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EXISTENCE RESULTS IN THE THEORY OF HYBRID
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

S. MELLIANI, K. HILAL, AND M. HANNABOU

ABSTRACT. We study in this paper, the existence results for initial value prob-
lems for hybrid fractional integro-differential equations. By using fixed point
theorems for the sum of three operators are used for proving the main re-
sults.An example is also given to demonstrate the applications of our main
results.

1. INTRODUCTION

Fractional differential equations arise in the mathematical modeling of systems
and processes occurring in many engineering and scientific disciplines such as physics,
chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology,
economics, control theory, signal and image processing, biophysics, blood flow phe-
nomena, etc. (see [1]-[4]). Compared with integer order models, the fractional order
models describe the underlying processes in a more effective manner by taking into
account their past history. This has led to a great interest and considerable atten-
tion in the ubject of fractional order differential equations.

For some recent developments on the topic, (see [13]-[16]), and the references
therein. Hybrid fractional differential equations have also been studied by sev-
eral researchers.

This class of equations involves the fractional derivative of an unknown function
hybrid with the nonlinearity depending on it. Some recent results on hybrid differ-
ential equations can be found in a series of papers [17]-[24].

Hybrid fractional differential equations have also been studied by several researchers.
This class of equations involves the fractional derivative of an unknown function
hybrid with the nonlinearity depending on it. In [27], Surang. Sitho, Sotiris .K.
Ntouyas, and Jessada. Tariboon, discussed the following existence results for hybrid
fractional integro-differential equations
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where D denotes the Riemann-Liouville fractional derivative of order o, 0 < o < 1,
I? is the Riemann-Liouville fractional integral of order ¢ > 0, ¢ € {31, B2,.. ., Bm},
feClJxRR\{0}), g € C(J xR,R), with h; € C(J x R,R) and h;(0,0) = 0,
i=1,2,....m.

In [5], K .Hilal and A. Kajouni considered boundary value problems for hybrid
differential equations with fractional order (BVPHDEF of short) involving Caputo
differential operators of order 0 < a < 1,

D“(%) —g(t,x(t)) ae. teJ=[0,T]

2(0) o1y _
aF0.w0y T OFTarmy = €

where f € C(J x R,R\{0}) , g € C(J x R,R) and a, b, c are real constants with
a+b#0.

Dhage and Lakshmikantham [23], discussed the following first order hybrid differ-
ential equation

4 [f(;;gjgt))] =g(t,z(t)) teJ=1[0,T]

x(tg) =z €R

where f € C(J x R,R\{0}) and g € C(J x R,R). They established the existence,
uniqueness results and some fundamental differential inequalities for hybrid differ-
ential equations initiating the study of theory of such systems and proved utilizing
the theory of inequalities, its existence of extremal solutions and a comparison re-
sults.

Zhao, Sun, Han and Li [28], are discussed the following fractional hybrid differential
equations involving Riemann-Liouville differential operators

De [,(“2))] = g(t,z(t) teJ=0,T]

z(0) =0

where f € C(J x R,R\{0}) and g € C(J x R,R). They established the existence
theorem for fractional hybrid differential equation, some fundamental differential
inequalities are also established and the existence of extremal solutions.
Benchohra and al.[26], we study the following boundary value problems for differ-
ential equations with fractional order

cDYy(t) = f(t,y(t)), for each teJ=1[0,T], 0<a<l
ay(0) + by(T) = c
where D¢ is the Caputo fractional derivative, f : [0,7] x R — R, is a continuous

function, a, b, ¢ are real constants with a + b # 0.
Motivated by some recent studies on hybrid fractional integro-differential equations
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see [5],[27], we consider the following value problem :

x —1P T J% g ey, I
DD‘< (t>f(117£((tt)’,l(‘§1 :i(tl),(tfff’ni(t)) <t))> = g(tvx(t)vlﬁlz(t)v e ,Iﬁkl’(t))

(1.1) {teJ=[0,T], 1<a<?2

z(0) — 2 z(T) —
£(0,2(0),0,0...,0) 05 FT,z(T), 1%L z(T),...,I%nz(T)) T
——
n
Where ay,...,an >0, B1,...,8n >0, z € R, D denotes Caputo fractional derivative of order

a. IP is the Riemann-Liouville fractional integral of order 8 > 0 . f : J x R® — R\ {0} ,

h:J x R"® — R is continuous with h(0,2(0),0,0...,0) =0, and g € C(J x R¥ R) is a function
———

via some properties. "

The problem 1.1 considered here is general in the sense that it includes the following three well-

known classes of initial value problems of fractional differential equations.

Case I: Let f(t,z(t),I*1x(t),...,I"x(t)) = 1 and h(t,z(t), [*1z(t),...,I%x(t)) = 0, for all

t € J and x € R. Then the problem 1.1 reduces to standard initial value problem of fractional

differential equation,

{D"‘(z(t)) =g(t,z(t), IPrz(t),..., IPrx(t)) teJ=[0,T], 1<a<?2
z(0) = xo, z(T) =z,

Case II: If h(t,z(t), I z(t),...,I%x(t)) = 0 for all t € J and z € R in 1.1. We obtain the
following quadratic fractional differential equation,

o z(t) _ _
b @mmmmmmWmem)*g&szmxm““Jhdﬂ)tejfmjm l<as2
z(0) — «(T) —
£(0,2(0),0,0...,0) 0 F(T2(T), 151 2(T),....I%n z(T)) L
N e’
n

Case III: If f(t,z(t), [*1x(t),...,[*z(t)) = 1 for all t € J and € R in 1.1.We obtain the
following interesting fractional differential equation,

De (:v(t) — IPR(t, 2(t), [ x(t), . .., Io‘nw(t))) = g(t,x(t), P a(t), ... IPvx(t)) teJ=0,T)
l<a<?2
z(0) = o, z(T) =z,

Therefore, the main result of this paper also includes the existence the results for the solutions of
above mentioned initial value problems of fractional differential equations as special cases.
An existence result is obtained for the initial value problem 1.1. by using a hybrid fixed point
theorem for three operators in a Banach algebra due to Dhage [25].
As a second problem we discuss in Section 4 an initial value problem for hybrid fractional sequential
integro-differential equations,
D¥z(t)—IPh(t,x(t),I%1 x(t),.... 1% x(t))\ _

pe (PRl S e W)Y = gk, a(8), IP1(8), ... IPha(t))
(1.2) teJ=1[0,T], 0<a<l

z(0) =z09, D%z(0)=0,

where 0 < a,w < 1, 1 < a4+ w < 2, functions f € C(J x R*, R\ {0}), h € C(J x R*,R) whith

h(0,2(0),0,0...,0) =0 and g € C(J x R¥ R). I? is the Riemann-Liouville fractional integral of
——

order 3 . "

D%, D¥ are denotes Caputo fractional derivative of order «a, 3 respectively.

By using a useful generalization of Krasnoselskii’s fixed point theorem due to Dhage , we prove

an existence result for the initial value problem 1.2.

This paper is arranged as follows. In Section 2, we recall some concepts and some fractional

calculation law and establish preparation results. In Section 3, we study the existence of the

initial value problem 1.1, based on the Dhage fixed point theorem,while in Section 4 we deal with

the initial value problem 1.2. In Section 5, we give an example to demonstrate the application of

our main result.
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2. PRELIMINARIES

Next, we review some basic concepts, notations, and technical results that are necessary in our
study.

By E = C(J,R) we denote the Banach space of all continuous functions from J = [0, 7] into R
with the norm

lyll = sup{ly(t)],t € J}
and a multiplication in E by

(zy)(t) = z()y(t), vt € J

Clearly F is a Banach algebra with respect to above supremum norm and the multiplication in it.
and let C(J x R¥ R) denote the class of functions g : J x R¥ — R such that

(4) the map s — g(s,x1,x2,...,xk) is mesurable for all 1,z2,...,z, €R .
(i1) (z1,22,...,2%) — g(s,21,x2,...,x) is continuous map for almost all s € J.

The class C(J x R¥ R) is called the Carathéodory class of functions on J x RF.
Also, a Carathéodory function g : J x R¥ — R is called L-Carathéodory whenever for each
p > 0 there exists ¢, € L!(J,RT) such that

lg(s,z1,z2, ..., z)|| =sup{|v| : v € g(s,z1,22,...,2k)} < Pp(s)
for all |x1, |z2], ..., |zx| < p and for almost all s € J.
By L'(J,R) denote the space of Lebesgue integrable real-valued functions on J equipped with the
norm ||.||;1 defined by

T
el = Jo l=(s)lds
Definition 2.1. [1] The fractional integral of the function h € L'([a,b],RT) of order a € Rt is

defined b
Y [e% ¢ (t - s)a—l
1oh(t) = / s h(s)ds

where I' is the gamma function.

Definition 2.2. [1] For a function h given on the interval [a,b] , the Riemann-Liouville
fractional-order derivative of h, is defined by

CDERO = Frey (%)/ %@ds

where n = [a] + 1 and [a] denotes the integer part of a.

Definition 2.3. [1] For a function h given on the interval [a,b] , the Caputo fractional-order
derivative of h, is defined by
1 t (t _ S)n—a—l

D50 = o | s
where n = [a] + 1 and [«] denotes the integer part of a.
Lemma 2.4. [1] Let o« > 0 and = € C(0,T) N L(0,T). Then the fractional differential equation
D%z(t) =0

R(™) (s)ds

has a unique solution
o(t) = k1t 4 kot ™2 4 Ryt
where k; R, i=1,2,...,n,andn—1< a<n.
Lemma 2.5. [1] Let a > 0. Then for z € C(0,T) N L(0,T) we have
I1°D%%(t) =z(t) +co +cat + ...+ Cn_1t" 1,
fore some ¢; €R, 1 =1,2,...,n—1. Where n = [a] + 1.
Lemma 2.6. [1] For a,8 >0 and f as a suitable function, we have
(i) 1°IPf(t) = I**Af(t)
(i) T°197(t) = IP1°F(2)
(#6d) I*(f(t) +g(t) = I*f(t) + I%g(t)
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3. FRACTIONAL HYBRID DIFFERENTIAL EQUATION

In this section we prove the existence of a solution the initial value problem 1.1 by a fixed
point theorem in the Banach algebra due to Dhage [25].

Lemma 3.1. Let S be a nonempty, closed conver and bounded subset of a Banach algebra E
and let A,C: E — E and B : S — E be three operators satisfying:

(a1) A and C are Lipschitzian with Lipschitz constants § and p, respectively,
(b1) B is compact and continuous,

(c1) x=AzBy+Cx =z € S forally € S,

(d1) 0M + p < 1, where M = ||B(S)]|.

Then the operator equation x = AxBx + Cx has a solution.
For brevity let us take,
_IPR(T,x(T), I &(T),..., 1% x(T))
- f(Tx(T), I x(T), ... Tnx(T))

Lemma 3.2. Suppose that 1 < a <2 .
Then, for any k € L*(J,R) , the function x € C(J,R) is a solution of the

af @) —IPh(t,x(®), 1% a(t),..., 1% () | _ _
D ( Tz (0), 1512 (D),..., I%n (L)) ) =k(t) teJ=[0,T]

(3.1) z(0) _ o(T) _
F0,2(0,0,0...,0) — %0 FTa(@) [T, [ona(T)) T
N e
n

if and only if x satisfies the hybrid integral equation

t
(3.2) a(t) = (f(t,:c(t)ﬂlx(t), . .,I"‘"x(t))) (ﬁ/o (t — 5)*"k(s)ds
T
+ - %) o+ %:::T - Trt(a) /O (T — 5)*ko(s)ds — ’%d)

tw s.2(s). IP1 (s %n () )ds
/0 Tog P (), I a(e), . I a()ds, L€ 0.T]

z(t) .
To1a(t),.. Iona(t)
continuous. Applying the Caputo fractional operator of the order «, we obtain the first equation

in 3.1. Again, substituting ¢t = 0 and t = T" in 3.2 we have
z(0) z(T)

Proof. Assume that z is a solution of the problem 3.2. By definition, o)

£(0,2(0),0,0..0) F(Ta(T) Ioa(D),. . Tona(T)
———r
n
af z®—=IPh(tz(t), I x(t),..., I 2(t) \ _
Conversely, D < Tz (), 15 200, .1 o (D)) )‘k(t)

so we get

x(t) — IPh(t, x(t), [ x(t), ..., [ x(t))

F I, Tona@) L PO o -al

IPh(t, z(t), I 2(t),. .., [¥nx(t))
fta(t), Ina(t),. .., [onz(t))

(t)
F@z(t), I*rx(t),. .., [9nz(t))

=TI%k(t) —co — c1t +

Substituting ¢ = 0 we have

o 2(0)
7 7 7(0,2(0),0,0.--,0)
——

n

= —x9
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And substituting ¢t =T we have

z(T)
F(T,a(T), I°1%(T), ..., [onz(T))

= Iak(T) +xz9o—c1T+d
Then
1
c1 = ?(wo +I°K(T) —z7 + d)

In consequence, we have

t
a(t) = (F ), 100, 1 a(0) (ﬁ /0 (t — 8)* Tk(s)ds + (1 — %)mo ¥ %IT
t T a— td t (t - 8)B71 1 Qn
— T (@) /0 (T — 8)* k(s)ds — ?> +/0 Wh(s,x(s),lﬁ z(s),..., 1% x(s))ds,t € [0, T

O

In the forthcoming analysis, we need the following assumptions. Assume that :

(H1) The functions f : J x R**1 — xR\ {0}, h: I x R*"*! — R g: J x RFFl 5 R
are be a Carathéodory function, h(0,z(0),0,0...,0)) = 0 and there exist two positive
——

n
functions

p,m: J — (0,00) with bound ||p|| and ||m|| respectively, such that

n+1
IF (691,92, yns1) — F(L @, 2, @) S p() Dy — @4
=1

and
n+1

Ih(t 1,42, - ynt1) — Bt @1, @2, 2 1) S mt) Dy — @il
i=1

for t € J and (1,22, -, Znt1), (Y1,92,- - Ynt1) € RPTL
(H2) There exists a function h € L1(J,R) such that .

lg(t, z1, @2, ..., 2)| < h(t) ae (t,x1,32,...,05) € J x RF

(H3) There exists a real number 7 > 0 such that

2||h||, 1 T koT?
FO(NTL“}U—FIJ:O‘—F‘%T‘—FM‘)—FF(%*?-U

To1 Ton 2||hll 1 T™ T8
U= (1 o o ) [l (B + leol + o + ldl) — lImll w555 ]
where Fy = sup |f(t,2(0),0,0...,0)| and Ko = sup |h(t,2(0),0,0...,0)|

teJ N—— teJ N e’

n n

r>

Theorem 3.3. Assume that the conditions (H1) — (H3) hold. Then the initial value problem 1.1
has at least one solution on J provided that

e pon 2||h)l T [|m ] 77
(1+ Tlar+D) T+ F F(an+1)) [”p”(w +lzol + el + |d|) + 1‘75“)] <l

Proof. Set E = C(J,R) and define a subset S of E as
S={eeB: |l <r}

where 7 satisfies inequality 3.

Clearly S is closed, convex, and bounded subset of the Banach space E. By Lemma 3.2, problem
1.1 is equivalent to the integral equation 3.2. Now we define three operators,

A:E— E by

Ax(t) = f(t,2(t), [*1a(t), ... [ x(t)), teJ,
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B:S— E by
= ' w B1 B ot t
Bx(t) = /0 () g(s,z(s), [P x(s),..., IPFx(s))ds + (1 T)JCO + o
! ! “ B1 B t
T TT(a) /0 (T —8)> Yg(s,x(s), IPra(s),. .., IPra(s))ds — fd]’ ted,

and C: E — E by

t (t - 5)671 « a,

Ca(t) = o h(s,2(s), [*x(s),..., [*"x(s))ds, t€J
o T

We shall show that the operators A, B, and C satisfy all the conditions of Lemma 3.1. The proof

is constructed in several claims.

Claim 1. We will show that A and C are lipschitzian on E, that is, the assumption (a1) of Lemma

3.1 holds.

Let z,y € E. Then by (H1), for t € J we have

[Az(t) — Ay(t)] = |f(t,=(t), [t z(t), ..., 19" x(t)) — f(t,y(t), [“ty(t),..., 1" y(t))]
Ta1 Tan
< ?gl;ﬂpﬂx(t) - y(t)|)(1 + Tt 1) +... m)
< Mol (1 s e e — g
- T(ar+1) 7 T(an +1)

for all t € J.
Taking the supremum over the interval J, we obtain

Az — Ay|| < ||pl| <1 + F(%‘}H) +...+ %) |z — y|| for all z,y € E. So A is a Lipschitz on

E with Lipschitz constant ||p|| <1 + F(alJrl) +...+ %)
Analogously, for any x,y € E, we have
t(t—s)f-1
o)) —cy®] = | [ G bl m(e). 17 a(0), o 1) = B (). 1), T ()l
T T%n t (t — 8)5*1
< sup(|ml|x(t) — y(t 14— —+...+ / ds
teg(‘ =42 = ot )D( (a1 +1) I(an + 1)> o LB
Tt Tn T8
< 14 ——+ ... —
< (U s o ) e e

forall t € J.
Taking the supremum over the interval J, we obtain

T - Ton ) T8
T(ar+1) 7 T(an+1)/T(B+1)

ez —Cyll < flmll (1 + lz — gl

So, C is a Lipschitzian on E with Lipschitz constant ||m/|| (1 + F(T"‘l Ton ) ol

o) T Tan i) ) T
Claim 2. The operator B is completely continuous on S, that is, the assumption (b1) of Lemma
3.1 holds.

We first show that the operator B is continuous on E.

Let {zn} be a sequence in S converging to a point x € S. Then by the Lebesgue dominated
convergence theorem, for all ¢t € J, we obtain

lim /t wy(t,mn(s),lﬂlmn(s),...,Iﬁkmn(s))ds

n— oo F(a

/ =9 ( nlimwg(s,xn(s),lﬁlxn(s),...,Iﬁkxn(s))ds

7 ( —5)*" ! B1 B
= / g(s,z(s), [P x(s),...,[Pkx(s))ds
o Do
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and
lim [(1 — i).’l?oﬁ*i{l‘frf #/T(Tfs)aflg(s T (s), IP1 2, (s) I8k g, (s))ds — id]
n— 00 T T Tr(a) 0 y 4N ’ n LA ) n T
= lim [(1 — i)aco + i:z:T] - L/T(T—s)a*1 lim g(t, zn(t), [P @n(s),..., %%z, (s))ds
n—oo T T TF(OC) 0 n— oo ’ ’ ’ ’
t
- la
T
= (1- i)zo + 3xT __t /T(T —5)* (s, z(s), [P a(s) I8k z(s))ds — id
T T TT() Jo ’ ’ T

In consequence, we have

lim Bz, = Bz
n— o0

This shows that B is continuous on S.
It is sufficient to show that the set B(S) is a uniformly bounded in S. For any x € S, we have

Bz(t)| = ]/ (t _Fia L o5 2(s), TP a(s), .. TP a(s))ds + (1 — %)xo " %IT
_ _ g T B1 4 B o s — i
ma) /O (T = )2 g(t, (0, 1P10(0), .., Pa(®))ds — d
< (2||h||mﬁ) + |zo| + |z1| + |d| = K1

for all t € J. Taking supremum over the interval J, the above inequality becomes, ||Bz|| < K for
all z € S. This shows that B(.S) is uniformly bounded on S.

Next we show that B(S) is an equicontinuous set in E. We take, 71,72 € J with 71 < 72 and and
€ S.

Then we have

Batr) ~ Bl = | [ P a1l ()
_ /O %g(s,x(s),fﬁlx(s),...,Iﬁkz(s))der [a- %) (1- %)]xo
v - %)(/OT %g(t,x(t),lﬁlx(t),...,Iﬁ’cm(t))ds—mT +d))|
- /0” (72 — 8)“’;(;571 — )71 lg(t, (), P a(t), . .., 1P z(t))|ds
n /: %\g(t,x(t),]ﬁlx(ﬂ,..-7Iﬁk$( )lds + (2 2)ﬂvo
n (Tl—TZ +/ (T - ‘2; 1|g(t,ac(t),lﬁ1x(t),---alﬁkx(t)”ds"'d)
< [lmoan (;Yl )7 ||h\|L1ds+/:2 22 ngaas
N (71;72)x0+(71 T+/ r( ) ||h||L1ds+d)

Thus, we have that |Bxz(m2) — Bz(m1)| — 0 as 2 — 711

which is independent of z € S.

which is independent of € S.Thus, B(S) is equicontinuous. So B is relatively compact on S.
Hence, by the Arzeld-Ascoli theorem, B is compact on S.

Claim 3. The hypothesis (c1) of Lemma 3.1 is satisfied.
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Let z € E and y € S be arbitrary elements such that © = AzBy + Cz. Then we have
lz@®) < [Az(®)]|By(t)| + |Cz(t)]
t t—s a—1
< Ut 1), o) [

Ry 9o v (o), 1Pyt fds

+

T
- %)wo + %xT + Tl‘t(a) /0 (T = )7 g(s, y(s), 171 y(s), .., IPky(s))[ds

+ %] +/Ot %’h(t,z(t),[“lz(t),...,I"‘":Jc(t))‘ds

t —s a—1
(‘f(t,x(t),[alx(t), o '7Ianx(t)) - f(tv 07 o '70)| + If(tv 07 o 70)|)|:/0 %Ih(s)lds

IN

b Dot ar o [T G + 1 1]
T T T Tr(a) Jo T

' (tfs)ﬁ_l @ (e 7%
+ /oiF( (|h(t, z(t), I a(t), ..., I x(t))fh(s,07~~,0)+|h(s,0,~~70)|)\

B)
T Ton 2\|h|| T
< 1 Fo|| —————
< [rlel(1+ S R F(%H)) + R ( Moty ol +lerl
r||m||T? T Ton T
+ d|) + 1 +...+ + k
| |> r(,3+1)< T(og +1) F(an-i—l)) rB+1) "
Taking supremum for ¢ € J, we obtain
T Ton 2||h|| 2 T
< 14—+ ..+ =— || ————
lz|| < [erH( + NCTE)) + .+ Tlom & 1)) + 0]( T+ 1) + |zo| + |z 7|
rl|m|| T T Ton Th
+ d) + +...+ + k
| |> r(5+1)( T(og +1) F(an+1)) rB+1) "
that is, z € S.

Claim 4. Finally we show that éM + p < 1, that is, (d1) of Lemma 3.1 holds.
Since

M =|IB(S) = sup{sup|Bxz(t)|}
xzeS teJ
2[|Al[ 2 T

d
Mol + ol +lerl+1d

and by theorem 3.3 we have

o T mii?
<1+F(a1+1) +'”+I‘(an+1)>(Hp”M+F(B—i—l)) <1

. _ o1 TN _ ||m\|TB To1 Ton
with 6 = (14 rihy + -+ gy )Pl and o = B (14w + -+ ey ) -
Thus all the conditions of Lemma 3.1 are satisfied and hence the operator equation x = AxBz+Cx
has a solution in S. In consequence, problem 3.1 has a solution on J. This completes the proof. [

4. HYBRID FRACTIONAL SEQUENTIAL INTEGRO-DIFFERENTIAL EQUATIONS

In this section we consider the initial value problem 1.2. An existence result will be proved by
using the following fixed point theorem due to Dhage.

Lemma 4.1. Let M be a nonempty, closed, convex and bounded subset of the Banach space X
and let A: X — X and B: M — X be two operators such that

(i) A is a contraction,
(it) B is completely continuous, and
(i14) v = Az + By forallye M =z € M.

Then the operator equation Ax + Bx = x has a solution.
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Lemma 4.2. Suppose that 0 < a,w <1, 0 < a+w < 1, and the functions f,g, and h satisfy the
problem 1.2. The function x € C(J,R) is a solution of the problem 1.2 if and only if x satisfies
the hybrid integral equation,

_ ¢ (tiS)W71 aq Qo
o) = /O(Wf(s,z(s),l 2(s), . 1% a(s))

fs 7(8 — T)OHl (1, 2z(7) Iﬁla:(T) IBk:L‘(T)))d’T> ds
0 T'(a) g ’ Y
_ g)Btw—
(4.1) + / (t S) i lh(s,x(s),lo‘lm(s),...,Ianz(s))ds—l—;vo, te[0,7T]
z(t)

Proof. Assume that z is a solution of the problem 3.2. By definition, a0 I a0, Iz (D) is
continuous. Applying the Caputo fractional operator of the order o, we obtain the first equation
in 4.1 .

Again, substituting t = 0 in 4.1 we have

z(0) = zo, D¥z(0) =0

Conversely,

by lemma 2.5 we have

W (t) — IPh(t, x(t), [“1z(t),. .., [ x(t))

P, T2, 1o (D) =1%(t,z(t), IP12(t),..., [P z(t)) — co

By condition DPx(0) = 0, implies that co=0
Applying the semigroup property, i.e., I¥I#h = I“tBh proposition 2.6, we obtain the,
() = 1°[F@@), 10w (), . I a() g (@ (), I (D), ., (1))
+  I9PBh(t,a@t), I z(t),. .., [%x(t)) — c1
By condition z(0) = zo, implies that c1 = —x0
Then,
2(t) = IU[f( ), 1), . IO a()) g (2 (), TP (), ... 1Pka(t))|
+  I9PBR(t,m(t), I x(t),. .., I x(t)) + z0
Consequently,
t t— w—1 s _ a—1
o) = [ [l s 1w, 1) [T g(ra(r), a0, 1 () ds
0 I'(w) o T(a)

t(t— s)ﬁ+w—1h Jon . ) o
| e a0, 174 (s) o 1 a()ds 430t (0.7)

In the forthcoming analysis, we need the following assumptions. Assume that :

(A1) The functions f : J x R**1 — R\ {0} and g : J x R**1 — R, are continuous and
there exist two positive functions ¢, x with bound ||¢|| and ||x||, respectively, such that

n+1
‘f(t,y17927~~-’yn+1)*f(t7$1:x2,~~ > Tn41 |<¢ Z'yl*x’bl

for t € J and (z1,22,...,%nt1), (¥1,Y2, -+, Ynt1) € RPHL
and
k1
lg(t, y1,v2, - Y1) — gt @1, @2, megn)] < x(8) D lyi — 24
i=1
for t € J and (21,22, ., @k 41), (1,92, -, Y1) € RFTL
(AQ) |f(t7x1,z2,. . -7xn+1)‘ < ,LL(t), v(t, z1, 22, . . .,Z‘n+1) €Jx Rn+17 IS C(JvRJr)?

lgt,z1, 22, .. zpa1)| S v(t), V(t,21,22,...,2p11) € J x RFF1 1 € C(J,RT) and
|h(t,x1,x2,. . wx’ﬂ-‘rl)l < e(t)vv(t7x17x27 .- .7.Z‘n+1) €Jx Rn+17 AS C(J7]R+)
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Theorem 4.3. Assume that the conditions (A1) — (A2) hold. Then the initial value problem 1.2
has at least one solution on J provided that

Ta+w ( T T%n

T51 T8k
_— _— ...+ 1
N CES Ty +ot vl + il (1 + +ot )} <

" [l +1) Dlan + 1)) F(ﬁ1 +1) LBk +1)

Proof. Setting sup [u(t)] = [lull, sup [v(t)] = |||}, sup|0()| = [|0]], and choosing
ted teJ tedJ

Tw+B Toa+B
R> el +
MNw+B8+1) T(a+B8+1)

We consider Bg = {z € C(J,R) : ||z|| < R}. We define the operators A: E — F as in 3,
D: BR — FE by

[l 1l + o

t a—1
Dz(t) = / UT)g(s,x(s),Iﬁlx(s),...,Iﬂkm(s))ds, teJ
and
(t=s)Ptet yBtw—1
/ NCE) h(s,z(s), I% x(s),...,I%"xz(s))ds, te€J
and

(=T Dl 4 o
t)_/ A OD(s)ds 0, 1€ ]

For any y € Br, we have

lz(®)] = [Qx(t) + Tyt
(t w+ﬂ 1 . (t
/ F(w+6) Twrp M) Mals),. . Irals)lds + / F( | Ay()l[Dy(s)lds + [zol
(t—s“"”a 1 yo=1 (t—s) !
= / F(w+ﬁ 5)|d5+/ F( | ()I/ L 1u(s)lds + [zl
< 101+ il vl + ol
T T +B+1) (a+6+1) Al ¥ o

Taking supremum for ¢ € J, we obtain ||z|| < R, which means that « € Br. So, the condition
(#2%) of Lemma 4.1 holds.

Next we will show that Q satisfy the condition (i¢) of Lemma 4.1. The operator Q is obviously
continuous. Also, Q is uniformly bounded on Bp as

TUJ
Qz|| < ———F——
Qs < s el
Let 71,72 € J with 71 < 72 and (21, 2z2,...,Zn+1) € B%‘Ll. ‘We define
sup |h(t, 1,22, ..., Tnt1)| = h < co.

1
(t,zl,z2,4.4,zn_*_1)€J><BIT;+
Then we have

T2 _ \wtHp-—1
Qotr) = 0a(m)| = | [ I s a0 (). 1 ()
T (7 — g)wtB-1
- /0 %h(s,x(s),]alw(s),...,Io‘"a:(s))ds‘
< 7‘/ (12 — 5) W+B L (n 75)“’+B_1]ds+/‘7—2(72 fs)“""ﬁ_lds
-0 w+/3 _ L wtB
S (w+ﬁ+1) 7-1 ‘

Thus, we have that |Qz(m2) — Qz(m1)| — Oas o — 711
which is independent of x € S.Thus, Q is equicontinuous. So Q is relatively compact on Bp.
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Hence, by the Arzeld-Ascoli theorem, Q is compact on Bpg.
Now we show that 7 is a contraction mapping. Let x,y € Bg, then for t € J we have

[Tx(t) — Ty(t)]
= | / t}iw [Az(s)Da(s)ds — Ay(s)Dy(s)]ds

‘ / (t —F;w [ASC( )Dx(s) — Ay(s)Dx(s) + Ay(s)Dx(s) — Ay(s)Dy(s)]ds‘

i “;{mx )[4z (s) — Ay(s)| + | Ay(s)|[Da(s) — Dy(s)] }ds

T (1 s+ ) g Il =
Il (14 s e ) rg o~ s
< F(Zj— 1) 1“(5: 1){<1+F(a1a—1i- 1) + +%>” villiel
(L s e+ rg) e

So, by theorem 4.3, 7 is a contraction mapping, and thus the condition (i) of Lemma 4.3 is
satisfied.

Thus all the assumptions of Lemma 4.1 are satisfied. Therefore, the conclusion of Lemma 4.1
implies that problem 1.2 has at least one solution on J. O

Example
In this section we give an example to illustrate the usefulness of our main results. Let us consider
the following fractional boundary value problem:

1 V2
o135 [ 2te ( i () 2O HITVR 2 (0)]
pi <z( ) [15(3+t) sina(t)+ I1V2|2()|45
(4

+1)2 (. [1V2a(t)| )
106 (bmz(t)+1+\l\/§w(t)\+3

)] > = 2sina(t) + cos(I3z(t)) + 1

teJ=10,1]
z(0) _ x(1 -0
£(0,2(0),0) — 27 f(L=(1),I%x(1)) —

2
Puta=1 a1 =v28=18=1T=1n=k=1f(tyz) = LI (siny( )+ 5 +3),
. l xT T
g(t.y.2) = 2sina(t) + cos(IHx(t) + 1, h(t,y,2) = 22 (siny(t) + ZDEIO) oy) =

t41)2
15(%115) and p(t) = (GO 100) for t € [0,1]. Note that, ||g(t,y,z)|| < t? + 2, and

t+
1t — 1,290 < D o gy )
and
h(t,z,y) — hit,2',y)| < (———— ! —y
nt2,9) = h(t.2' )1 < (Gt ) (o = o'+ =)
‘We have
T 2([pll |l 2 T T’
1 d —— | ~ 0.18957628293 < 1
(+F(a1+1))( C(a+1) +lzol + |z + | |+HmHF(6+1))

By using the theorem 3.3, the problem 4.2 has a solution.
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