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INTUITIONISTIC FUZZY DOT HYPER KU- (SUB ALGEBRA)
IDEALS ON HYPER KU- ALGEBRAS

SAMY M. MOSTAFA

ABSTRACT .It is known that, the concept of hyper KU-algebras is a
generalization of KU-algebras. In this paper , the intuitionistic fuzzy dot
theory of the (subalgebra- s-weak — strong) hyper KU-ideals in hyper KU-
algebras are applied and the relations among them are obtained.

1. INTRODUCTION

Prabpayak and Leerawat [10,11] introduced a new algebraic structure which is
called KU-algebras. They studied ideals and congruences in KU-algebras. Also,
they introduced the concept of homomorphism of KU-algebra and investigated
some related properties. Moreover, they derived some straightforward
consequences of the relations between quotient KU-algebras and isomorphism.
Mostafa et al. [ 8,12]introduced the notion of fuzzy KU-ideals of KU-algebras and
then they investigated several basic properties which are related to fuzzy KU-ideals
.The hyper structure theory (called also multi-algebras) is introduced in 1934 by F.
Marty [7] at the 8th congress of Scandinvian Mathematiciens. Around the 40's,
several authors worked on hyper groups, especially in France and in the United
States, but also in Italy, Russia and Japan. Hyper structures have many applications
to several sectors of both pure and applied sciences. Since then numerous
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mathematical papers [2,3,5,9] have been written investigating the algebraic
properties of the hyper BCK / BCI- KUalgebras . Jun and Xin [4] considered the
fuzzification of the notion of a (weak, strong, reflexive) hyper BCK-ideal, and
investigated the relations among them. In [9], Mostafa et al. applied the hyper
structures to KU- algebras and introduced the concept of a hyper KU-algebra
which is a generalization of a KU-algebra, and investigated some related
properties. They also introduced the notion of a hyper KU-ideal, a weak hyper KU-
ideal and gave relations between hyper KU-ideals and weak hyper KU-ideals.
Borzooei and Jun[ ] introduced intuitionistic fuzzification of (strong, weak, s-
weak) hyper BCK -ideals , and investigated related properties.

In this paper the concepts intuitionistic fuzzy dot theory of the ( s-weak — strong)
hyper KU-ideals in hyper KU-algebras are applied and the relations among them
are obtained.

2. PRELIMINARIES
Let H be anonempty setand P*(H) =P(H)\{¢} the family of the
nonempty subsets of H . A multi valued operation (said also hyper operation) "o "
on H isa function, which associates with every pair (x,y) €eH xH =H? anon
empty subset of H denoted x o y .An algebraic hyper structure or simply a hyper

structure is a non empty set H endowed with one or more hyper operations.
We shall use the Xo Yy instead of Xo{y}, {x}oy or {x}o{y}.

DEFINITION2.1[ 9]. Let H be a nonempty set and "o " a hyper operation onH ,

suchthat o:H xH — P"(H). Then H is called a hyper KU-algebra if it

contains a constant "0" and satisfies the following axioms: for all x,y,ze H
(HKU,) [(yez)e(XeZ)]<<Xey

(HKU,) xo0={0}

(HKU;)  Oox={x}

(HKU,) if x<<vy, y<<ximplies x=Yy.
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where x <<y is defined by 0 € yo x and forevery A,B < H , A<<B is defined
by Vae A,3b e B suchthat a <<b. In such case, we call “<<” the hyper
orderin H .

Note thatif A,B < H , then by Ao B we mean the subset Uao b of H.

aeA,beB

EXAMPLE 2.2.[9] . Let H ={0,1,2,3} be a set. Define hyper operation o on H
as follows:

0 1 2 3

10} | {1} {2} | {3}
{0} | {0} | {1} | {3}
{0} | {0} | {0} | {0.3}
{0} | {0} | {1} | {0.3}

o

WIN| | O

Then (H,0,0)is a hyper KU-algebra.

PROPOSITION 2.3.[9]. Let H be a hyper KU-algebra. Then forall X,y,ze H ,
the following statements hold:
(P) A < Bimplies A<< B, for all nonempty subsets A, B of H .

(P,) 020={0}.

(P) 0<< x.

(P) z<<z.

(Pg) Xez<<1z

(P) Ac0={0}.

(R)0-A=A.

(Fy) (02 0)ox={x} and (xo(0°x))={0}.
(P)Xox={x}<x=0

Lemma 2.4.[ 9]. In hyper KU-algebra(H,o,0), the following hold:
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X<<y imply yoz<<Xoz forall X,y,zeH.

LEMMA 2.5.[ 9]. In hyper KU-algebra (H ,0,0) , we have
Zo(yoX)=Yyo(zox) forall x,y,zeH.

LEMMA 2.6.[9].For all X,Yy,z € H, the following statements hold:
(i) Xoy<<Z<&Zoy<<X,

(i) 0<< A=0€eA,

(iii) ye (0o x) = y << X.

DESINITION 2.8.[3] Let H be a hyper K-algebra. An element a € H is called
to be a left(resp. right) scalar if ja ° x| = 1(resp. [x ca] = 1) forall Xe H.

THEOREM 2,9. Let H be a hyper KU-algebra. Then the set
S(H)={xeH |xox={0}} isaKU-algebra.

THEOREM 2.10.[3] Let H be a hyper KU-algebra such that forall X,ye H ,
(yoX)ox<<{y}.Then, H isaKU -algebra.

DEFINITION 2.11.[ 9]. Let A be a non-empty subset of a hyper KU-algebraH .
Then A is said to be a hyper ideal of H if

(HI)0eA,
(HI,)yeox<<Aandye A imply xe A forall x,ye X .

DEFINITION 2.12. [ 9].Let | be a non-empty subset of a hyper KU-algebra H
and Oel.Then, (1) | is called a weak hyper ideal of H if yoxc land yel

imply that xe |, forall Xx,ye H .
(2) | iscalled astrong hyper ideal of H if (yex)(11 #¢ and y el imply
that xel, forallx,ye H .
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DEFINITION 2.13. [9 ].For a hyper KU-algebras H , a non-empty subsetl — H ,
containing 0 are :1- A weak hyper KU-ideal of H if ao(boc)c land bel
imply aocel.

2- A hyper KU-ideal of H ifao(boc)<<land bel imply aocel.

3- A strong hyper KU-ideal of H if (VX,y e H )((ao(beoc)Nl #¢)and bel
imply accel.

EXAMPLE 2.14.[ 9]. LetH ={0,a, b, c}be a set with the following Cayley table

0 a b c
{0} | {a} | {b} | {c}
{0} | {0.a} | {0,b} | {b.c}
{0} | {ob} | {0} | {a}
{0} | {o,b} | {0} | {0.a}

Then H is a hyper KU-algebra. Take | = {O, b}, then | is a weak hyper ideal,

however, not a weak hyper KU-ideal of H as
bo(boc)c I, bel, but bec=agl.

OT|| Ofo

3. Intuitionistic fuzzy dot hyper KU —ideals
An Intuitionistic fuzzy set ( briefly | F S see[1]) A in a nonempty set H is an

object having the form A={(X, ££,(x), A(X)) | X € H}, where the function z,:

H —[01] and

A,: H —[0,1] denote the degree of membership and degree of non membership,
respectively and 0 < gz, (X) + A,(X) <1for all x e H . An intuitionistic fuzzy set
A={(X, 1,(X), 4,(X))| x € H}in H can be identified to an order

pair (1, Ag)in 1" x 1™ . We shall use the symbol A= (z,,4,).

The compliment of , is the fuzzy seton H given by £ (x):=1— u(x) for all
xeH .
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For every intuitionistic fuzzy sets Aon H we define
A = {(%, (), 11 ()| x & X}

Now some fuzzy logic concepts are reviewed .A fuzzy set ¢ inaset H isa
function g2:H —[0,1]. A fuzzyset ¢ inaset H is said to satisfy the inf (resp.
sup) property if for any subset T of H there exists X, € T such that
u(x,) = Ixrg 1(X) (resp. u(X,)=sup u(x)). Forafuzzy set 4 inXanda € [0,

1] theset 4 ={xe H | u(x) >t}

(resp 4, = {X eH|u(x)< t}) is called an upper (resp. lower) a level set of z .
If A={(X, 1, (X), A5 (X),x € H)}and B ={(X, 1 (X), A5 (X),x € H )} are any
two IFS of a set H , then

(1) FAcC B then 1, (X) < 15(X), A,(X) = A5 (X) .

(2) IfA=B then 1, (X)=z(X), A,(X) =4g(X).

(3) ANB ={(X, (1 " 125)(X), (A4 U 4 )(X)) | x € H , where

(a0 15)(¥) = Min{2z, (X), 25 (X}, (A U A ) (%) = Max {2, (X), 45 () ;

(4) AUB = {(X, (11 U 125)(X), (24 N 25 )(X)) | X € H |, where;

(Hn Y 1) (X) = max{:uA(X)huB (X)}' (A N A)(X) = min{ﬂ’A(X)fﬂ’B (X)};

LEMMA. Ifa,b,c,d € [0, 1], then
e-min{a,b}>ab
e-—max{a,b} <min{l,a+b}
e-—min{a.b,c.d}=min{a,c}.min{b,d}.

DEfiINITION 3.1. An intuitionistic set A = (££, A, ) in H issaid to be

an intuitionistic fuzzy dot hyper KU-subalgebra of H if it satisfies the inequalities:
inf 1(z) 2 u(x) ® p(y) and

ZeXoy

sup 4,(z) < max{A(x), A(y)} < minfl, A(x) + A(y)} ,Vx,y e H

Zexoy
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EXAMPLE 3.2. Let H ={0, a,b}be a set. Define hyper operation o on H as
follows:

of O a b
01{}] {af | )
a|fo}| {oa} | fab)
bl {o}| {0,a} |{0.a,b}

We know that (H ,0,0) is a hyper KU-algebra

Define an intuitionistic set A = (££5, A,) inH by p(0)=0.7,u(a)=0.5 ,
uw(b)=0.3, 1(0)=0.2, A(a)=0.4, A(b) =0.7.1tis easily verified that

A= (,uA ) /'LA) is intuitionistic fuzzy dot hyper sub-algebra of H .

PROPOSITION 3.3. Let A= (£,,4,) be a intuitionistic fuzzy dot hyper KU-sub-
algebra of H. Then £(0) > [(X)]* , 2,(0) < sup A,(z) < min{1,2A(x)} for all

ZeXoX

xeH.
PROOF. Using Proposition 2.3 (P, ), we see that 0 € x ° x for all x € H . Hence

1(0) > Oierlljx,u(O) > p(x) @ (X) =[u(X)] forall VxeH.
sup A, (z) < max{A(x), A(x)} < min{l, A(x) + 1(x)}

ZeXoX

2,(0) < sup 4, (z) < max{A(x), A(x)} < min{l, A(x) + A(X)}

ZeXoX

2,(0) < sup A, (z) < max{A(x), A(x)} < min{l,2A(x)}

ZeXoX

LEMMA 3.4. If A=(u,,A,)Is aintuitionistic fuzzy dot KU-sub-algebra of H ,
then sois A% = (s, ).
PROOF. inf 4(z) > min{u(x), u(y)} > u(x) ® u(y) and so

zZeyoX

min{l— yc(x),l—yc(y)} < Zir;]jx(l—yc(z)) =1-sup u°(z) . Hence

Zeyox
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minfL— 1€ (X)1— 1€ (y)}< 1- sup 4 (z) , which implies

ZeyoX

sup u°(z) <1- min{l—yC (x)1- (y)}. Therefore,

zZeyoXx

sup 4, (2) < max . (x), 4 (y) }< mingL, 4 (x)+ 4 (Y)}=, VX, y e H .

ZeyoX

THEOREM 3.5 . Every intuitionistic fuzzy hyper KU-sub-algebra of H isan
intuitionistic fuzzy dot hyper KU-sub-algebra of H .
PROOF. Let A= (u,,A,)be an intuitionistic fuzzy hyper KU-sub-algebra of H,

therefore we have
inf 4(z) > min{u(x), 1(y)} and sup 1, (z) < max{A(x), ()} ¥x,y € H , but
ZEXoY

min{(x), z(y)} 2 p(x) ® u(y) and

max{A(x), A(y)} < minfL, A(x) + ()} ¥,y e H .

Hence inf z1(z) > min{u(x), 11(y)} > p1(x) ® pu(y) and

sup 4,(z) < max{/l(x),/l(y)}s min{l, A(xX)+ A(y)} VX,y € H . This proves

ZeXoy

the theorem

THEOREM 3.6 If A=(u,,A,)and B= (g, Ag)are two intuitionistic fuzzy dot

hyper KU-sub-algebras of H , Then AnB is also an intuitionistic fuzzy dot
hyper KU-sub-algebra of H
Proof.. Let X,y € u, and g4, since u, and g are fuzzy dot hyper KU

subalgebras of H , Then we have:
(a0 115)(y o X) 2 Min{inf 11,(2), Inf g5 (2)F2 min{us, () # 10 (Y). (%) 15 (¥) 2

{min{zi, (x), 25 () e dmin{ee, (¥), 225 (¥) = ((ep N 225) (X)) ® (20 N 12 )(Y))

On other hand
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(Aa U Ag)(y © X) ={Sup 4,(2), SUp 25 (2)}< max{sup 4,(z),sup 2,(2)}<

max{min {1, Aa(X)+ A, (y)}, min{L, A5 (X) + 45 (y)}}g min{l, min[1, A, (X) + Az (X)]+ min[L, A; (y) + 45 ()

min{l, max[4,(x), A5 (X)1+ max[ 15 (y), A5 (Y)I} = mindL, (4, © 45) (X)) + (A5 © 45)(V))}
Hence AN B is also an intuitionistic fuzzy dot hyper KU-sub-algebra of H

COROLLARY 3.7. Let {A}_, ={(x4,4)|i € A} be afamily of intuitionistic
fuzzy dot hyper KU-sub algebras of H . Then ﬂ(ﬂi , A;) is also a intuitionistic

ieA

fuzzy dot hyper KU — sub algebras of H .

DEfiNITION3.8. An intuitionistic set A= (12, (), 4,(X))in H is called a
intuitionistic fuzzy dot hyper ideal of H , if it satisfies the following conditions:
K,: x<<y implies (x) > u(y) and 1,(X) < A,(y)

Kyt p(x) 2 Jinf () p(y),

A, (x) < max{ s(up)/l(a),i(y)} < mindl, s(up)ﬂ(a)+ﬂ(y)}
ae(yex ae(yox
DEfINITION3.9. For a hyper KU-algebra H , a intuitionistic
A={11,(X),24(x))” in H is called:
Q) intuitionistic fuzzy dot hyper KU-ideal of H ,if
K,: x<<y implies z(x) > z1(y)  4,(X) < A,(Y),
pa(xo2) Inf py(u)e y(y) . and

ue(xe(ye

;LA(on)Smax{ sup A(a),/’t(y)}zmin{l, sup A(a)+ A(y)}.

aexo(yoz) aexo(yez)

(1) intuitionistic fuzzy dot weak hyper KU-ideal of H” if, for any x;y; z € H
#1,(0) = g1, (X0 2) 2 ue(ingyoz)ﬂA(u) * 1n(y)
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A, (0) <A, (Xe2) < max{ sup A, (u), 2,(y) }s min{l, sup A,(u)+21,(y)}
ue(xo(yoz) ue(xo(yoz)

(1) intuitionistic fuzzy dot strong hyper KU-ideal of H  if, for any x; y; z € H

UE)i(p(Eoz),uA(u) 2 pp(2)2 sup g, (u) e pu(y),

uexo(yoz)

SUp 2, (W) <A@ <max|  inf Z,(W)A(y) j<minfL inf 2,(u)+2,(0)}

uexo(yoz)

DEFINITION 3.10. A intuitionistic set A= (z1,(X), 2,(X))in H is called a fuzzy
dot s-weak hyper KU-ideal of H if

() #4(0) 2 1, (x) , 2,(0) <4, (x) VxeH,

(ii) for every X,y,zeH there exists a € xo (y o z) such that

p(Xo2) = iy (@) o pa(Y) -
(iii) AA(on)Smax{ sup AA(a),AA(y)}Smin{l, sup A, (@)+ A, (Y)}
aexo(yoz) aexo(yoz)

EXAMPLE 3.11. Let H ={0,a,b}be a set with a binary operation o on H as
follows

QO o

Define an intuitionistic

(@

QD
O O] O o
|| —~—| ——
V| Ol @ |
|| =~ ——~

—~—

O

N——

{0,b} set

A= (s, A4) inHby p(0)=0.9,u(2)=0.6 , u(b)=0.3, A(0)=0.09,

A(a)=0.16 , A(b) =0.23 . It is easily verified that A = (,UA1 ﬂA) is
intuitionistic fuzzy dot strong hyper KU-ideal of H .
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THEOREM 3.12. Any intuitionistic fuzzy dot (weak, strong) hyper KU-ideal is a
intuitionistic fuzzy dot (weak, strong) hyper ideal.

PROOF. Let A={41,(x), 4,(X)) be intuitionistic a fuzzy dot strong hyper KU-
ideal of H, we get forany x; y;z € H, u,(xoz)> sup p,(u)eu,(y) Put x

uexo(yoz)
=0,weget 2£,(00z)> sup u,(u)eu,(y) , which gives,
ue0o(yoz)
Ha(2) 2 sup g, (u)e p,(y), and

ue(yez)

Ap(xo7) <max{ L 2,(u), 20 (Y) < mingL, inf 2, (u)+2,(y)} Take

x=0,we get
2500 2) <max{ inf  Aa(u)  2u(y) j< min{t, inf Aa(u) +2,(9)}=
ue0o(yoz ue0o(yoz

min{l, i(nf )/1A(u) +,(y)}, which gives
ue(yez
2,(2) < max | inf 4,(U) ., Z4(y) < min{t, inf 4,(u) + Z,(y)}
ue(yez ue(yez

Similarly ,we can prove for intuitionistic fuzzy dot weak is a intuitionistic fuzzy
dot weak hyper ideal. Ending the proof.

PROPOSITION 3.13. Let A= <yA(x),ﬂA(x)> be a intuitionistic fuzzy dot weak
hyper KU-ideal of H. If A={(1,(X), 2,(X)) satisfies the inf-sup property, then
A=(11,(x), A,(X)) is a intuitionistic fuzzy dot s-weak hyper KU -ideal of H.
PROOF. Since A=(11,(X), 24(x)) satisfies the inf property, there exists

a, € Xo(yoz),suchthat u,(a,) = aoeixrjg‘yoz) 1, (a,) 1t follows that

p,(Xoz) > aeip(toz) pa(a)e . (y) . Similarly since A={(1,(X), 2,(x)) satisfies
the sup property, there exists b, € xo (y o z) ,suchthat 1,(b,) = sup A,(a,) It

by exe(yoz)
follows that

Ap(Xoz) < max{ sup  A,(b), A,(Y) }S min{l, sup A,(b)+ A,(y)}.

bexo(yoz) bexo(yoz)
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Ending the proof.

Note that, in a finite hyper KU-algebra, every intuitionistic fuzzy dot set satisfies
(inf -sup) property. Hence the concept of intuitionistic fuzzy dot weak hyper KU -
ideals and intuitionistic fuzzy dot s-weak hyper KU-ideals coincide in a finite
hyper KU -algebra.

PROPOSITION 3.14. Let A=(,(x), 4,(X)) be a intuitionistic fuzzy dot strong
hyper KU-ideal of H and let x; y; z € H. Then

(i) 14(0) 2 25 (X), 24(0) < 2, (X)

(i) x <<y implies 2, (X) = w1, (Y) -

(i) 4y (x02)2 SUp 41, (2)e 1, (¥),Vaexo(yoz)

aexo(yoz)
(v) x <<y implies A,(X) <A,(y)
(iv)
/1A(xoz)smaxib inf  A,(0)  Zs() < minl, inf 4,(b) +2,(¥)}.
eXo(yoz eXo(yoz
PROOF. (i) Since 0 € xo X Vxe H ,we have u(0) > inf u(a) > u(x),

A(0) < sup A(b) < A(x) ,which proves (i).

bexox

(i) Let x; y € Hbesuchthat x<<y.Then Oe yox VX,y e H andso
bi(nf )yA(b) < u,(0), it follows from (i) that,
e(yeox

(X)) 2 min{ sup ,(a), a(Y) } 2 min{ﬂA(o)’ﬂA(y)}: 1Y),

ae(00x)

2500 < max{ inf 2,(6), 2,(y) J< max{2,(0), 24(y)} = 44 (y) and

(i) 4,(x02)2 SUp u,(@)e uy(y), Vaexo(yoz),

aexo(yoz)

Alxo07) < maxteigl;z)/l(b),/l(y)}g max {A(b), 2(y)} < min{L, A(b) + A(y)}, Vb € xo (yo z)

we conclude that (iii), (v), (iv) are true. Ending the proof.
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COROLLARY 3.15. Every intuitionistic fuzzy strong hyper KU-ideal is both a
intuitionistic fuzzy dot s-weak hyper KU-ideal (and hence a fuzzy dot weak hyper
ideal) and a intuitionistic fuzzy dot hyper KU -ideal.

PROOF. Straight forward.

PROPOSITION 3.16. Let A=(,(x), 4,(X)) be a intuitionistic fuzzy dot hyper
KU -ideal of H and letX, y,z € H . Then,(i) £,(0) > z£,(X), 2,(0) < A,(X)

(ii) if A=(u,(X),24(x)) satisfies the inf -sup property, then

Hp(Xo2) = p,(a) @ 1y (y), Vaexe(yez),

iA(XOZ)SmaX{ sup iA(b),iA(Y)}S{l, sup 4, (b) +2,(¥)}
bexe(yo2)

bexo(yoz) exo(yoz
PROOF. (i) Since 0 << x for each x € H ; we have z,(0) > z,(X),
A,(0) £ 4, (x) by (Definition 3.9(1)) and hence (i) holds.
(ii) Since A={(1,(X), 2,(x)) satisfies the inf property, there is
a, € Xo(yoz),such that
H(3g) = Inf  11,(a) Hence u,(xo2) 2 115(39) @ 1,(Y) . Since

A={(p1,(X),2,(x)) satisfies the sup- property, there is b, € X o (y o z) ,such
that A(b,)= sup A,(b).

bexo(yoz)

bexo(yoz)

Hence 4,(X02) < max{ sup A, (b) , A,(Y) }s min{l, A, (by)+ A,(Y)} .

which implies that (ii) is true. The proof is complete.

COROLLARY 3.17
(i) Every intuitionistic fuzzy hyper KU -ideal of H is a intuitionistic fuzzy dot weak
hyper ideal of H.

(i) If A={1,(X), 2, (X)) is an intuitionistic fuzzy dot hyper KU -ideal of H

satisfying inf-sup property, then A= <,uA(x),}tA(x)> is an intuitionistic fuzzy dot
s-weak Hyper KU -ideal of H.
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PROOF. Straightforward.

THEOREM 3.18 . If A={11,(X),4,(X))is an intuitionistic fuzzy dot strong hyper
KU-ideal of H , then the set 14 = {x eH, u,(X)>t,4,(x) < s} is a strong
hyper KU-ideal of H ,when z4 . # @, fort,s €[0]].
PROOF. Let A={(1,(X),24(X)) be an intuitionistic fuzzy dot strong hyper KU-
ideal of H and g #®, fort,se[01] .Then there ae and
sou,(a)>t,1,(a)<s .
By Proposition 3.14 (i), £,(0) > u,(a)>t, A(0) > A(a)<s andso

Oepy,. Let X,y,zeH such that Xo(yoz) iy #®dand yey, Then

there exist
8y, eXo(yoz)ny  and hence p,(a,) =t,4,(a,) <s .By Definition 3.9 (1II),
we have

uA(sz)z{ sup uA(a)-uA(y)}z{uA(a)wA(y)}z{t-t}=t2St and

aexo(yoz)

Au(xo2)<S] inf 2,(2), Au(y) j=S{ (@), 2,(¥) }=5{ s.5) }=s

Au(xo2)< max|, inf  2,(0) , 24(y) fSmax{ 2,(B:) . 2u(¥) }=s <{Ls +s}={1.25]

So (Xoz) e u,,. Itfollowsthat 4, isastrong hyper KU -ideal of H .
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