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A STUDY ON A PARTIALLY NULL CURVE IN Ej

ESEN IYIGUN

ABSTRACT. In this paper, we study with Frenet equations which are given in [3]
of a partially null curve in Semi- Euclidean 4-space E% with index 2. By using
the Frenet equations, we give some theorem and corollary. A characterization
of a hyperbolic partially null curve in ]E% is given. Additionally, we examine
harmonic curvatures and curvatures of this curve in Eg.

1. INTRODUCTION

Semi-Euclidean 4—space 3 with index 2 is the Euclidean 4—space E* equipped
with an indefinite flat metric g given by

g = —dz? — dai + da? + dx?,

where (z1,x9,x3,24) is a rectangular coordinate system of E%. A vector v =
(v1,v9,v3,v4) in Ej is a called a spacelike, a timelike or a null (lightlike), if re-
spectively holds g(v,v) > 0, g(v,v) < 0 or g(v,v) =0 and v # 0 = (0,0,0,0). The
norm of a vector v is given by |[v| = \/|g(v,v)|. Two vectors v and w in Ej are
said to be orthogonal, if g(v,w) = 0.

An arbitrary curve a = «(s) in Ej can locally be spacelike, timelike or null, if re-
spectively all of its velocity o' (s) are spacelike, timelike or null. Spacelike or timelike
curve «(s) is said to be parametrized by arclength functions s, if g(a/(s),a’(s)) =
+1. Let a,b be two spacelike vectors in Ej3, then, there is unique real number
0 < ¢ <, called angle between a and b, such that g(a,b) = ||a|| ||b]| cos .

We also recall that the pseudosphere S3 and the pseudohyperbolic space H3 are
the hyperquadrics in Ej, defined respectively by:

83(077’) = {aeE%:g(a—qa_C):TQ}’
Hi(c,—r) = {aeE%:g(a—qa_c):_TQ}’

where center ¢ and radius reR™ [I].
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Let a = (a1, as,as,a4), b = (by, by, b3,bs) and ¢ = (c1, co, €3, c4) be vectors in [E3.
The vector product in Ej is defined with the determinant
—€1 —€2 €3 ¢4
aq a9 az Q4
b1 by b3 by |’

&1 C2 C3 C4

alAbAc = —

where eq, es, €3, and e4 are coordinate direction vectors. Also, Frenet apparatus of
a partially null curve in B3 are

o’ (s) TANAQ"

T =a N(s) = ——2_ = - -
“© N = 1o P2 = [TANR

By = NATAB,

2. A ParmiaLLY NuLL CURVE IN Ej

Denote by {T'(s), N(s), B1(s), B2(s)} the moving Frenet frame along the curve
a = «afs) in E. Then T, N, By, By are, respectively, the tangent, the principal nor-
mal ;the first binormal and the second binormal vector fields. Recall that spacelike
curve with timelike principal normal and a null first and second binormal is called
a partially null curve in E3. Then for a partially null curve « in B3, the following
Frenet equations are given in [3]

N/} = b T LB o),

=K1 S) + Ko

Bi(s) = ka(s) Bu(s). 21)
Bl(s) = —eaka(s)N(s) — ks(s)Ba(s).

where T, N, By and By are mutually orthogonal vectors satisfying equations

g(T,T) =e1 = %1, g(N,N) = ey = +1, whereby e1e9 = —1,
9(B1, B2) =1, g(B1, B1) = g(Ba, B2) = 0, (2.2)
9(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(N, B2) = 0.

And here,

k1(s) = g(T"(s), N(s))ea,

ka(s) = g(N'(s), Ba(s)),

ks(s) = g(Bi(s), Ba(s))
are first, second and third curvature of the curve «, respectively. In the sequel, in
[3] prove that ks(s) = 0 for each s. Consequently, there are only two curvatures
k1(s) and ks(s) in this case. Thus, Frenet equations are as follows:

N/) = AT B (s
"(s) = k1(8)T'(s) + ka(s)B(s),
Bi(s) = 0, (23)
Bl(s) = —eaka(s)N(s).
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Theorem 1. [3]Let a be a partially null curve in Bs. {T, N, By, By} is the Frenet
frame of a. T, N, By, By are, respectively, the tangent, the principal normal, the

first binormal and the second binormal vector fields.

Then

g(I",T) = g(N', N) = g(By, B1) —9(35732) =0
g(T", N) = —g(
9(T", B1) = —g(T, B’)
g(N',B;) = —g(N, B}), (2.4)
g(BivBQ) g(BlvBé)7
9(T, By) = —g(T", By),
g(N', B2) = —g(N, B).

Theorem 2. Let o be a partially null curve in B3 with curvatures ki(s) # 0,
ka(s) # 0 and ks(s) = 0 for each s. {T,N, By, Ba} is the Frenet frame of «.
T, N, By, By are, respectively, the tangent, the principal normal, the first binormal
and the second binormal vector fields. Then

g(T",T) = g(T", B1) = g(T", B2) = g(N', By) = g(N',N) = 0,
g(B1,T) = g(By,N) = g(B1, B1) = g(Bj, B2) =0,
g(Bé’T) = g(Bé7B1) = Q(Bé,Bz) = Oa
g(Tlv N) = E2]{317
g(N/7T) :&'1]61,

g(N', By) = —g(Bj, N).

(2.5)

Corollary 1. There is only one curvature ki in a previous theorem.

Corollary 2. i) If ey = 1, then g(T',N) = k.
i) If eo = —1, then g(T", N) = —k;.
iii) If e1 = 1, then g(N',T) = ky.
i) If e1 = —1, then g(N',T) = —k;.

Theorem 3. Let o be a partially null curve in B3 with curvatures ki(s) # 0,
ka(s) # 0 and ks(s) = 0 for each s. {T,N, By, Ba} is the Frenet frame of a.
T, N, B, By are, respectively, the tangent, the principal normal, the first binormal
and the second binormal vector fields. Then

g(I",N) = g(T", B1) = g(N",T) = g(N", B) = g(N", Bz) = 0,
9(BY,T) = g(B{,N) = g(BY, B1) = g(BY, Bz) =9(By,N) = g(B3, B1) =0,
g(T",T) = —eok?,
9(T", Bz) = g(By,T) = kaks,
g(N",N) = —Elkl,
9(BY, Bz) = —e2ks.

Proof. By using Equations (2.2), (2.3) and (2.5), we obtain the proof of the theorem.
(I

Corollary 3. There are only two curvatures k1 and ko in a previous theorem.
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Corollary 4. i) If e = 1 then g(T",T) = —k? and g(BY, Bs) = —k3.
ii) If e3 = —1 then g(T",T) = k% and g(BY, Bs) = k3.
iii) If e1 = 1, then g(N",N) = —k3.
i) If e1 = —1, then g(N",N) = k3.

3. A HYPERBOLIC PARTIALLY NULL CURVE IN Ej

Theorem 4. [2]A partially null unit speed curve o(s) in By with curvatures ky # 0,
ko # 0 for each sel C R has ks =0 for each s.

Theorem 5. [2]Let o = a(s) be a unit speed partially null curve in By with curva-
tures k1 # 0, kg # 0 for each s. If « lies on S§ Lorentzian hypersphere, then

Ld (1N_
k2 ds kl = constant.

Theorem 6. Let a = a(s) be a partially null curve in B3 with curvatures ki # 0,
ko # 0 and k3 = 0 for each sel C R. If a lies on a pseudohyperbolic space H3(c, —r),
then

€2 ,
k1 = — = constant; ifeq =1,
r
where radius reR™ and with center c in Ej.

Proof. Let us suppose that o = a(s) lies on H3 with center c. By the definition,
we have

gla—c,a—c)=—r? (3.1)
for every sel C R. Differentiating (3.1), four times with respect to s and using
Frenet equations, we have, respectively,

9(T, a0 —c) =0,
€1
g(Naafc) = 7
ky
g(Bl,Oé - C) =0,
g(B2,a—¢) =0
Let us decompose o — ¢ by
__a
a—c= "
Finally, if we calculate
gla—c,a—c)=—r%

we easily obtain

€2
k1 = — = constant,
r

where is 5 = 1. O

1
Corollary 5. If o is a spacelike curve, that is, eo = 1 then ky = —.
T
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4. HARMONIC CURVATURES OF A PARTIALLY NULL CURVE IN ]
Definition 1. [6]Let a be a partially null curve in 3. The harmonic functions
H;:T—R , j=0,1

defined by

k
o (ks #0),
2

are called the harmonic curvatures of a. Here, k1 and ko are Frenet curvatures of
a.

{HO:O, H, =

Now, the Theorem 2 and the Theorem 3 can be given in terms of harmonic
curvatures as follows:

Theorem 7. Let « be a partially null curve in Bs. T, N, By are, respectively, the
tangent, the principal normal and the second binormal vector fields. Then

]{12
g(T/aN) = €2k2H17 g(T”aT) = _EngHIQa g(Bé/7Bg) = _62H7127
1

g(N',T) =e1koHy, g(N",N)= —e1k3H;, g(T",B2) = g(By,T) = kiH,
where k1, ko are curvatures and Hy is harmonic curvature of the curve a.

Proof. By using the definition of the harmonic curvatures, we obtain the proof of
the theorem. (]

Corollary 6. i) Ife; =1 then g(N',T) = koH; and g(N",N) = —k3H?3.
ii) If e1 = —1 then g(N',T) = —koHy and g(N”,N) = k3H?.
it1) If eg = 1, then

k2
g(T/7N) = k2H17 g(TNaT) = _k%H127 g(BngQ) = _H7112'
i) If eg = —1, then
k2
g(TlvN) = _k2H17 g(TN7T) = k%H127 g(Bé/vBQ) = Hillz

Theorem 8. Let o be a partially null curve in Bj where {T, N, By, By} is the
Frenet frame of a and k1, ko , k3 are curvatures of a. If k1 # 0,ky # 0 and ks =0
then

k4
VAT —kiT — 2L B, =0,
where VoT =T’ and V is the Levi-Civita connection of Ej.
Proof. Since ks = 0, from Equation (2.3), we have
ViT = kN = V2T = kyVpN = V3T = k1 VAN = VaT = k, Vi N.

Since
VTN = le + k2B17
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V2N = k2N,
we have
VAN = kT + kikoBy.
In that case
VaT = ki VN = kiT + klko By
Thus we have

ki4
4 4 1
T—-kT—-—/—B; =0
Vi 1 o, 1 )
k
Wherekgzﬁll. O
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