important tool in describing real-world phenomena and it is used in many
fields, such as physics, biology and economics.

Fractional differential equations with instanteneous impulses have been intro-
duced as a new exciting and interesting branch. But, this type of equations cannot
describe the dynamics of evolution process in many areas of research, such as phar-
macotherapy. That is why, Hernandez and O’Regan [5] introduced a new model
which is the impulsive differential equations with non-instantaneous impulses.

In [8] the authors studied the following non-instantaneous model

Dex(t) = Ax(t) + f(t,z(t)) + B{t)u(t), t € UN o(sistiv1], u € Una
z(t) = gi(t, (1)), t € (t;,8],i=1,2,.., N,
z(sf) =x(s;),i=1,2,..., N,

Z‘(O) =x9€ X

Where “D® denotes the Caputo fractional derivatives of order « € (0, 1) with the
lower limit zero,
A: D(A) ¢ X — X is the generator of a Cy-semigroup of bounded operators

(1.1)
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T(t

)i~ on a Banach space (X, | . ||), 2o € X,0 =ty =50 <t <51 <tg <82 <
<

t>
tm < 8m < tma1 = T are fixed numbers, g; € C(J x X;X) .

The symbols z(s}) andz(s; ) represents the limits of z(¢) at t = s;.

Motivated by the work of S. Liu and J. Wang in [8], we study the impulsive
differential equation

Dx(t) = Ax(t) + f(t, x(t), Fx(t), Bx(t)) + fo (t — s)k(s,z(s))ds+
C’(t)u(t), te (Si;ti—i-l]a 1 =0,1,2,....m, u € Uy,

CDBz(t) = gl(tvx(t))7 te (tiasi]a i = 1727"'7m

x(0) = zo + h(z).

(1.2)

Where °D*,°D? are the Caputo fractional derivatives of order o € (0,1) and 3 €
(0, 1) respectively with the lower limit zero, A : D(A) C X — X is the generator of
a Cyp-semigroup of bounded operators T'(t),~, on a Banach space (X, | . ||), zo € X,
0=th =50 <t1 <81 <ty <s3< ... <ty <58y <typyp1 =T are fixed numbers,
gi € C(J x X ; X), hf, , k are given functions F B q C(J;X) = C(J; X) are
given by Bx(t fo s)ds , fo s)ds and {F(t,s);t,s € J}
{B(t,s);t,s € J} are a set of bounded hnear operators on X such that:

F(t, )z e C([0,t]; X), F(,s)eC([s,T);X)forallt,se J, B(t, )z e C([0,t]; X),
B(.,s) € C([s,T]; X) for all t,s € J and F* = sug)fot | F(t,s) [|lLcx) ds,
te

* t * s
B* =sup [ | B(t,s) |[r(x) ds, ¢ =sup [y [lq(s —t)|dt.
teJ seJ

In our work we will need the continuity of x(¢) at both points t = s; and t = ¢;.
The rest of the paper is organized as follows. In section 2 we present the notations,
definitions and preliminaries results needed in the following sections. In section 3,
a suitable concept of mild solutions for our problems is introduced. Section 4 is
concerned with the existence results of our problems.

2. PRELIMINARIES

Let usset J = [O,T],Jo = [O,tﬂ Jl (tl,tg} Jm 1 = (tm 1,t ], Jm = (tm,tm+1}
and introduce the space PC(J,X) :={u:J = X|u € C(Jy, X), k=0,1,2,....m

and there exists u(t) and u(ty ), k= 1,2,...,m, with u(t;) = u(t})}. It is clear
that PC(J, X) is a Banach space with the norm ||u||pc = sup {||u(t)]| : t € J}.

Let Y be a separable reflexive Banach space where controls u takes values, and
P;(Y) is a class of nonempty closed and convex subsets of Y. We suppose that the
multivalued map w : [0, a] — P¢(Y') is measurable, w(.) C E, where E is bounded
set of Y, and the admissible control set

Uga = {c € LP(E) : c(t) € w(t)7a.e}7 p> 21, (7 €(0,a) ), for more detail about
admissible control set, we refer the readers to [13].

Lemma 2.1. (Theorem 2.1 in [11]) Suppose W C PC(J,X). If the following
conditions are satisfied:

(1) W is uniformly bounded subset of PC(J,X);
(2) W is equicontinuous in (t;,t;y1),i =0,1,2,..,m, where tg = 0,t;41 =T;
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(3) W(t) = {u( )iu€ W te J\{ti, to, st} }W() = {u(t]):uew}
and W(t {u tu € W}, 1 =1,2,..,m, are relatively compact sub-
sets ofX
Then W is a relatively compact subset of PC(J, X).

Let us recall the following well-known definitions.

Definition 2.2. ([6]) The Riemann-Liouville fractional integral of order q with
lower limit zero for a function f is defined as

I9f(t) fot—sqlf( )Yds, q >0,

prov1ded the integral exists, where I'(.) is the gamma function.
Definition 2.3. ([6]) The Riemann-Liouville derivative of order ¢ with the lower
limit zero for a function f:]0,00) — R can be written as
L _ n -1
qu(t)—r(idtnfo =1f(s)ds, n—1<q<mn,t>0.

Definition 2.4. ([6]) The Caputo derivative of order q for a function
f:[0,00) — R can be written as

°Dif(t) = LDa (f(t)— i:jfk(O)),n—l <g<mn,t>0.

Definition 2.5. ([12]-[14]) A function x € C(J, X) is said to be a mild solution of
the following problem:

{ Dx(t) = Ax(t) +y(t), t € (0,T],
z(0) = xo.

If it satisfies the integral equation
2(t) = Pa(t)zo + [3(t — 8)* 7 Qa(t — 5)y(s)ds.

Here

— [ £ (O)T(t°0)dB, Qu(t) = a [° 0¢,(0)T (t26)d6,
£a(6) = éaflféwawﬁ) >0,
Z2(0) = £ S, (-1 oo H D ) 6 € (0,00),

and £,(0) > 0, 6 € (0,00), [;~ &a(0)dO = 1.

It is easy to verify that

1
Fl+a)

We make the following assumption on A in the whole paper.

J5~ 0¢a(0)do =

H(1): The operator A generates a strongly continuous semigroup {T'(¢) : ¢ > 0}
in X, and there is a constant M4 > 1 such that sup,cjo ooy | T'(t) [|L(x)< Ma. For
any ¢t > 0, T(t) is compact.
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Lemma 2.6. ([12]-[14]) Let H(A) hold, then the operator P, and Q. have the
following properties:

(1) For any fized t > 0, Py (t) and Qu(t) are linear and bounded operators, and
for any x € X,

P,(t <M r ol L=

I Pa(tia 1< Ma 2 . | Qult)e < 53

(2) {P.(t),t >0} and {Q4(t),t > 0} are strongly continuous,
(3) for every t >0, Py(t) and Qu(t) are compact operators.

(AP

We recall a fixed point theorem which will be needed in the sequel.

Theorem 2.7. (Krasnoselskii fized point theorem) Let M be a closed, convez, and
non-empty subset of a Banach space X. Let A,B be the operators such that:

(a) A:z:+ByEMfo7'all:£ yeM,
(b) A is compact and continuous,
(¢) B is a contraction.

Then there exists a x € M such that x = Ax + Bux.

3. THE CONSTRUCTION OF MILD SOLUTIONS
Let x € PC(J, X). We first consider the following fractional impulsive problem:
) = Ax(t) + f(t, z(t), Fz(), )+ Jo alt = )k(s,2(s))ds + C(t)u(t), t € (si,tiya],
i=0,1,2,....m, u€ Uy,
) =

gi(t,x(t)), t € (tiysi], 1 =1,2,....,m,
z(O) =z + h(x).

From the property of the Caputo derivative, a general solution can be written as

xo + h(z) + F— fo Yo Ax(s) + f(s,2(s), Fa(s), )+ fo s — 7)k(T,2(7))dT+
C(s)u(s)l]ds7 t e (0, tl]
diy + @ Jo & =) Lgi(s,x(s))ds, t € (t1,51],
K+ a7 Jo (= )77 1Aa(9) + £(s,2(s), Fa(s), Br(s)) + [y als = m)k(r a(m)dr+
z(t) = C(s)u(s)]ds, t € (s1,t2],
1 d

dig + =5 F( fo (5 SC( )) s, te (tivsi]a

Kip + —— F(a fo YAz(s) + f(s,x(s), Fx(s), )+ [y a(s — 7)k(r, o(7))dT+
C(s)u(s)]ds, t € (sl,tHl]
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where d;; and K;,, i = 1,2, ...,m, are elements of X.
Using [3] pages 5 and 6 we obtain:

1 .
diz + T8 fot(t —8)8 1 gi(s,2(s))ds, t € (ti,55],1 <i <m,

o) = ) Palt = 50)Kia + [t = 5771 Qult — $)[F(5,2(s5), Fa(s), Ba(s)) + [ als — 1)k(r, o(r))dr-+
+C(s)u(s))ds, t € (si,tit1],0 < i <m,

And using the fact that x is continuous at the points ¢;, we get :
m(tz) - P ( — Si— I)K(z 1z + f t - S)a 1Qa(t - S)[f(s,l‘(S),Fx(S),B%(S))-ﬁ-
+ [y a(s = T)k(r, a(7))dr + C(s)u(s)]ds

1
= dip+ —— G fo (t; — 5)°~1gi(s, z(s))ds.
Which implies that:

diz = Pa(ti = si- 1)K(z e+ Jo' (6 — 8)°~ 1Qa(t - 8)[f( z(s), Fx(s), Bx(s))+
+Jo al ,x(7))dr + C(s)u(s)] fo —8)P71g,(s,x(s))ds.
Using the fact that X is continuous at the points s;, We get
:E(Si) = dzw + < F(IB) fo Si — 3)6 191(8 .T( ))dS
= iz + fo —38)271Qu(s; — 5) [f(s,:z(s), Fx(s) )+ fo s —1)k(r,z(r))dr + C’(s)u(s)] ds.
Which implies that
Kiy = di + fO Sq gz(s,z(s))ds— )
-5 sz - s)O‘ ICQQ(.Sz —5) [f(s,2(s), Fx(s), )+ Jo a(s — T)k(r, 2(7))dr + C(s)u(s)] ds
Therefore, a mild solution of problem (1.2) is given by
P.(t)(xo + h(z —|—f0 )4 1Qu (t — 8)[f (s, 2(s), Fa(s), +f0 s —T)k(T,2(7))dT+

C(s)u(s)ds, te(O tl]
ot mf;<t—s>ﬁ—lgl<s,x<s>>ds, te (to)

Po(t— 1)Kz + [y (t— ) Qa(t — 8)[f(s,2(s), Fa(s), Bz(s)) + [ q(s — 7)k(r,2(7))dr+
C(s)u(s)]ds, t € (s1,ta],

x(t) =
diz + i fot t— )8 1gi(s,x(s))ds, t € (t;,5:],1 <i<m,
Pa(t— 5i) Kiz —|—f0 )1 Qa(t — 9)[f (s, 2(s), Fx(s), Bx(s)) + [ q(s — )k(r,2(7))dT+
C(s)u(s)]ds,
tE(Sl, z+1] 1<Z<m

where

KOJC = X9 + h(SC)

diz = Polti —si-1) 1f +f0 (ti — $)* " Qa(t; — ) [f (s, x(s), Fa(s), Bx(s)) + [, a(s — 7)k(7,(7))dr+
+C(s)u(s)] fo i —8)P 1 gi(s, (s ))ds

Ky = digp— fo 8; — 8) O‘ 1Qa( si—s) [f(s,x(s), Fa(s), +f0 s — 7)k(r,z(7))dr + C(s)u(s)] ds+

fo s; — 8)P71gi(s, 2(s))ds.
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Definition 3.1. A function x € PC(J; X) is said to be a mild solution of problem
(1.2) if it satisfies the following relation:

P,(t K01+f0 —5)271Qu(t — 8)[f (s, 2(s), Fx(s), —|—f0 s —T)k(r,z(7))dr+
C(s)u(s %]ds te (0 t1]

z(t) = ¢ diz + m fg(t —5)8~Lgi(s,x2(s))ds, t € (ti,5:],1 <i < m,
Po(t — i) Kig + [o (t = 8)* 1 Qa(t — s)[f (s, 2(5), Fa(s), )+ Jo als — T)k(r,2(7))dr+
C(s)u(s)]ds, t € (s, tir1],1 <i<m.

Where

Koz = 20 + h(x),

die = Puo(ti—si—1)Ku_1y + fg ti — ) tQu(t; — 8)[f(s,2(s), Fa(s), )+ Jy a(s = T)k(r, z(7))dr+
Ols)u()lds = 535 Jo' (6 = 9)7 " gi(s, 2(s)) ds,

Ky, = digi 0 Y (s —8)* Qa5 — 8) [f(s,x(s),Fm( )+ fo s—1)k(r,z(r))dr + C(s)u(s)} ds+
(5 Jo " (si — 8)P 1 gi(s, 2(s))ds.

Here
= [T Ea(O)T(t70)d0, Qa(t) = a [3° 064 (0)T(t6)do,

§a(0) = Lp-i-tg o(07%) >0,

«
Wa(0) = %ZZOZI(—1)"‘19_”0‘_1wt9m(n77a),9 € (0,00),
and £,(6) >0, 6 € (0,00), [1~ &a(0)dO = 1.

It is easy to verify that

1
Frl+a)

We make the following assumption on A in the whole paper.

fooo 080 (0)d0 =

H(1): The operator A generates a strongly continuous semigroup {T'(¢) : ¢ > 0}
in X, and there is a constant M4 > 1 such that sup,c(g o0y | T'(t) [|(x)< Ma. For
any t > 0, T(t) is compact.

Lemma 3.2. ([12]-[14]) Let H(A) hold, then the operator P, and Q. have the
following properties:

(1) For any fized t > 0, Py(t) and Qo (t) are linear and bounded operators, and
for any x € X,

aM 4
| Pa®)z [[< Ma ||z |, || Qa®)z ||< Ti+a) |z
(2) {Pa.(t),t >0} and {Qn(t),t > 0} are strongly continuous,
(3) for every t > 0, P,(t) and Qu(t) are compact operators.

We recall a fixed point theorem which will be needed in the sequel.
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Theorem 3.3. (Krasnoselskii fized point theorem) Let M be a closed, convez, and
non-empty subset of a Banach space X. Let A,B be the operators such that:

(a) Az + By € M for all x,y € M,

(b) A is compact and continuous,

(¢) B is a contraction.

Then there exists a x € M such that x = Ax + Bx.

4. EXISTENCE AND UNIQUENESS OF MILD SOLUTION

This section deals with the existence results for the problem (1.2).

From Definition (3.1), we define an operator P : PC(J,X) — PC(J, X) as

P, (t)(xo + h(x)) + fot(t —8)27LQu(t — 8)[f(s,z(s), Fx(s), Bx(s)) + fos q(s — T)k(7,z(7))dr+
C(s)u(s}]ds, t €[0,t],

Px(t) = dig + w fot(t —5)8 71 gi(s,2(s))ds, t € (t;,54],
Polt — 8:) K + [o(t — 5)°1Qu(t — 8)[f (s, x(s), Fa(s), Bx(s)) + [5 a(s — 7)k(r,z(7))dr+
C(s)u(s)]ds, t € (si,tit1]-

To prove our first existence result we introduce the following assumptions.
(H2) C:[0,T] — L(Y, X) is essentially bounded, ie C' € L>([0,T], L(Y, X)),
(H3) The functions f € C(J x X x X x X;X),and k € C(J x X; X),
(Hy)there exists Cy, Ly, My, L, > 0 such that
b H f(tvmlaylvzl) - f(t7$27y2722) ||§ Lf || 1 — T2 H +Cf || Y1 — Y2 || +Mf ||
z1 — 2z ||, for all x1, 2, y1,Yy2,21,22 € X, and t € J,
o || k(t,x1) — k(t,z2) |[< Ly || @1 — 22 ||, for all 21,22 € X, and ¢ € J,
(Hs) There exists a constant D, D’ > 0 such that
o | ft.zy2) IS DA+ [z |*+ [yl + 1 2]?) for every t € J and
r,Y,2 € X7 M3V7¢ € [071]7
o | k(t,z) | D' (1+ ||z ||*) for every t € J and z € X, p € [0,1],
(He)
e Fori=1,2,..,m, g; € C(J x X;X), and there exists Ly > 0 such that
| gi(t,z) —gi(t,y) |S Lg ||z —y |, for all z,y € X,
e There exists a function ¢ — ¢;(t),4 = 1,2, ...,m such that
| gi(t,z(t)) |< @i(t) for all t € J, z € X and L,, = sup,c;i(t) and

L' = max L,
9 1<i<m 9V

e h:PC(J;X)— X and there exists a constant L, > 0 and ¢, € C(]0,00); R™)
such that for z,y € PC(J; X), | h(z) — h(y) I< Ln || z — v || pc;
[ 2(z) [[< @n(t) and Lj, = supse ; pn(t)-

Theorem 4.1. Assume that (Hy) — (Hy),(Hg) are satisfied and

ity MTOAM (5, 450 )+ M (15 +s7) . . L MLy (0 450 )+ +M" Ly (t] +57)
[M™ Ly, + (Ly+q*Lp+MsB*+C;F*)+ <1
I'(a+1) r(B+1)

Then there exists a unique mild solution of problem (1.2).
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Proof. From the assumptions it is easy to show that the operator P is well defined
on PC(J, X).
Let z,y € PC(J, X).
Case 1. For ¢ € [0,1], we have
[(Pz)(t) = (Py)(O) < |[Palt) (zo + h(x) — 20 — h(y)) |+
H fy (= s)" 1Qa(t*S)[f( ( ) z(s), +f0 s — T)k(7, x(7))dr+
C(s)uls) — f(s,y(s), ij(w fo s —T)k(T,y(7 ))dT—C( Ju(s)]ds|
May|h(z) = h()] + F(“ =y fo | f<s,x( ), Fa(s), Ba(s))—
f(s,y(s), Fy(s), B +f0 s —7)k(r,x(r))dr — [§ a(s — T)k(1,y())dT || ds
MaLy ||z —y ”PC +mf° (t—s)*" 1(Lf | z(s) —y(s) | +
Cy || Fa(s) — Fy(s) || +Mf || Ba(s) — By(s) || +q" Lk || z(s) — y(s) |)ds
< MaLp|z—ylprc+ (Lf+q Ly +MyB* + CeF") |z —y |l pc
M4t¢
INa+1)

IN

IN

Mo +1)

< [MuLy + (Lf+q" L+ MyB*+ CrF*)] ||z —y || pc -

Case 2. For t € (t;, ;] U (84, tit1]-
We prove that for t € (t;,s4], i =1,2,..,m
; Matd + M3, + 88 1) + M3t o + 8% o) + .o + MYt + s7)
| (Pz)(t) = (Py)@) || < [MjLn+ X

Ia+1)
(Lf—Fq*Lk-‘erB*—l—CfF*)
Lo(t] +57) + MaLy(t] y + 7)) + ..+ MY Lo(t5 + 55) + My Ly(t] + )
rp+1)

]x

|| r—=y ||PC)
and for t € [s;,ti11], i =1,2,...,m

I (P)(t) = (Py)®) || < [ME Ly +

(Lf +q* Ly + MfB* + Cf{F*)—F
MLy(t] + s0) + . + MY Ly (5 + s5) + MLy (] + s7)

Mat@yy 4+ M35 + s&) + o+ MY (t5 + s3) + MGt + s) y
Ia+1)

For ¢ € (t1, s1]
I P2)(t) = (Py)@) || < [ de+ 5y fo Lg1(s,2(s))ds — dry — F(lﬁ Jolt 91(s,y(s))ds ||
K dly H TG fo (t =) [ gr(s,2(s) — g1 (s,y(s)) || ds
< | Pa(ta) (A=) = h(y) ||+||f (tl—sa 'Qa(ts = 5)[f (s, 2(s), F(s), Ba(s))—
—f(s,y(s), F:l/( ); By +fo s = 7)k(r,2(7))dr — [§ q(s — 7)k(r,y(7))dr]ds |
+ 1l ) (= 5)7 M (g1 (s, 2(5)) = g1(5,y(s)))ds || +

+ | —f& t— )P (gu(s,2(s)) — g1(5,y(s)))ds |

t
< MaLp |z —vyllpc +1“( +1)(L FH @ L+ MgB*+CpF") |2 —y [|pc +
(51+t1)
MAtl (31 +t1)
< MLy + Ly+q' L+ MiB*+CF* L — .
> [ Alsh F( 1 )( q Lk f f ) (6+1) g ||$ y”PC
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For t € (31,t2]
| Pz(t) = Py@) || < | Pa (t = 1) K1 — Pa(t — s1)Kyy |

+ 1] fo (t—s)"" 1Qa(t — )l f(s,2(s), Fx(s), Bx(s)) — f(s,y(s), Fy(s), By(s))

—|—f0 5s—1T) z(7) dT—fO (s — T)k(7,y(7))dT]ds ||

< Ma |l diz — dly || +MA [ fo 51— 5)* ' Qals1 — 8)[f(s, x(s) Fx(S),BfU(S))—
f(s,y(s), Fy(s), By(s)) + [y a(s = 7)k(r,z(7))dr — [§ a(s — T)k(7,y(7))dr]ds || +
+May || Sl(31 — )77 gi(s,2(s)) — g1 (s, y(s))] ds ||

r(p)

+ ||st (t—s)*" 1Qa(t—8)[f(§, ( ), Fa(s), Bx(s)) — f(s,y(s), Fy(s), By(s))+

+ [y a(s — T)k(T, (7))dr — [y a(s — 7)k(r,y(7))dr]ds ||

M2ES + M2s3 + Mutg
INa+1)

MALQ(S? + t[f)

< |M3L, +
= ATh T(B+1)

(Lf +q" Ly + MyB* + C;F*) + [

We suppose that for 1 < 7 < i we have:
for ¢ c (tj, Sj]

Mats + M35, + 8% q) + ME(t5 o + % 5) + .. + M4 (5 + s9) y

| Pa(t) — Py(t) | < [M4Ly+ ST

(Lf+q*Lk+MfB +CfF*) A
Lo(t] +80) + MaLg(t]_ + s _)) + .+ My Ly(t] + s7)

+ (6+ ) ]HzinPCH

and for ¢ € (sj,tj4+1], )
, t¥ 1+ Ma(tS +52) + ..+ MLt + s7)
Po)(t) — (P || < Ma[M L, + 2 i 5 A
| (Px)(t) — (Py)(t) [| < Ma[M}Ly+ Tat1) X
(L +q"Li, + My B* + CyF*)+ _
Ly(t] +8)) + .+ MyT°Ly(t5 + s5) + MY 'Ly(t] +57)
R Iz—ylprc-

We prove the relations for j =4 + 1.
For t € (tl‘+1, 51'—0—1}

| Pe(t) = Py@) || < | digaz + ﬁ fot(t — )P g1 (s, 2(s))ds — diyry—
T(8) Jo & = )7 gisa (s, y(s))ds ||

1
< ldipiz —diqay || +5750 T(5) fo (t = )71 || gig1(s,2(s)) — giv1(s,y(s)) || ds

< |l Pa(tivr — i) (Ko — Kiy) || + || ftl+1 (tis1— S) “'Qaltipr — s)x

(s, 2(s), Fx( ). Br(s)) — —f(s.9(3), Fy(s), By(s))+

Iy als = TbCr, (7)) — IS afs =~ 7)k(ry(r)arlds |

gy I s = 97 (g 5,0(6) = g (s | +

+ﬁ St = P71 (g2 (5,2(5)) — gi41 (5,9(5)) || ds For
< ML+ Mt + M3t j;(sz):l.).. + MEFH(E§ + s9) y

(Ly+q" L+ MyB* + Cp )+
Ly(t0 ) 4+ 80 0) + MiLy(t] + 87) + o+ MaLy(t] + s7)
L(B+1)

Iz=yllprc-

t € (sit1,tiva]
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| Px(t) — Py(t) | < || Pa(t = sit1)K(it1)e — Pa(t = siv1) K1y |
+ || fo (t—s)*" 1Qa(t —s)[f(s, ( ), Fa(s), Bx(s)) — f(s,y(s), F'y(s), By(s))
+ fo s —1)k(r,z(7))dT — fo s — 7)k(r,y(7))dr]ds ||

Si +1MA * * *
< M|l d(i-i—l)x diit1yy || +m(Lf T L+ MyB* + CpF”) ||z =y [lpo +

Lo Ma . .
—y||PC]+m(Lf+q Ly +MiB*+CpF*) |z —y [lpc
MEFHHS + s9) 4 .o+ M (8 + s9) + Ma(t, + 53 q) o

Ia+1)

IN

B
4 Si+1

el Y

r(B+1) ol @
» o+

Ma [M;“Lﬁ 2

IN

x(Ly + ¢* Ly, + M;B* + C;F*) |+
MaLy(s? | +t7 )+ M2Ly(s? +t7) + ..+ ML, (1 + s2)
+A91+1 i+1 Atg\5; i - A tg\1 1

Then it follows that P is a contraction on the space PC(J, X). Hence by the Ba-
nach contraction mapping principale, P has a unique fixed point z € PC(J, X)
which is the unique mild solution of problem (1.2) .
(Il
The next result is based on Krasnoselskii fixed point theorem.
Theorem 4.2. Assume that (Hy) — (Hs3), and (Hs) — (Hg) hold. In addition, let’s
suppose that the following condition is verified:
{ ity MaLg(spy +10) + MALy(sp_y + 1) + -+ MPLy(sy +17)
max{ M L+ ;
I'(3+1)
[MAT® + M3 (g, + ) + o+ METH(9 + 59)] ,
m__n D1+ B*"+F")+D'q") s < 1.
Then the problem (1.2) has at least one mild solution.
Proof. We introduce the composition Q = @1 + Q2 where :
P,(t)(xo + h(x)) + fo )2 1Q4 (t — 5)C(s)u(s)ds, t € [0,t1],
1
Q1z(t) = dilg + —_— fo (t—s) 5 1gi(s7x(s))ds, te (t,s], i=1,2,.,m
P,(t— Z) i1z + fo 129 1Qu(t — 8)C(s)u(s)ds, t € (i tiv1], i =1,2,..,m,
fo 19 LQu (t — 5) [f(s J:( ), Fa(s) )+ fo 5—1T) J;(T))dT] ds, t € [0,t1],
dZQaﬁa t 6 (tu Sl] 1= 1727 -y MM
Q2x(t> = a—1
P, (t — s;) Ko + fo (t —$)*71Qa(t — s) [f(s,2(s), Fa(s), )+ J5 a(s — 7)k(r, x(7))dr] ds,

le (Si,ti+l]7 i = 1323 -y M,

with
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) 1 )
dite = Po(ti — 8i-1)K(i—1)12 + fotz (ti = 5)* ' Qa(ti — 5)C(s)u(s)ds — ) Jo @i — 5)P L gi(s,2(s))ds,
1=1,2,..,m,
1 s
Kiiz = ditz + @ 0
Koiz = xo + h(z),

(Si - S)Bilgi(sv‘r(s))ds - IOSi(Si - 5)a71Qa(5i - S)C(S)U(S)d& i = 1; 27 - M,

and
dioe = Po(t; — si—1)K(i—1)22 + fotl (ti = 8)* ' Qa(ti — 5)[f(s,2(s), Fa(s), Bx(s))+

f; q(s = T)k(r,z(7))dr]|ds, i =1,2,..,m,

K?,Zai :2 di2x - fOSi (Si - S)ailQa(Si - 5) [f(sa .Z‘(S), FI(S),BI(S)) + fos Q(S - T)k(T?‘I(T))dT] dS,
ngzaza(')"v )

Our proof will be divided into several steps.

Y4 =

e We show that QB,.(J) C B,.(J)
|

where B, = {x € PC(J, X);|| = ||< r} the ball with radius r > 0,
1 _ T

and K, r =« < T
a

1—
_ T> | Cu /-, D" =D+ D'g*
Mu[D"T* + Ko, ,T%7]

=M |z || +L}] +

MNa+1) ’
1y = MAID(t5, + 55) + Kour (577 + 557 7)] + 4 MEPHD" (8 4 o) + Ko (677 4 777)
2 T(a+1) ’
_ MALL (] + s8) + ML, (th 1 + s _y) + oo+ MPLL (8] + s7)
V3 F(B n 1) )

[MAT™ + M3 (2, + 5%) + oo + MY + 59)]

(D(1+4 B*+ F*)+ D'q").

INa+1)
Here Nty
1=y

For any x € B,, we have:
Casel. For t € [0, 1],

Mt

[ Qzt) | < Mallaoll +Lj] + ﬁ [D(1+r(1+B*+F*))+D'q*(1+7r)]+
Ko 97T
Tlat+1) *

A

D"t + K, 187" (D(1 4 B* + F*) + D' ¢*)t¢

M L . — M !
< My ||l xo || +Lj, + a1 1) + Ma Tat D) r
< r

Similar to thgproof of Theorem(4.1), we prove that:



141

Case 2. For t € (t;,s;],1 =1,2,...,m,
MA[D”tQ + Ko Tt(‘li‘r]

6 < M L : —
1 Qa(®) I < Ml wo |l +L) + fary
MA[D (ta 185 1)+ Ka, T(z71‘r+3(7 DI +MA[D (ta+s?)+Kﬂ>T(t(f7T+s(1Y77)]
I‘(a+1)
| Lyl +80) + MaLy (b2, + 570) + o+ MLyt + 57)
re+1)
| [Matg + MAQHE ) +s7y) + MAGE ) +s7y) + o+ MA(E +sP)]
( +1)

(D(1+4 B*+ F*)+ D'q*))r <r
Case 3. For t € (s;,t;41],
_ Ma[D 't + Ko ,t%7]
< Mt L K =
| Qz(t) | < My [l zo || +L}] + T(a+1)

+M§[D”(tg+s$)+m,r(t7** SO e A MU D (44 88) 4 Koo 7 (85T 55 T)]

I‘(a—i— 1)
+MAL;(tf +8) 4+ ML (), + s ) + oo+ ML (] + 51)+
r@+1)
Mat®  + M2t 4 &) + ... 4+ M + 8¢
+[ A 1+1 A( 7 S’L) A ( 1 51 )] (D(l +B* +F*) +qu*)7ﬂ S r

MNa+1)
e ()1 is a contraction on B,.. Let =,y € B,

Case 1. For ¢ € [0, t1], we have:

| Qua(t) = Quy(t) < MaLy ||z =y [lpe<|z =y llrc-
Similar to the proof of Theorem(4.1), we prove that:
Case 2. For t € [t;,s;], 1 <i < m,

. Ly(s? + 1) + MaLy(s? | +17 )+ ...+ M L, () +17)
t)— ¢ < ML + g\°q 7 g\“1—1 1—1 A g\°1 1
| @z (t)—Quy(t) < | M4 Ly T(B+1)
r—y|pc

<[lz—-ylpc.
For t € (s;,ti41],1 <i<m,

| Qur(t)—Quy(t) ||I< [MAHL}L +
r—y HPC

<llz—-yllprc.
This implies that ()7 is a contraction.

MALg(Sz‘B + tzﬁ) + M?ng(Siﬁfl + tiﬁfl) +.t Ming(Sf + tf)
L(B+1)

e ()5 is continuous.
Let (2)n>0 be a sequence such that lim, o || z, — 2 ||pc= 0, we have :
Case 1. For ¢ € [0, 1]
| Qzn(t) — Qez(t) | < || fo (t —5)*'Qalt — 8)([f(5,20(5), Fxn(s), Bra(s))+
fo q(s — T)k: T, xn( )dr — f(s,x(s), Fx(s), Bx(s))—
— 7)k(7,z(7))dr)]ds ||

< Affl (H @), Fa (), Bea() = fo(.), Fa(.), Bx() [lpc +

k(o 2n() = k(. 2())] ||PC>
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Similar to the proof of Theorem(4.1), we prove that:
Case 2. For t € (t;,s:], i=1,2,....,m
Mat$ + M3 (8, + 8% 1) + .o + MY (S + s9)
nl(l) — t <
I Quan) - Qua) | < | e «

( ” f(?xn()’Fxn()’ 7B'Tn()) - f(’x()’Fx()7B'T()) ”PC +

I g [k(szn() = k(s z( )] Po )

Case 3. For t € (s,t;41],

Myt M2 (+* 1 s@) 1 1 MiFL (o 4 g
||Q2xn(t)_Q233(t)|| < [ Al+1+ A(z +Sz)+ + My (1+81) %

INa+1)

x ( 1 fCon(), Fan(),, Ben() = f(,2(), Fx(.), Bz(.)) [[pc +

I g [k(san() = k(s 2( )] po )

e ()5 is compact.

1. We have Q2 B, C B,., then Q5 is uniformly bounded on B,
2. For x € B,., we have the following:

for 0 <t < t” <ty, we have:

| Qoa(t”) = Qoa(t) | < || JL (" = )°"'Qu (t”—s>(f<s 2(s), Fa(s), Ba(s))+
[ als — )k ())dr)ds—fo A 1Qu(t — s

<f(s,:r(s),Fx( +f0 s —1)k(T,x(T ))d7>ds [
< L+ 1+ I,
where
L, = Hft (" —s8)*~ lQa(tl/—S)<f(S,l‘(8),F( +f0 s§—1T) (T))dT)ds I
L = | fo (' =5)* " Qa(t" —5) = Qalt' — 5)] <f(57$(5)7F$(5)’BI(5))+
Ji ats = k(e a(r))ar )as |
I; = | fo [t” yomt — (t’—s)a_l] Qu(t" —s) (f(s,ac(s),Fx(s),Bx(s))—l—

INCICE T)k(T,x(T))dT> ds | .
aMy[D(1+r(1+B*+ F*))+D'q*(1+71))
L= T(a+ 1) Ji
_ MaD(1+7r(1+ B*+ F*) + D'g*(1 +1)]
- [la+1)

t// _ a lds

("=t — 0, " —t' — 0.

t/
L<[DA+r(l+B"+ F*))—&-D’q*(l—l—r)]/ (t'=8)* 1| Qu(t"—5)* " =Qu(t' —5)* 1 || ds — 0, t"—t' — 0.
0
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MAD(1+r(14+B*+F*))+D'q*(1+ )]

I3 < o) fo (" =)t = (t' —s)* 1) ds
Ma|D (1 1+B*+ F* D'g*(1
< A[ ( +7“( + + ))"’ q ( +r)](t”—t/)a—>0;t”—t/—>0.
Fa+1)

Case 1. For t; <t <t’ <s;,
| Q22 (t") — Qaz(t') ||= 0

Case 2. For s; <t <t <t;yq,

(4.1) || Qae(t") = Qoz(t') [|< I + Lo + Is+ || (Pu(t" — 5i) — Pa(t' — i) Kiza || -

From (H;) and the proof of lemma 3.4 in [14] we have that the continuity
of P,(t) and Q4(t) (¢t > 0) in t is in the uniform operator topology, we
deduce that the right-hand side of (4.1) tends to 0 independently of x € B,
ast’” —t'.

Case 3. For t; < t < S; < " < tit1,

| Qoa(#") = Quu(t) | < | Palt” = s:)Kins + fy (8 = 5)* ' Qa(t" —5) (f(sy (s), Fa(s), Bx(s))+

+ fos q(s — 7)k(r, x(T))dT) ds — djoz ||— 0

indenpendently of z € B,, as t/ — ¢’ we have (t’ — s;).

In conclusion, | Q2z(t") — Q22(t') ||— 0, as t”" —t' — 0, which implies
that Q2(B,(J)) is equicontinuous .
We have Q2B C B, let Q2B,(t) = {Q2z(t);x € B,} for t € J.

3.Q2 B, (t) is relatively compact.
Q2B,(0) = {0} is compact.
For t € [0 tl}
For each € € (0,¢ and 0 > 0, we define a set:

B,) { a:eB}

Wlt;%(t) TS0 — s) a0 )T((t—8)a9)(f(sw(sxe(S),Bw(S)H
Joa(s—7) x(T))dT) dfds
= afy S0 = 8) I (0) [T(O)T((t — 5)°0 — €6)] (f<s7:c<s>,Fx<s>,Bx<s>>+
Jsals—1) .’L‘(T))dT) dds
= ol T — )T (0)T ((tsmeaa)<f<5,x<5),m(s>,3x(s>)+

Jo a(s =) x(T))dT> dfds.

(Observe that 6 > § and t — e > s, hence (t — 5)*0 — €*§ > 0) Since the op-
erator T'(e“d) (e*d > 0) is compact, the set Q;*‘;Br(t) is relatively compact
in X. Moreover, for every x € B, we have
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| Qaa(t) = Q5°=(t) || < all fy fy 0t 5)  ¢a (0)T((t—s)“(?)(f(s,x(s%Fx(s)va(s)H
+ [ a(s —7) x(r))dr)d&ds—i— Iy [ 00t — )T (O)T((t — 5)6) x
x(f(s,z(s),Fx( () + [ q(s —7) :z:(T))dT)des
50t — ) ea(0)T ((t—s)‘“ﬁ)(f(s,x<s)7Fx(s),Bx(s))+

Jo a(s —7) x(T))dT) dfds ||
< Gi+Go.
With

t ) s
= —g)x1 —35)¢ s, xz(s z(s z(s s—T)k(7m, z(T))dT S
Gy = ||/O / 0(t—s)* 1 Ea (O)T (¢ >0>(f<, (), Fir(s), Ba( >>+/O g(s—r)k(r,2(r))d )ded ||

Go=al /ti /500 O(t—s)* "1, ()T ((t—5)*0) (f(s,a:(s),Fa:(s),Bz(s))—F/S q(s—r)k(r,z(7))d7'> deds || .

0

We have
G1 < abMy fg(t— s) 1| <f(s,x(s),Fm( $)+ [y a(s—7) x(7))d7> || ds fO[S 0., (0)do
< Mpt¢[D(1+r(1+B*+ F*))+ D'q"(1 +71)] fo 08 (0
and
Gy < aMy ftt_e(t —s)e L (f(s,x(s),Fx( )+ fo s—1T) x(T))dT) || ds f;o 0¢,(0)do
< Mue*[D (1 +r(1+ B* +F*))+D'q*(1+r)] fo 0€..(0)d0
< MA[D(1+T’(1+B*—|—F*))+D’q*(l+r)}€a.

INa+1)
Then || (Q2z(t) — Q5°x(t) |— 0, as € — 0;6 — 0

This means that there are relatively compact sets arbitrarily close to the
set Q2B (t). Hence the set Q2 B, (t) is also relatively compact in X.

For t; <t <s;,i=1,2,...,m, in such case
Q2B (t) = {di2z,x € B,} is compact.

F0r81'<t<t7'+177;:1 2, ...
Q2B (t) = {Pa (t — 8;)Kioz + fo )27 1Qa(t — 8) | f(s,2(s), Fa(s), Bx(s)) + J5 a(s — T)k(T,z(T))dr) ds,x € B,«}A

By the same argument in case 1 (¢ € [0,%1]) and Po(t — s;) is a compact operator, we
know that Q2B (t) is relatively compact.

O

Example
In this section, we give two examples which illustrate the applicability of our results.
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Throughout this section, we let X = L?(0,1), J = [0,1], to = 59 = 0, t; = 3,
S1 = %, T=1.

o ox 9%z
Define Az = 72,7 for x € D(A) = {x €X: 30 52y © X,z(0)=2(1) = O}.

Then A is the infinitesimal generator of strongly continuous semigroup {7T'(¢),¢ > 0}
on X. In addition T'(t) is compact and || T'(t) ||[< 1 = M4, for all t > 0. See [10]

Example 4.3. Consider

ox 92 1 " ef(sft) " 672(5715)

%y(tv) = @y(tvv) + ﬂSZTL y(t7v) + f() Ty(&v) + f() Wy(sa ’U)dS +
fot e_(s_t)icos(y(s, v))ds + C(t,v), v € (0,1), t € [0, %] U (%, 1],

or 1 12

wy(tv) = gclos(y(t7v))7 te (57 g]a

§(t.0) = o+ 5o (uls1,0) + ylt1,0)

Denote x(t)(v) = y(t,v) and C(t,v) = C(t)u(t)(v)

This problem can be abstracted into;

CDO‘x(t)l(v) = Az(t)(v) + f(t,z(t), Fx(t), Bx(t))(v) + fot q(t — 8)k(s,z(s)(v))ds + C(t)u(t)(v)
te [03 g] U (ga }7 u < Uada

Doalt) = gt a(0), L€ (sl 1€ (5. 5),
x(0) = zg + h(z).

[\)

" 672(5715)

Where: Bzx(t)(v) = [, Wy(s,v)ds
o =5
Fz(t)(v) = fot Ty(s,v)ds, f(t,z(t), Fx(t), Bz(t))(v) = ;Zsin[y(t,v)—i—fo %0 y(s,v)+
672(sft)
fOt 160 y(S,U)dS}

Ko (0)(0) = 5;eos(m(©)), aa(ta(0)(w) = geos((t)(v)), hlt,a(H)() =
& @(s1)(0) + 2(0)(0))

t
q(t) = %and a =085 8 =095

In this case we have: L = Ly =Cy = My =

1 e—1 1+ (t8 + 59)
o — L LI SO UL )
10717 " e

0.393717 < 1.

1
Ly=Ly =3 and F* = B* =

Lg(t? + 5?)
L(B+1)

ﬂ7
(Lf —|—q*Lk +MfB* —|—CfF*) +




146 K. HILAL, L. IBNELAZYZ, K. GUIDA, AND S. MELLIANI

Which implies that all the assumptions of theorem 4.1 are satisfied. Therefore,
there exists a unique mild solution to our problem.

Example 4.4. Consider

* 9? 1 |y(t,v) + By(t,v) + Fy(t,v)| ¢ 1 e*ly(s,v)|
T ytv) = 2yt

V(00 = g2 yi Ot S T Iy(E0) 1 Byto) £ Fyto)] T 2809 11 [y(s.0)]
ve (1), tefo,5] U1,

ol 1 |y(t,v)| 12

a?y(t,v) = @ma te (37 g],

y(t,v) =Yo + @ (y(slvv) + y(tlﬂ ’U)) :

ds + C(t,v),

Denote z(t)(v) = y(t,v) and C(t,v) = C(t)u(t)(v).

; 672(5715)

This problem can be abstracted into (P). Where: Bxz(t)(v) = [, BT

, e~ (1) z(t) (v z(t) (v T
Fat)(v) = Jo —gg—v(s:v)ds, f(t2(1), Fa(t), Bx(t))(v) = 241@t 1 J|r fi)(g)zvj;f B(?(Es)z;f F(fc)(t)(vn

y(s,v)ds

—~
<
-

k2 (®)w) = ~ TGy w) = & PEDL G ww) =

T 24T+ [yt o)) —8el 1+ y(t,0)]
ot (@(s1)(v) +a(t) (),
t
q(t) = % and o = 0.75, 5 = 0.65.
1 1 1
In this case we have: L, = L, = g D =D = 0 and B* = F* = 0
. e—1
q =
(7 +51)
Lp+L,———=~0.3
PTIT(B 1)
1 ta (0%
and M(D(l + B*+ F*) + D'q*) =~ 0.145993.

I'a+1)
We have maz {0.3;0.145993} < 1.

This implies that all assumptions of theorem 4.2 are satisfied. Then, our problem
has at least one mild solution.
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