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 A Novel Method for Performance Evaluation of Alternatives: Lorentzian Distance 

Performance Measurement (LDPM) 

 

A R T I C L E  I N F O  
 

A B S T R A C T  
 

This study proposes the Lorentzian Distance Performance Measurement 

(LDPM), a novel squared difference based approach developed for multi-

criteria decision-making (MCDM) problems, enabling the comparative 

assessment of decision alternatives with respect to both ideal and anti-ideal 

reference points. In contrast, a substantial portion of conventional MCDM 

methods prevalent in the literature rely on one-sided distance measures, 

restrictive metric frameworks, or reference systems that overlook the 

relative configurations among alternatives. Such methodological constraints 

create a critical gap, particularly in decision environments where 

distributional characteristics exert a significant influence. The LDPM 

method addresses this gap by employing the Lorentzian Distance (LD) 

metric, distinguished by its high structural sensitivity and strong validity. 

This metric accentuates subtle differences while minimizing the 

disproportionate impact of large values, thereby effectively mitigating scale 

sensitivity issues. In an empirical application using the 2024 Global 

Innovation Index (GII) dataset, the method was evaluated with Entropy-

based criterion weights, and its performance was rigorously examined 

through sensitivity analysis, comparative evaluation, and simulation 

scenarios. The results demonstrate that LDPM produces statistically 

consistent and reliable rankings, exhibiting a high degree of correlation with 

widely recognized MCDM techniques. Accordingly, LDPM emerges as a 

robust, flexible, and scientifically rigorous evaluation framework, 

particularly well-suited for deterministic and uncertainty free decision-

making contexts. 
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1.  Introduction 

Multi-Criteria Decision-Making (MCDM) 

methodologies have established a robust position in 

the literature as powerful analytical frameworks that 

enable the simultaneous evaluation of multiple 

criteria in complex decision-making contexts  

 (Munier, 2024). Today, MCDM techniques are 

extensively applied across a wide spectrum of 

disciplines including engineering, economics, 

finance, healthcare, and management sciences where 

they significantly contribute to achieving more 

accurate and optimized decisions (Thakkar, 2021). 

Despite their widespread adoption, conventional 

MCDM approaches still exhibit certain inherent 

limitations (Lopez et al., 2023). In particular, these 

methods tend to assess alternatives either through 

absolute evaluation measures or via reference-based 
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comparison models. In the absolute evaluation 

paradigm, alternatives are appraised solely 

according to their own criterion values, which often 

fails to make the relative differences among them 

sufficiently evident (Triantaphyllou, 2010). 

Conversely, reference-based approaches typically 

rely on distance measures that may not fully capture 

the true structural similarities between criteria 

(Kulkarni, 2022). 

In this study, a novel MCDM approach termed 

Lorentzian Distance Performance Measurement 

(LDPM) is proposed to address the aforementioned 

limitations and to offer a more nuanced evaluation 

mechanism. Unlike conventional distance measures, 

the Lorentzian Distance builds upon the 

mathematical foundation of the Euclidean metric, 

yet it computes distances on a square-root scale 

based on the summation and subtraction of absolute 

differences. This distinctive formulation enables the 

identification of similarity patterns between sets 

with enhanced precision and reliability (Levy et al., 

2024). Within the existing body of literature, 

Lorentzian Distance has increasingly been 

recognized as a robust and dependable statistical–

mathematical tool for quantifying distributional 

disparities (Bernal et al., 2005). The proposed 

LDPM method systematically integrates Lorentzian 

Distance into the MCDM framework, facilitating a 

comparative assessment of alternatives with respect 

to both ideal and anti-ideal reference points. 

Consequently, the method provides a more detailed 

and sensitive decision model. The primary 

motivation behind this approach is to overcome the 

deficiencies in computational accuracy and data 

sensitivity frequently observed in existing MCDM 

techniques. The ultimate objective is to reveal the 

genuine performance differences among alternatives 

more clearly, thereby reducing ambiguities in 

scoring mechanisms and enhancing the overall 

reliability of the decision making process. 

The proposed method incorporates the LDPM into 

the structure of the decision model, aiming to 

overcome the sensitivity constraints commonly 

encountered in traditional distance based techniques. 

Furthermore, the LDPM approach not only 

strengthens absolute evaluation models by 

integrating ideal point comparisons, but also 

enhances measurement precision in reference based 

methods through its square root scaled scoring 

framework. Accordingly, the central objective of 

this study is to design, validate, and rigorously 

assess a novel decision support model grounded in 

the Lorentzian Distance metric, while systematically 

evaluating its performance relative to established 

MCDM techniques through comparative analyses. 

To this end, LDPM has been applied to diverse 

datasets, enabling a meticulous assessment of its 

computational accuracy, decision consistency, and 

methodological robustness. A comprehensive 

comparative analysis has been carried out against 

twelve widely recognized MCDM techniques, 

highlighting the unique advantages and structural 

distinctions of the proposed method. The ultimate 

goal is to establish a scientifically sound and 

practically reliable reference framework capable of 

capturing genuine performance differences among 

alternatives with greater accuracy, particularly in 

highly complex decision environments. In alignment 

with these objectives, the following methodology 

section details the theoretical foundations of the 

selected MCDM methods, the mathematical 

formulation of the Lorentzian Distance metric, the 

structural design of the proposed model, and the 

datasets employed. The discussion section of the 

study provides an in depth interpretation of the 

quantitative findings, whereas the conclusion section 

encompasses the recommendations and implications 

derived from the results.  

2.  Material and Methods 

2.1. Characteristic Attributes of the Assessed 

MCDM Methods 

MCDM methods are fundamentally built upon two 

primary paradigms. The first paradigm evaluates the 

performance of alternatives solely based on their 

own criterion values, without incorporating any 

reference points such as maximum, minimum, ideal, 

anti-ideal, or optimal, non optimal benchmarks. In 

other words, no direct comparison is made between 

alternatives; instead, each alternative is analyzed 

independently (Zavadskas et al., 2019). This 

approach offers decision makers a straightforward, 

direct, and practically applicable evaluation 

framework, particularly when dealing with 

heterogeneous datasets (Rosyidi, 2024; Thanh, 

2020). Within this paradigm, the Simple Additive 

Weighting (SAW) method calculates the 

performance score by multiplying normalized 

criterion values by their respective weights and 

summing the results (Churchman & Ackoff, 1954; 

Sotoudeh-Anvari et al., 2018). The Weighted 

Product Model (WPM), on the other hand, raises 

each normalized value to the power of its 

corresponding weight and multiplies them to obtain 

the final score (Goswami et al., 2020; Öztel & Alp, 

2020). In both cases, the analysis is conducted 

exclusively on the internal criterion data of each 

alternative, without direct inter-alternative 
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comparison (Bridgman, 1922). The Weighted 

Aggregated Sum Product Assessment (WASPAS) 

method combines the strengths of SAW and WPM 

by merging their respective scores in predetermined 

proportions to produce the final performance value 

(Demir & Kartal, 2020; Kaya & Karaşan, 2020). 

Like its predecessors, WASPAS adheres to the 

principle of evaluating alternatives solely based on 

their own criterion values (Zavadskas et al., 2012). 

Multi-Attribute Utility Theory (MAUT) constructs 

partial utility values by first normalizing the 

criterion data and then applying logarithmic or 

exponential transformations. These partial utilities 

are subsequently aggregated using the assigned 

weights to produce the overall utility score (Atan & 

Altan, 2020; Şahin, 2022). The primary emphasis of 

MAUT lies in revealing the intrinsic performance of 

each alternative rather than facilitating a direct 

comparative analysis among them (Keeney & 

Raiffa, 1976). 

The Range of Value Method (ROV) evaluates both 

benefit- and cost-oriented criteria within a unified 

framework, transforming them into a composite 

score through the arithmetic mean of the products 

and sums of weighted normalized values for each 

alternative (Uludağ & Doğan, 2021). Like MAUT, 

ROV assesses alternatives independently, without 

relying on an ideal or reference-based benchmark 

(Yakowitz et al., 1993). The Ordered Weighted 

Averaging (OWA) method, in turn, ranks the 

normalized criterion values of each alternative from 

highest to lowest and applies a predefined weight 

vector to this ordered set. The final performance 

score is then obtained by summing these weighted 

values (Merigó, 2019). By accounting for both the 

magnitude of criterion values and the preference 

structure specified by the decision maker, OWA 

offers a flexible, adaptive, and methodologically 

robust approach (Yager, 1998). In summary, 

methods such as SAW, WPM, WASPAS, MAUT, 

ROV, and OWA represent absolute evaluation 

approaches that measure the performance of 

alternatives solely based on their internal criterion 

values. The absence of a requirement for a 

comparative reference framework, coupled with 

their structural simplicity and computational 

efficiency, makes these techniques highly practical 

and easily interpretable decision-support tools for 

practitioners. 

Another major category of methods used for 

evaluating alternatives comprises comparative 

(reference-based) analyses. In this approach, 

alternatives are assessed not only according to their 

absolute criterion values but also by considering 

their relative positions with respect to other 

alternatives (Zeleny, 1984). This enables the 

incorporation of measures such as relative 

superiority, distance, and proximity into the decision 

making process, thereby substantially broadening 

the scope and enhancing the accuracy of the 

evaluation (Anand et al., 2022). In such methods, the 

performance of each alternative for every criterion is 

determined with reference to predefined benchmark 

points such as maximum, minimum, ideal, anti-

ideal, optimal, or non-optimal values (Belton & 

Stewart, 2002). To quantitatively express the 

advantages or disadvantages of alternatives relative 

to these benchmarks, mathematical tools such as 

distance measures, relative closeness coefficients, or 

positional indices are most commonly employed 

(Ishizaka and Nemery, 2013; Kaliszewski, et al., 

2016). 

Among the techniques within this category, the 

Technique for Order Preference by Similarity to 

Ideal Solution (TOPSIS) stands out as one of the 

most widely applied methods (Yıldırım & Çiftçi, 

2021). The core premise of TOPSIS is that the 

optimal alternative should have the shortest distance 

to the Positive Ideal Solution (PIS) and the farthest 

distance from the Negative Ideal Solution (NIS) 

(Başdar, 2019). The procedure begins by 

normalizing all criterion values to ensure their 

comparability (Tepe, 2021). For benefit-oriented 

criteria, the highest values are designated as ideal 

reference points, whereas for cost-oriented criteria, 

the lowest values define the ideal benchmarks. This 

step facilitates the identification of both ideal and 

anti ideal solution points (Aktaş et al., 2020). 

Subsequently, the Euclidean distances between each 

alternative’s normalized criterion values and both 

the ideal and anti ideal points are computed 

(Kaymaz et al., 2020). These calculated distances 

are then used to determine the relative closeness 

coefficient of each alternative to the positive ideal 

solution (Çelikbilek & Özdemir, 2020). This 

coefficient serves as a direct indicator of 

performance: a higher closeness value signifies that 

the alternative is both nearer to the ideal solution and 

more distant from the anti-ideal solution (Demirci, 

2020). 

The Measurement of Alternatives and Ranking 

according to the Compromise Solution (MARCOS) 

method is a comprehensive decision support 

approach designed to determine the relative utility 

levels of available alternatives (Stević et al., 2020). 

The process begins with the identification of the 

ideal (best) and anti-ideal (worst) solutions based on 
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the initial values contained in the decision matrix. In 

this context, the ideal solution represents the 

scenario with the highest values for benefit-oriented 

criteria and the lowest values for cost-oriented 

criteria (Ecer, 2020). Subsequently, utility functions 

for each alternative are calculated, taking into 

account the corresponding criterion weights. At this 

stage, the performance of each alternative is 

evaluated according to its proportional closeness to 

both the ideal and anti-ideal reference points (Dua, 

2024). In this regard, the MARCOS method 

possesses a holistic structure that not only considers 

absolute performance values but also positions each 

alternative within the decision space relative to 

optimal and non-optimal benchmarks (Roshanravan, 

2025). 

The Weighted Euclidean Distance Based Approach 

(WEDBA) is a systematic and analytical method 

employed in MCDM problems to evaluate the 

performance of alternatives (Kaya et al., 2024). In 

the first stage, the decision matrix is standardized to 

ensure comparability across criteria measured on 

different scales. Next, for each criterion, the highest 

value in benefit-type criteria and the lowest value in 

cost-type criteria are designated as the ideal 

reference points, with corresponding anti-ideal 

values also defined (Demir, 2021). Thereafter, the 

Euclidean distances of each alternative from both the 

ideal and anti-ideal reference points are computed. 

An alternative that is closer to the ideal solution and 

farther from the anti-ideal solution is considered to 

exhibit superior performance (Rao et al., 2022a). By 

simultaneously considering both positive and 

negative reference perspectives, WEDBA enables a 

balanced and comprehensive ranking of alternatives 

within the decision space (Rao et al., 2022b). 

The Compromise Ranking of Alternatives from 

Distance to Ideal Solution (CRADIS) method is an 

evaluation approach that assesses the performance of 

alternatives based on their proximity to ideal and 

anti-ideal solutions (Puška et al., 2023). In the first 

stage, each criterion value is multiplied by its 

corresponding weight to construct the weighted 

decision matrix. Subsequently, the ideal and anti-

ideal reference points are determined for each 

criterion (Ha, 2023). The next step involves 

calculating the distances of each alternative from 

these reference points. A shorter distance to the ideal 

point indicates higher performance, whereas a 

greater distance from the anti-ideal point reflects a 

stronger ability to avoid undesirable outcomes 

(Taşcı, 2023). By simultaneously considering these 

two distance measures, the CRADIS method enables 

a balanced and comprehensive ranking of 

alternatives (Puška et al., 2022). 

The Multi-Attribute Ideal-Real Comparative 

Analysis (MAIRCA) method offers a unique and 

innovative framework that aims to minimize the 

discrepancy between the theoretical and actual 

performances of alternatives (Ecer, 2020). Initially, 

the selection probability for each alternative is 

calculated based on the decision matrix. These 

probabilities are then combined with the criterion 

weights to construct the theoretical evaluation 

matrix, which represents the ideal expectations of 

the decision maker (Trung & Nhu-Tung, 2022). In 

the following stage, the actual evaluation matrix is 

built by considering the distances to minimum 

values for benefit-oriented criteria and maximum 

values for cost-oriented criteria (Keleş, 2023). The 

final step quantifies the deviation between the 

theoretical and actual performance values. A smaller 

deviation signifies that the alternative aligns more 

closely with the decision maker’s expectations, 

thereby indicating superior performance (Gigovic, et 

al., 2016). 

The Combined Compromise Solution (COCOSO) 

method, within the context of MCDM, provides an 

integrated decision-making framework that 

evaluates alternatives based on both their intrinsic 

criterion-specific performance and their relative 

positioning compared to other options (Ghosh et al., 

2025). This hybrid approach incorporates three 

distinct evaluation strategies within a unified 

structure. First, the scores obtained from the SAW 

and WPM methods are aggregated and normalized, 

thereby highlighting each alternative’s individual 

performance across all criteria (Ecer, 2020). Second, 

these scores are normalized relative to the lowest 

observed values, enabling the assessment of each 

alternative’s performance in comparison with the 

worst performing option (Keleş, 2023). Third, 

normalization is performed with respect to the 

maximum values, thus measuring the proximity of 

each alternative to the ideal solution (Yazdani et al., 

2018). 

2.2. Lorentzian Distance 

Lorentzian distance (LD) is a specialized measure 

defined on Lorentzian manifolds, which serve as the 

mathematical foundation of general relativity for 

modeling the geometry of space time. In contrast to 

classical Riemannian distances, LD captures the 

causal relationships between events, with a 

particular emphasis on the temporal dimension 

(Minguzzi & Sanchez, 2008). This measure is well-

defined exclusively for time like curves trajectories 
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representing the possible motion of particles 

traveling below the speed of light and is therefore 

applicable only to event pairs that are causally 

connected (Beem et al., 1996). Unlike traditional 

metric functions, LD does not satisfy the complete 

set of axioms required of a metric space, notably 

universal definability for all point pairs. For events 

connected solely through space like or null paths, the 

Lorentzian distance is either undefined or assigned a 

value of zero (Minguzzi, 2008). Consequently, it 

yields a strictly positive value only when the two 

events are chronologically related meaning one lies 

in the causal past or future of the other. In such 

cases, the distance is well-defined only if there exists 

at least one future-directed time-like curve 

connecting them (Kunzinger & Sämann, 2018). 

A defining distinction between Lorentzian and 

Riemannian geometry lies in the fact that LD is 

determined not by the shortest, but by the longest 

possible path specifically, the supremum of proper 

time across all admissible time like curves. 

Accordingly, the Lorentzian distance between two 

causally related events corresponds to the proper 

time along the longest time like trajectory joining 

them (O’neill, 1983). This property has direct 

physical relevance, such as in calculating the elapsed 

time experienced by a freely falling observer, since 

Lorentzian geodesics represent paths of maximum 

proper time (Sachs & Wu, 1977). In globally 

hyperbolic space-times, the LD exhibits both 

finiteness and continuity for any causally connected 

event pair, making it an essential tool for analyzing 

the topological, geometric, and physical 

characteristics of space time manifolds (Bernal & 

Sánchez, 2005). Beyond its role in quantifying 

separation, the LD function is pivotal in 

reconstructing the causal structure of space-time 

itself (Minguzzi & Sanchez, 2008). Interestingly, 

adaptations of LD have emerged outside its classical 

domain in mathematical physics. In machine 

learning, pattern recognition, and data mining, a 

modified form of the metric has been proposed as an 

alternative to conventional distance measures. Here, 

it is formulated as a transformation of the classical 

Euclidean distance, tailored to account for 

asymmetric contributions of certain features in high 

dimensional datasets. Given two data points 𝑃 =
{𝑝1, 𝑝2, 𝑝3, … . . 𝑝𝑑}, 𝑄 = {𝑞1, 𝑞2, 𝑞3, … . . 𝑞𝑛} and 
the LD is defined as Equation 1 (Levy et al., 2024). 

𝑑𝐿𝑜𝑟. = √(∑ |𝑃𝑖 − 𝑄𝑖|2
𝑑−1
𝑖=1 ) − |𝑃𝑑 − 𝑄𝑑|2      (1) 

A notable characteristic of this formulation is the 

negative sign applied to the final dimension, which 

proves advantageous in classification tasks where 

certain attributes such as time-dependent variables 

exert an inverse influence. However, this function is 

not universally applicable; when the term under the 

square root becomes negative, the result is undefined 

in the real domain. Consequently, it does not fully 

meet the axiomatic requirements of a proper metric 

(Kerimbekov et al., 2016). Compared with classical 

distance measures such as Euclidean, Manhattan, or 

Cosine similarity, the LD offers enhanced flexibility 

in modeling neighborhood relationships for specific 

data configurations. In particular, the LD Classifier 

for Multiple Features (LDCMF) incorporates a 

negative contribution from the last feature 

dimension, enabling it to capture structured 

interdependencies within datasets more effectively. 

This allows points that may appear distant under the 

Euclidean metric but are structurally similar to have 

near zero or even zero LD. Such a property provides 

substantial advantages in neighbourhood based 

classification algorithms, including k-Nearest 

Neighbors (k-NN). Empirical evaluations on 

publicly available datasets such as GESTURE, 

WINE, VERTEBRAL, and RELAX indicate that 

LDCMF achieves superior classification accuracy 

compared to k-NN, Linear Discriminant Analysis 

(LDA), and Support Vector Machines (SVM) (Bilge 

et al., 2015). Moreover, studies report that the LD 

metric demonstrates greater resilience to noise and 

outliers, preserving classification performance even 

under challenging data conditions. While 

comprehensive comparative analyses remain limited, 

selected datasets reveal that LD can surpass 

alternative measures such as Manhattan, Cosine, and 

Bhattacharyya distances under certain scenarios 

(TradingView, 2023). Although LD does not 

consistently satisfy all metric space properties such 

as positivity and the triangle inequality it 

nonetheless offers practical utility in data analysis 

and classification. Particularly in contexts involving 

complex data geometries or variables with inverse 

effects, LD serves as a robust and insightful 

alternative to more conventional metrics such as the 

Euclidean distance. 

2.3. Proposed Method: Lorentzian Distance 

Performance Measurement (LDPM) 

Method 

Within reference-oriented comparative evaluation 

frameworks, the performance of decision 

alternatives across multiple criteria is analyzed with 

respect to specific benchmark values such as ideal, 

anti-ideal, maximum, minimum, optimal, or 

suboptimal points (Lopez et al., 2023). The primary 

objective of this approach is to determine the 

positional status of each alternative relative to these 
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reference points and, in doing so, to quantify its 

degree of relative superiority in an impartial and 

systematic manner. To accurately reflect these 

relationships, a variety of quantitative techniques 

such as distance measures, proximity indices, and 

relative closeness coefficients are employed. This 

ensures that the decision making process is not 

limited to evaluating the absolute values of criteria 

alone, but also incorporates the spatial distribution 

of alternatives in relation to predefined reference 

positions. Such an integrated perspective imparts 

greater nuance, comprehensiveness, and analytical 

rigor to the evaluation process (Kulkarni, 2022). The 

method proposed in this study is designed in 

alignment with this reference-based paradigm. 

Specifically, the approach operationalizes the LD 

metric to evaluate the similarity between each 

alternative and the maximum and minimum 

reference points derived from the set of alternatives, 

using weighted and normalized performance values. 

This enables the structural analysis of each 

alternative’s distance from these reference points, 

facilitating a systematic and comparative evaluation 

process. Within this framework, although its 

foundations lie in relativistic geometry, the 

Lorentzian distance is reinterpreted and 

operationalized here as a statistical metric tailored to 

the analytical requirements of MCDM 

applications.The sequential steps of the proposed 

method are presented in detail in the subsequent 

section. 

𝑖: 1, 2, 3. . . 𝑚, where 𝑚 represents the number of 

decision alternatives 

𝑗: 1, 2, 3, . . . 𝑛, where 𝑛 represents the number of 

criteria 

𝐷𝑀: Decision matrix 

𝐶𝑅𝑇: Criterion 

𝐴𝐿𝑇: Alterntive  

𝑥𝑖𝑗: "𝑥" represents the 𝑖 − 𝑡ℎ decision alternative on 

the 𝑗 − 𝑡ℎ criterion. 

Step 1: Construction of the Initial Decision Matrix 

(𝑋) 

In the opening stage of the proposed methodology, 

the decision matrix is established, as expressed in 

Equation 2. At this stage, the quantitative 

performance measures corresponding to each 

alternative evaluated against the defined assessment 

criteria are systematically compiled into a well-

structured matrix format. This matrix forms the 

primary dataset that underpins all subsequent 

MCDM procedures, serving as the essential 

analytical foundation upon which the ensuing 

computational processes are built. 

𝑋 = [𝑥𝑖𝑗]𝑏𝑥𝑐
=

𝐴𝐿𝑇
𝐴𝐿𝑇1

𝐴𝐿𝑇2

⋮
𝐴𝐿𝑇𝑚 [

 
 
 
 
𝐶𝑅𝑇1 𝐶𝑅𝑇2 … 𝐶𝑅𝑇𝑛

𝑥11 𝑥12 … 𝑥1𝑛

𝑥21 𝑥22 … 𝑥2𝑛

⋮ ⋮ … ⋮
𝑥𝑚1 𝑥𝑚2 … 𝑥𝑚𝑛 ]

 
 
 
 

                            (2)  

Step 2: Construction of the Normalized Decision 

Matrix (𝑋∗) 

At this stage, the raw data contained in the initial 

decision matrix undergoes a normalization process 

to establish uniformity and facilitate meaningful 

comparisons across all evaluation criteria. For this 

purpose, benefit-oriented criteria are normalized in 

accordance with Equation 3, whereas cost-oriented 

criteria are adjusted following the transformation 

defined in Equation 4. Upon completion of these 

procedures, the normalized decision matrix is 

systematically generated as prescribed by Equation 

5. This transformation results in a standardized and 

dimensionless dataset, providing a robust and 

coherent quantitative foundation for the subsequent 

phases of the multi-criteria evaluation process. 

𝑥𝑖𝑗
∗ =

𝑥𝑖𝑗

𝑥𝑖𝑗
𝑚𝑎𝑥                                                                       (3) 

𝑥𝑖𝑗
∗ =

𝑥𝑖𝑗
𝑚𝑖𝑛

𝑥𝑖𝑗
                                                                       (4) 

𝑋∗ = [𝑥𝑖𝑗]
∗

=

𝐴𝐿𝑇
𝐴𝐿𝑇1

𝐴𝐿𝑇2

⋮
𝐴𝐿𝑇𝑚 [

 
 
 
 
𝐶𝑅𝑇1 𝐶𝑅𝑇2 … 𝐶𝑅𝑇𝑛

𝑥11
∗ 𝑥12

∗ … 𝑥1𝑛
∗

𝑥21
∗ 𝑥22

∗ … 𝑥2𝑛
∗

⋮ ⋮ … ⋮
𝑥𝑚1

∗ 𝑥𝑚2
∗ … 𝑥𝑚𝑛

∗]
 
 
 
 

                        (5) 

Step 3: Construction of the Weighted Normalized 

Decision Matrix (𝑤𝑋∗) 

The square-root scaling of LD plays a critical role in 

ensuring both statistical and geometric coherence 

within the proposed method. This transformation 

prevents disproportionately large differences from 

dominating the evaluation, thereby enhancing 

sensitivity to subtle variations and enabling more 

effective identification of fine performance 

distinctions among alternatives in MCDM contexts. 

Moreover, because the square-root transformation is 

inherently consistent with the fundamental 

mathematical formulation of LD, it preserves the 
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structural integrity of the methodology. In this stage, 

each element of the normalized decision matrix 

corresponding to a given criterion is multiplied by 

that criterion’s respective weight, as specified in 

Equation 6. This operation integrates the relative 

importance of each criterion directly into the 

evaluation process. Following this weighting 

procedure, the weighted normalized decision matrix 

is established according to Equation 7. The resulting 

matrix provides a more refined representation of the 

dataset, simultaneously capturing both the scaled 

performance values and the assigned significance 

levels of the criteria. This weighted structure serves 

as the computational foundation for the subsequent 

stage of the MCDM methodology. 

𝑤𝑥𝑖𝑗
∗ = 𝑤𝐶𝑅𝑇𝑗

∗  𝑥𝑖𝑗
∗                                                    (6) 

𝑤𝑋∗ = [𝑤𝑥𝑖𝑗]
∗
= 

𝐴𝐿𝑇
𝐴𝐿𝑇1

𝐴𝐿𝑇2

⋮
𝐴𝐿𝑇𝑚

𝐴𝐿𝑇𝑚𝑎𝑥.

𝐴𝐿𝑇𝑚𝑖𝑛. [
 
 
 
 
 
 
 

𝐶𝑅𝑇1

𝑤1𝑥11
∗

      𝐶𝑅𝑇2

       𝑤2𝑥12
∗

𝑤1𝑥21
∗

⋮
𝑤1𝑥𝑚1

∗

𝑀𝑎𝑥.𝐶𝑅𝑇1

𝑀𝑖𝑛.𝐶𝑅𝑇1

       𝑤2𝑥22
∗

      ⋮
      𝑤2𝑥𝑚2

∗

       𝑀𝑎𝑥.𝐶𝑅𝑇2

      𝑀𝑖𝑛.𝐶𝑅𝑇2

…
…
…
⋮
…
…
…

𝐶𝑅𝑇𝑛

𝑤𝑛𝑥1𝑛
∗

𝑤𝑛𝑥2𝑛
∗

⋮
𝑤𝑛𝑥𝑚𝑛

∗

    𝑀𝑎𝑥.𝐶𝑅𝑇𝑛

   𝑀𝑖𝑛.𝐶𝑅𝑇𝑛 ]
 
 
 
 
 
 
 

         (7)  

Step 4: Calculation of the Lorentzian Distance 

between Alternatives and the Maximum Scores  

(𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒), 
(𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒)  

n this analytical stage, the Lorentzian Distance (LD) 

metric is systematically utilized to quantitatively 

determine the positional deviation of each decision 

alternative from two fundamental benchmark 

vectors: the maximum (ideal) performance vector, 

representing the theoretically optimal achievement 

across all criteria, and the minimum (anti-ideal) 

performance vector, reflecting the least favorable 

empirical outcomes. The ideal reference vector 

encapsulates the upper boundary of observed 

performance, thereby functioning as a normative 

target for comparison, whereas the anti-ideal vector 

delineates the lower boundary, establishing a 

baseline of suboptimal achievement. Calculating LD 

values between each alternative and these reference 

vectors enables the explicit characterization of 

relational proximity, directional movement, and 

structural divergence within the multidimensional 

decision space. 

Such distance computations provide a geometric 

representation of performance disparities, allowing 

the method to capture subtle distributional 

variations, nonlinear relationships, and criterion-

specific contributions more effectively than classical 

Euclidean- or Manhattan-based measures. When 

applied to weighted and normalized datasets, the LD 

metric further strengthens interpretability by 

integrating both scale-adjusted performance values 

and decision-maker-defined importance levels into 

the distance calculation. This dual consideration 

yields a more comprehensive and statistically 

coherent assessment of superiority, inferiority, and 

relative competitiveness among alternatives. 

Moreover, the enhanced sensitivity, discriminatory 

capacity, and robustness of the LD metric contribute 

to minimizing information loss, improving 

separation among closely ranked options, and 

increasing the overall analytical reliability of the 

evaluation process. Consequently, the incorporation 

of LD at this phase represents a critical 

methodological advancement, ensuring deeper 

structural insight, greater comparative precision, and 

stronger decision-support validity. 

𝑥𝑚𝑎𝑥.
∗ = {𝑀𝑎𝑥.𝐶𝑅𝑇1

,        𝑀𝑎𝑥.𝐶𝑅𝑇2
…… .     𝑀𝑎𝑥.𝐶𝑅𝑇𝑛

 }                                                                                                      (8) 

(𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑎𝑥.)(𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) = √(∑ |𝑀𝑎𝑥.𝐶𝑅𝑇𝑗
− 𝑤𝑗𝑥𝑖𝑗

∗ |
2

𝑛−1
𝑖=1 ) − |𝑀𝑎𝑥.𝐶𝑅𝑇𝑛

− 𝑤𝑛𝑥𝑖𝑗
∗ |

2
                             (9) 

= √(|𝑀𝑎𝑥.𝐶𝑅𝑇1
− 𝑤1𝑥1𝑗

∗ |
2

+ |𝑀𝑎𝑥.𝐶𝑅𝑇2
− 𝑤2𝑥1𝑗

∗ |
2

… . ) − |𝑀𝑎𝑥.𝐶𝑅𝑇𝑛
− 𝑤𝑛𝑥𝑖𝑛

∗ |
2
                                                                (10) 

𝑥𝑚𝑖𝑛.
∗ = {𝑀𝑖𝑛.𝐶𝑅𝑇1

,        𝑀𝑖𝑛.𝐶𝑅𝑇2
…… .     𝑀𝑖𝑛.𝐶𝑅𝑇𝑛

 }                                                                                                        (11) 

(𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑖𝑛.)(𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑖𝑛.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) = √(∑ |𝑀𝑖𝑛.𝐶𝑅𝑇𝑗
− 𝑤𝑗𝑥𝑖𝑗

∗ |
2

𝑛−1

𝑖=1

) − |𝑀𝑖𝑛.𝐶𝑅𝑇𝑛
− 𝑤𝑛𝑥𝑖𝑗

∗ |
2
                                     (12) 
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= √(|𝑀𝑖𝑛.𝐶𝑅𝑇1
− 𝑤1𝑥1𝑗

∗ |
2

+ |𝑀𝑖𝑛.𝐶𝑅𝑇2
− 𝑤2𝑥1𝑗

∗ |
2

… . ) − |𝑀𝑖𝑛.𝐶𝑅𝑇𝑛
− 𝑤𝑛𝑥𝑖𝑛

∗ |
2
                                                                        (13) 

Step 5. Transformation of LD to Lorentzian Similarity

((𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦), (𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦)) 

In the proposed methodological framework, the 

Lorentzian Distance (LD) initially serves as a 

quantitative indicator of how far each alternative lies 

from the ideal and anti-ideal benchmark vectors, 

thereby establishing the fundamental structural 

relationships within the decision space. However, 

raw distance values despite their geometric rigor do 

not inherently convey the degree of superiority, 

inferiority, or practical desirability of an alternative 

in an interpretable or decision-oriented manner. 

Distance magnitudes may vary considerably across 

criteria due to differences in measurement units, 

value ranges, variance levels, or distributional 

characteristics, which may unintentionally introduce 

scale-driven bias or obscure meaningful comparative 

insights. For this reason, LD must be systematically 

transformed into a standardized evaluative 

construct.Accordingly, Step 5 operationalizes a 

crucial conversion in which LD values are 

reformulated into an inverse, bounded, and 

dimensionless similarity index known as Lorentzian 

Similarity (LS). This transformation, grounded in 

the distance-to-similarity conversion framework 

originally proposed by Todeschini et al. (2007), 

rescales all LD outputs into a normalized interval 

between 0 and 1, where values closer to 1 signify 

stronger alignment with the reference point and 

values approaching 0 indicate weaker proximity. By 

establishing a uniform metric space, LS neutralizes 

the influence of heterogeneous criterion scales, 

eliminates distortions arising from extreme values, 

and enables direct comparability across alternatives 

regardless of the underlying data structure. 

More importantly, LS reframes evaluation from a 

purely geometric separation model to a cognitively 

intuitive proximity-based performance 

representation. Instead of assessing how distant an 

alternative is, decision-makers can explicitly observe 

how strongly it resembles the ideal or diverges from 

the anti-ideal benchmark. Following this 

transformation, Equation 15 quantifies the similarity 

of each alternative to the optimal (ideal) 

performance profile, while Equation 16 measures its 

resemblance to the least desirable (anti-ideal) 

configuration. This dual similarity formulation 

rather than relying on a single proximity measure 

provides a richer interpretive context by capturing 

upward performance potential and downward risk 

simultaneously. 

Through this process, multidimensional performance 

information becomes more analytically tractable, 

perceptually meaningful, and decision-support 

oriented. The resulting LS values enhance model 

interpretability, strengthen comparative clarity 

among closely ranked alternatives, and support more 

precise discrimination in complex evaluation 

environments. Collectively, this transformation 

underscores a pivotal methodological advancement, 

ensuring that the LD-based evaluation framework 

remains both mathematically rigorous and 

practically aligned with real-world decision-making 

needs. 

 

 

 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑡𝑦 =
1

1 + 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒
                                                                                                                                                 (14) 

(𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑎𝑥.) = 𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 =
1

1 + 𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒
                                                (15) 

(𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑖𝑛.)𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 =
1

1 + 𝐿𝐷(𝐴𝐿𝑇𝑖 , 𝐴𝐿𝑇𝑚𝑖𝑛.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒

                                                                              (16) 

Step 6: Calculation of Maximum Superiority Ratios for Alternatives (𝑀𝑆𝑅𝑖) 

In the final stage of the proposed methodology (Step 

6), the two previously obtained similarity 

coefficients namely 〖LD〗(Sim↔Max.), 

representing the degree of closeness to the ideal 

performance vector, and 〖LD〗(Sim↔Min.), 

expressing the similarity to the anti-ideal 
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performance vector are combined through a 

proportional division to compute the Maximum 

Superiority Ratio (MSR). This mathematical 

transformation serves a critical conceptual function: 

rather than interpreting similarity values in isolation, 

it synthesizes them into a single, balanced, and 

directionally meaningful performance indicator. In 

doing so, it ensures that an alternative is not 

considered superior solely because it is close to the 

ideal benchmark, but also because it maintains 

adequate separation from the least desirable 

outcome. 

Thus, the resulting 〖MSR〗_i value operates as the 

definitive superiority measure within the decision 

model, offering a holistic and structurally coherent 

representation of each alternative’s standing in the 

multidimensional decision space. As expressed in 

Equation 17, the similarity of an alternative to the 

optimal reference point is proportionally moderated 

by its similarity to the anti-optimal reference, 

yielding a ratio that reflects its net comparative 

advantage. This formulation captures the 

performance trade-off between desirable and 

undesirable characteristics, thereby preventing 

misleading interpretations that may arise when only 

one directional reference is considered. 

Conceptually, MSR quantifies how strongly an 

alternative aligns with the ideal configuration 

relative to how closely it resembles the worst-case 

scenario. By expressing this relationship in 

proportional terms rather than absolute magnitudes, 

the metric enhances interpretability, improves 

comparability across alternatives, and mitigates 

distortions caused by scale differences or 

distributional imbalances. Consequently, MSR 

functions as a refined, discriminative, and decision-

oriented performance index enabling clearer 

prioritization, more robust ranking stability, and 

more informative analytical insights within multi-

criteria evaluation settings. 

𝑀𝑆𝑅𝑖 =
(𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑎𝑥.) = 𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦

(𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑖𝑛.) = 𝐿𝐷(𝐴𝐿𝑇𝑖, 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦
                                                                                               (17) 

In this context, the structural framework of the 

proposed LDPM methodology formulated on the 

basis of the mathematical procedures outlined above 

is conceptually represented as a model in Figure 1. 

 

Figure  1 : LDPM model 

First and foremost, the proposed LDPM method 

adopts a reference-based approach that 

quantitatively evaluates the performance of each 

alternative by measuring its similarity to both 

maximum and minimum reference points. Similar to 

the TOPSIS method, this approach moves beyond 

traditional techniques that rely solely on absolute 

performance values, incorporating the positional 

relationships of alternatives relative to ideal 

solutions into the analysis (Hwang & Yoon, 1981). 

In doing so, it reveals the relative superiority levels 

of alternatives with greater precision and detail. 

Second, akin to the CODAS method, the proposed 

approach utilizes similarity measures derived from 

Euclidean distance, thereby demonstrating a strong 

capability to detect subtle performance differences 

between alternatives particularly in complex and 

multidimensional decision making contexts 

(Keshavarz Ghorabaee et al., 2016). The Euclidean 

distance, grounded in statistical and geometric 

theory, enables meaningful and consistent 

comparisons across multiple criteria (Rao & Sing, 

2012). Within the framework of LD, this structural 

robustness allows the method to deliver more 
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sensitive and discriminative results compared to 

classical measures such as Hellinger and Matusita 

distances (Bilge et al., 2015). Moreover, similar to 

the MARCOS method, the LDPM evaluates each 

alternative’s proximity to both ideal (maximum) and 

anti-ideal (minimum) reference points independently 

(Stević et al., 2020). This bidirectional assessment 

framework not only considers how close an 

alternative is to the best outcome but also how far it 

is from the worst scenario, providing a 

comprehensive perspective. As a result, the method 

enables a more balanced and robust ranking of 

alternatives within a multidimensional decision 

space. Fourth, the integration of LD further 

strengthens the statistical integrity and sample 

sensitivity of the method. This metric ensures stable 

and consistent results even in cases where the 

dataset is small or potentially noisy. Its low 

sensitivity to outliers preserves the method’s 

reliability under limited data conditions, thereby 

making it a powerful decision-support tool 

(Minguzzi, 2008). Fifth, in a manner similar to the 

WISP method, the LDPM incorporates the 

calculation of performance scores based on 

maximum superiority ratios, enabling decision 

makers to clearly distinguish the relative advantages 

among alternatives (Stanujkic et al., 2023). This 

ratio reflects each alternative’s superiority over the 

ideal solution while simultaneously accounting for 

its distance from the anti ideal solution, rendering 

the evaluation more interpretable, comparable, and 

directly applicable. Finally, the LDPM model 

effectively integrates the influence of criterion 

weights into the MCDM process, ensuring that the 

relative importance of different criteria is accurately 

represented in the final outcome. This feature 

enhances the flexibility of the method and supports 

its adaptability to a broad range of practical 

application domains. Unlike conventional methods 

such as SAW (Dinçer, 2019), WPM (Uludağ & 

Doğan, 2021), WASPAS (Özbek, 2019), MAUT 

(Keeney & Raiffa, 1976), ROV (Yakowitz, 1993) 

and OWA (Yager, 1998), which primarily focus on 

criterion-specific evaluations, the proposed LDPM 

framework incorporates comparative analyses based 

on both maximum (ideal) and minimum (anti-ideal) 

reference points, thereby establishing a more 

comprehensive analytical structure. While distance 

based approaches like TOPSIS (Hwang & Yoon, 

1981) and WEDBA (Rao & Sing, 2012) employ 

Euclidean or Manhattan metrics, LDPM adopts a 

square-root-based LD metric, which enhances 

sensitivity to minor deviations, reduces the 

disproportionate influence of large scale 

components, and addresses scale sensitivity issues 

more effectively. In methods such as CRADIS 

(Puška et al., 2022), MARCOS (Stević et al., 2020), 

and MAIRCA (Gigovic et al,, 2016) reference 

distances are typically defined using ratio- or 

difference-based formulations unique to each 

technique, which can limit the universality and 

transferability of the measurements. In contrast, 

LDPM is built upon a statistically validated LD 

metric that accounts not only for deterministic 

similarities but also for the structural distribution 

patterns among alternatives. Furthermore, unlike 

multi-strategy frameworks such as COCOSO 

(Yazdani et al., 2018), which involve multi-stage 

computational procedures including weighted 

summation, multiplication, and normalized 

aggregation, LDPM operates through a direct 

similarity-based calculation starting from the initial 

decision matrix. This approach ensures a more 

streamlined, intuitive, and computationally efficient 

process. Collectively, these attributes position 

LDPM as a robust, balanced, and analytically 

transparent alternative within the MCDM literature, 

distinguished by its enhanced structural sensitivity, 

statistically grounded reference system, and superior 

interpretability. Beyond these considerations, the 

primary advantage of employing the LDPM method 

within the MCDM framework either for 

performance evaluation or selection-based decision 

problems ies in its ability to assess alternatives 

simultaneously with respect to both ideal 

(maximum) and anti-ideal (minimum) reference 

points. This dual-directional reference structure 

transcends traditional absolute evaluation 

approaches that focus solely on the magnitude of 

criterion values, thereby enabling a more detailed 

representation of the alternatives’ relative positions 

within the decision space (Belton & Stewart, 2002; 

Hwang & Yoon, 1981). At the core of LDPM, the 

Lorentzian distance metric, grounded in a squared-

difference formulation and square-root scaling, 

mitigates the dominance of large deviations while 

enhancing sensitivity to subtle performance 

variations. Consequently, it provides a more 

discriminative, consistent, and structurally 

responsive assessment, particularly in datasets where 

distributional characteristics play a decisive role 

(Kerimbekov et al., 2016; Minguzzi, 2008). 

Moreover, transforming similarity measures derived 

from ideal and anti-ideal references into a Maximum 

Superiority Ratio (MSR) converts distance-based 

outputs often challenging to interpret into a singular, 

intuitive, and directly comparable performance 

indicator, thereby strengthening the method’s 

practical applicability and decision-support capacity. 

Although the LDPM method demonstrates high 

analytical sensitivity in multidimensional decision 
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spaces, it is not without certain structural limitations. 

The squared-difference based distance calculation 

framework may diminish the influence of criterion 

weights and reduce evaluation precision in datasets 

characterized by high dimensionality or strong inter-

criterion correlations. Moreover, heterogeneity in 

criterion distributions can obscure subtle 

performance differences. The deterministic 

definition of ideal and anti-ideal points constrains 

the method’s flexibility in environments involving 

uncertainty; integrating fuzzy logic, interval-valued, 

or probabilistic frameworks could enhance its 

adaptability. Additionally, its reliance exclusively on 

quantitative data prevents the incorporation of 

qualitative information and expert judgment into the 

evaluation process. The method’s performance in 

contexts involving decision-maker preferences, 

group decision making, and dynamic decision 

problems remains insufficiently explored. Finally, 

the absence of large-scale field validation across 

diverse real world datasets and industry sectors 

represents a notable gap. These constraints 

collectively indicate that methodological 

advancements are needed to improve the 

adaptability of LDPM to varying data structures and 

decision-making environments. In this stage, the 

distance function originally proposed by Todeschini 

et al. (2007) is reformulated into a normalized 

similarity measure through Equation 14, thereby 

allowing relational proximity to be expressed in a 

more interpretable format. Once this transformation 

is applied, the degree of similarity between each 

alternative and the optimal benchmark is computed 

using Equation 15, whereas its closeness to the least 

favorable (anti-optimal) reference point is assessed 

via Equation 16. This dual similarity evaluation not 

only enhances interpretability but also provides a 

more intuitive framework for comparative analysis, 

enabling a comprehensive and nuanced appraisal of 

all alternatives within the decision making context. 

Beyond these considerations, the squared-difference-

based distance structure may weaken the relative 

influence of criterion weights and complicate the 

analytical interpretation of variance when the 

number of criteria is excessively high or when 

strong inter-criterion correlations are present. This 

limitation may particularly reduce methodological 

sensitivity in high-dimensional and heterogeneous 

datasets (Demir & Arslan, 2022; Keshavarz-

Ghorabaee et al., 2021). Second, the deterministic 

identification of ideal and anti-ideal reference points 

restricts the flexibility of the method in decision 

environments characterized by high levels of 

uncertainty, fuzzy values, interval data, or 

probabilistic information. Therefore, the 

development of fuzzy, interval-based, or stochastic 

extensions of LDPM represents an important 

direction for future research. Third, since the current 

formulation relies exclusively on quantitative data, 

the direct integration of expert judgments, 

qualitative assessments, or group decision-making 

dynamics into the model is not yet feasible (Lopez et 

al., 2023; Munier, 2024). Additionally, due to the 

computational structure of the Lorentzian distance 

where cumulative terms are first summed and the 

final term is subsequently subtracted negative values 

may arise if the subtracted term exceeds the 

preceding cumulative total. Such cases are typically 

associated with incorrect criterion orientation, 

improper normalization, unsuitable scaling, or 

extreme observations, and may hinder the 

interpretability of performance outcomes. 

Accordingly, the implementation of LDPM should 

include data consistency checks, verification of 

reference points, and methodological alert 

mechanisms for potential negative LD outputs. 

Finally, although LDPM has been rigorously 

evaluated through extensive sensitivity analyses, 

simulation procedures, and comparative assessments 

within this study, broader empirical testing across 

diverse sectors, decision contexts, and data 

structures is still required. Collectively, these 

limitations indicate that while LDPM constitutes a 

methodologically robust, innovative, and literature-

enhancing contribution, its generalizability and 

adaptability may be further strengthened through 

continued theoretical refinement and applied 

research. 

The Lorentzian Distance Performance Measurement 

(LDPM) method is not an adaptation of a previously 

defined model; rather, it represents an original 

decision-making framework formulated for the first 

time within the scope of this study. A 

comprehensive review of the existing literature 

reveals that the origins of the Lorentzian distance 

(LD) lie in Lorentzian geometry, which is 

fundamentally grounded in the theory of relativity 

and serves as a crucial analytical tool for examining 

the causal structure of spacetime (Beem et al., 1996; 

Kunzinger and Sämann, 2018; Minguzzi, 2008). In 

this context, LD differs from classical Riemannian 

geometry by defining separation between events not 

through the “shortest path,” but through the principle 

of “maximum proper time,” positioning it as a 

causality-sensitive distance function (O’Neill, 1983; 

Sachs & Wu, 1977). In recent years, LD has 

extended beyond its physics-oriented theoretical 

foundation and has been employed as an alternative 

distance metric in fields such as machine learning, 

pattern recognition, and data mining (Bilge et al., 

2015; Kerimbekov et al., 2016; Todeschini et al., 



 
 

Altintas (2026). J Inno Sci Eng 10(2):294-320 

305 

 

2007). These studies report that LD can enhance 

classification performance, particularly in high-

dimensional datasets, due to its ability to better 

capture asymmetric influences among variables and 

to provide a distinct sensitivity profile in 

neighborhood-based evaluations (Levy et al., 2024; 

TradingView, 2023). However, the literature 

contains no evidence of Lorentzian distance being 

systematically incorporated into a dual-referenced 

(ideal/anti-ideal) performance measurement 

structure within a multi-criteria decision-making 

(MCDM) context, nor of any framework previously 

defined under the acronym LDPM. Accordingly, the 

proposed LDPM method constitutes the first 

comprehensive approach that integrates the 

theoretical and applied knowledge surrounding 

Lorentzian distance into MCDM, offering both a 

more refined representation of similarity 

relationships among alternatives and a novel 

methodological contribution addressing a clear gap 

in the literature. 

The existing MCDM literature offers a wide 

spectrum of methods grounded in diverse theoretical 

foundations; however, a substantial portion of these 

techniques evaluates the performance of decision 

alternatives primarily through one-dimensional, 

linear, and symmetrical distance metrics. For 

instance, foundational aggregation models such as 

SAW (Churchman & Ackoff, 1954) and WPM 

(Bridgman, 1922) remain heavily dependent on 

linearity and exhibit limited sensitivity to 

distributional nuances. Although MAUT (Keeney & 

Raiffa, 1976) and ROV (Yakowitz et al., 1993) 

provide theoretically robust preference-modeling 

frameworks, they often fall short in capturing the 

geometric density of performance differentials. 

Similarly, while TOPSIS (Hwang & Yoon, 1981) 

operationalizes proximity to ideal and distance from 

anti-ideal solutions, it does not fully reflect the 

influence of distributional structure on the decision 

process. Methods such as ARAS (Zavadskas & 

Turskis, 2010), EDAS (Keshavarz Ghorabaee et al., 

2015), COPRAS (Zavadskas et al., 1994), and 

MABAC (Pamucar & Cirovic, 2015) rely on linear 

normalization procedures, thereby limiting their 

capacity to reveal subtle distinctions in alternative 

performance levels. Although more recent 

approaches including WASPAS (Zavadskas et al., 

2012), CRADIS (Puška et al., 2021), MARCOS 

(Stević et al., 2020), COCOSO (Yazdani et al., 

2018), WISP (Stanujkic et al., 2023), and CODAS 

(Keshavarz Ghorabaee et al., 2016) introduce 

methodological improvements, they remain largely 

dependent on linear proportioning, statistical 

normalization, or conventional distance metrics, and 

therefore cannot sufficiently model the relative 

positioning of alternatives with geometric depth. 

Consequently, asymmetries in data distribution, 

outliers, metric sensitivity, and minor performance 

variations cannot always be holistically incorporated 

into the decision-making process. 

The central limitation shared by these methods is the 

absence of a performance evaluation framework 

capable of simultaneously assessing relationships in 

the decision space in a bidirectional, distribution-

sensitive, and structurally consistent manner. 

Classical distance metrics widely employed in the 

literature may amplify large disparities while 

rendering small performance differences 

imperceptible, thereby reducing discriminatory 

power particularly among alternatives with 

comparable competitiveness (Rao & Singh, 2012). 

Furthermore, existing methods do not systematically 

transform alternative positions relative to ideal and 

anti-ideal references into a unified, interpretable, and 

directly comparable superiority indicator (Belton & 

Stewart, 2002). 

The LDPM method developed in this study directly 

addresses this methodological gap. Owing to the 

squared-difference and square-root-scaled 

mathematical structure of the Lorentzian distance, 

LDPM captures distributional asymmetries, subtle 

performance deviations, and relative positional 

relationships among alternatives with markedly 

higher sensitivity and discriminatory strength 

compared with classical MCDM metrics, thereby 

making the true structural placement of alternatives 

within the decision space more explicitly observable 

(Kerimbekov et al., 2016; Minguzzi, 2008). 

Additionally, transforming similarity measures to 

ideal and anti-ideal references into a Maximum 

Superiority Ratio simplifies multidimensional 

performance information, providing decision-makers 

with an intuitive, cognitively efficient, and directly 

comparable evaluation framework (Stević et al., 

2020). Therefore, LDPM does more than merely 

propose a new methodological tool it offers a 

systematically structured, theoretically grounded, 

and empirically validated solution to the limitations 

of existing MCDM techniques in terms of geometric 

sensitivity, discriminatory capacity, bidirectional 

referencing, scale independence, distributional 

differentiation, and holistic performance 

measurement. Accordingly, the development of this 

method constitutes a clear scientific, 

methodological, and practical necessity. 
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2.4. Data Set 

To demonstrate the practical applicability of the 

proposed methodology and to validate its capability 

for accurately assessing alternative performances 

within decision-making contexts, a representative 

dataset was developed. This dataset draws upon the 

2024 Global Innovation Index (GII) and 

encompasses criterion values for seven countries 

Benin, Tanzania, Uganda, Guatemala, Cameroon, 

Nicaragua and Myanmar, each selected to reflect 

diverse performance profiles (World Intellectual 

Property Organization (WIPO). (2024). The 

selection process was deliberately designed to avoid 

the presence of dominant alternatives or extreme 

outlier values, thereby ensuring a well-balanced 

dataset structure. Such a design mitigates the 

potential for biased evaluations arising from extreme 

observations and prevents any single alternative 

from exhibiting overarching superiority. This, in 

turn, enables the proposed method to distinguish 

performance variations with greater subtlety and 

reliability. The weighting of criteria was conducted 

using the ENTROPY method, a widely recognized 

and rigorously established objective weighting 

approach extensively cited in the literature. For the 

sake of clarity and ease of interpretation, the 

abbreviations assigned to the selected countries, 

together with the corresponding GII indicators, are 

provided in Table 1. 

Table 1 : Data Set 

GII Criteria Abbreviations 

Institutions CRT1 

Human Capital and Research CRT2 

Infrastructure CRT3 

Market Sophistication CRT4 

Business Sophistication CRT5 

Knowledge and Technology Outputs CRT6 

Creative Outputs CRT7 

Countries/Alternatives Abbreviations 

Benin ALT1 

Tanzania ALT2 

Uganda ALT3 

Guatemala ALT4 

Cameroon ALT5 

Nicaragua ALT6 

Myanmar ALT7 

 

3.  Results and Discussion 

3.1. Computational Analysis 

At the initial phase of the assessment, the primary 

decision matrix was meticulously formulated in full 

alignment with the conceptual foundations of the 

LDPM methodology, as expressed in Equation 2. 

Following this, the raw data underwent a rigorous 

normalization process, executed in accordance with 

the procedures delineated in Equations 3 and 5. This 

operation produced the standardized decision matrix, 

which serves as the analytical basis for subsequent 

computations. The complete set of numerical results 

derived from this stage is systematically organized 

and presented in Table 2. 

 

Table 2 : Decision and Normalized Decision Matrix 

Decision Matrix 

ALT CRT1 CRT2 CRT3 CRT4 CRT5 CRT6 CRT7 

ALT1 47.3 16.7 23.7 13.7 19.2 9.7 3.8 

ALT2 43.3 10 25.8 15.2 16.9 8.9 7.9 

ALT3 41.1 13.5 23.5 13.3 12.7 11.2 6.9 

ALT4 28.8 12.1 24 19.4 22.4 10.7 4.8 

ALT5 33.5 16.5 18.5 10.5 24.6 9.6 6.7 

ALT6 13.9 16.2 24.5 31.4 20.6 9.7 3.6 

ALT7 13.5 18.5 24.4 22.4 9.9 13.3 6.3 

Normalized Matrix 

ALT CRT1 CRT2 CRT3 CRT4 CRT5 CRT6 CRT7 

ALT1 1.000 0.903 0.919 0.436 0.780 0.729 0.481 

ALT2 0.915 0.541 1.000 0.484 0.687 0.669 1.000 

ALT3 0.869 0.730 0.911 0.424 0.516 0.842 0.873 

ALT4 0.609 0.654 0.930 0.618 0.911 0.805 0.608 

ALT5 0.708 0.892 0.717 0.334 1.000 0.722 0.848 

ALT6 0.294 0.876 0.950 1.000 0.837 0.729 0.456 

ALT7 0.285 1.000 0.946 0.713 0.402 1.000 0.797 

In the third stage of the methodological process, the 

normalized dataset was rigorously processed through 

a weighting operation, implemented in accordance 

with the computational schemes delineated in 
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Equations 6 and 7. This procedure yielded the 

weighted normalized decision matrix, the complete 

structure of which is systematically presented in 

Table 3. 

Table 3 : Weighted Normalized Decision Matrix 

CTR CRT1 CRT2 CRT3 CRT4 CRT5 CRT6 CRT7 

ENTROPY 0.344 0.071 0.017 0.243 0.149 0.032 0.144 

ALT1 0.344 0.064 0.016 0.106 0.117 0.023 0.069 

ALT2 0.315 0.038 0.017 0.118 0.103 0.021 0.144 

ALT3 0.299 0.052 0.016 0.103 0.077 0.027 0.126 

ALT4 0.209 0.046 0.016 0.150 0.136 0.025 0.087 

ALT5 0.243 0.063 0.012 0.081 0.149 0.023 0.122 

ALT6 0.101 0.062 0.016 0.243 0.125 0.023 0.066 

ALT7 0.098 0.071 0.016 0.174 0.060 0.032 0.115 

 

At the fourth stage of the proposed analytical 

framework, the LD between each alternative and the 

ideal benchmark values representing the maximum 

attainable performance (𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑎𝑥.) were 

computed in accordance with Equations 8 and 9. 

Simultaneously, the corresponding distances to the 

anti-ideal benchmark values reflecting the minimum 

performance levels (𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑖𝑛.) were determined 

following the formulations set out in Equations 10 

and 11. In the subsequent step, these distance  

 

measures were transformed into similarity indices: 

the distances from the ideal reference (𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑎𝑥.) 

were normalized using Equations 12 and 13, 

whereas the distances from the anti-ideal reference 
(𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑖𝑛.) were processed via Equations 12 and 

14. Finally, the overall performance scores of the 

alternatives were obtained through the 

computational procedure defined in Equation 15. A 

consolidated presentation of all resulting values is 

provided in Table 4. 

Table 4 : LD, Similarities and Performance Score of Alternatives 

ALT (𝑳𝑫𝑫𝒊𝒔.↔𝑴𝒂𝒙.) (𝑳𝑫𝑫𝒊𝒔.↔𝑴𝒊𝒏.) (𝑳𝑫𝑺𝒊𝒎.↔𝑴𝒂𝒙.) (𝑳𝑫𝑺𝒊𝒎.↔𝑴𝒊𝒏.) 𝑷𝒊 Rank 

ALT1 0.120 0.255 0.893 0.797 1.120 1 

ALT2 0.141 0.210 0.876 0.827 1.060 2 

ALT3 0.164 0.194 0.859 0.838 1.025 3 

ALT4 0.156 0.150 0.865 0.870 0.995 4 

ALT5 0.190 0.163 0.841 0.860 0.978 5 

ALT6 0.231 0.176 0.812 0.850 0.955 6 

ALT7 0.269 0.085 0.788 0.921 0.855 7 

 

Table 4 presents an integrated summary of the LD 

values for each alternative with respect to both the 

ideal (maximum) and anti-ideal (minimum) 

reference points, alongside their corresponding 

similarity indices and final performance scores. 

Consistent with the core premise of the proposed 

methodology, alternatives positioned closer to the 

ideal solution characterized by lower distance 

measures and higher similarity values and more 

distant from the anti-ideal point marked by greater 

distances and reduced similarity naturally attain 

superior performance outcomes. Within this 

analytical context, ALT1 emerges as the top 

performing option, attributable to its marked 

proximity to the ideal benchmark and substantial 

separation from the anti-ideal, yielding a high 

performance score of 1.120 and securing first place 

in the ranking. ALT2 follows in second position, 

demonstrating a balanced similarity profile in 

relation to both reference points. Conversely, ALT7, 

which exhibits a relatively large deviation from the 

ideal and reduced similarity measures, records the 

lowest performance score (0.855) and consequently 

ranks last among the evaluated alternatives. This 

comparative assessment highlights the robustness of 

the proposed approach in effectively distinguishing 

between alternatives based on inherent structural 

differences. To further elucidate the operational 

dynamics of the framework, a detailed performance 

examination of ALT1 is provided in the subsequent 

section as a representative case study. 

 

Step 2: Normalization Score 
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𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3: 𝑥11(𝐴𝐿𝑇1→𝐶𝑅𝑇1)
∗ =

47.3

47.3
= 1 

Step 3: Weighted Normalization Score 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 6: 𝑤 ∗ 𝑥11(𝐴𝐿𝑇1→𝐶𝑅𝑇1)
∗ = 0.344 ∗ 1 = 0,344 

Step 4: Calculation of the LD between Alternatives and the Maximum 

(𝐿𝐷(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) and Minimum Points (𝐿𝐷(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑖𝑛.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 10: (𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑎𝑥.) = (𝐿𝐷(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) = 

√

|(0.344) − (0.344)|2 + |(0.064) − (0.071)|2 + |(0.016) − (0.017)|2 +
|(0.106) − (0.243)|2 + |(0.117) − (0.149)|2 + |(0.023) − (0.032)|2 −

|(0.069) − (0.144)|2

= 0.120

 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 13: (𝐿𝐷𝐷𝑖𝑠.↔𝑀𝑖𝑛.) = (𝑆𝐶(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑖𝑛..)𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒) = 

√

|(0.344) − (0.098)|2 + |(0.064) − (0.038)|2 + |(0.016) − (0.012)|2 +
|(0.106) − (0.081)|2 + |(0.117) − (0.060)|2 + |(0.023) − (0.021)|2 −

|(0.069) − (0.066)|2

= 0.255

 

Step 5. Conversion of LD to LS 

(((𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑎𝑥.) = 𝐿𝑆(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦) , ((𝐿𝐷𝑆𝑖𝑚.↔𝑀𝑖𝑛.) = 𝐿𝑆(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦)) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 15: (𝐿𝑆(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦)) =
1

1 + 0.120
= 0.893 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 16: (𝐿𝑆(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦)) =
1

1 + 0.255
= 0.797 

Step 6: MSR Score 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 17 = 𝑀𝑆𝑅𝐴𝐿𝑇1
=

𝐿𝐷(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑎𝑥.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦

𝐿𝐷(𝐴𝐿𝑇1, 𝐴𝐿𝑇𝑚𝑖𝑛.)𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦
=

0.893

0.797
= 1.120 

3.2. Sensitivity Analysis 

Evaluating the sensitivity and robustness of MCDM 

methods is commonly achieved by either 

incorporating additional criteria into the decision 

framework or by systematically removing criteria, 

starting with those that exert the least influence on 

the overall evaluation. In such analytical settings, a 

dependable MCDM approach should be capable of 

maintaining the relative ranking of alternatives with 

minimal variation, thereby ensuring stability in the 

final ordering a property often referred to as Rank 

Reversal (Demir & Arslan, 2022). To investigate 

this aspect in greater depth, a structured sensitivity 

analysis was conducted by sequentially eliminating 

the least impactful criteria, as determined by the 

weighting structure of the proposed method. The 

updated alternative rankings generated through this 

iterative process are comprehensively detailed in 

Table 5, while their graphical depiction is provided 

in Figure 2. 

 

Table 5 : Rank Reversal Result 

ALT/Scenario S0 S1 S2 S3 S4 S5 
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ALT7 7 7 7 7 7 7 

ALT6 6 6 6 6 6 6 

ALT5 5 5 5 5 5 5 

ALT4 4 4 3 4 4 4 

ALT3 3 3 4 3 3 3 

ALT2 2 2 2 2 2 2 

ALT1 1 1 1 1 1 1 

 

Figure  2 : Rank Reversal Graph 

Table 5 presents the ranking positions of each 

alternative across scenarios S0–S5, in which the 

criteria were progressively eliminated starting from 

those with the lowest relative importance. A detailed 

examination of the table reveals that ALT1, ALT2, 

ALT5, ALT6, and ALT7 maintained their positions 

consistently throughout all scenarios, with only a 

temporary rank change observed between ALT3 and 

ALT4 in a specific case. This outcome indicates that 

these alternatives exhibit high structural robustness, 

consistency, and resilience within the decision-

making model. When evaluated together, Table 5 

and Figure 2 provide both the numerical and 

graphical perspectives of ranking variations across 

scenarios. The horizontal axis of the graph 

represents the scenarios, while the vertical axis 

indicates the ranking levels. As illustrated, ALT1 

consistently remains in first place, ALT2 in second 

place, ALT5 in fifth place, ALT6 in sixth place, and 

ALT7 in seventh place. The only observed deviation 

occurs in scenario S2, where ALT3 and ALT4 

temporarily exchange positions, after which the 

original ranking order is fully restored in subsequent 

scenarios. This transient shift, limited solely to S2, 

further reinforces the method’s ranking stability 

across progressive stages. The fact that most 

alternatives follow horizontal, straight line 

trajectories in the graph demonstrates that the 

progressive elimination of criteria results in minimal 

changes to the overall rankings, thereby confirming 

the method’s strong stability. The brief positional 

change between ALT3 and ALT4 suggests a limited 

sensitivity of these alternatives to specific criteria, 

while still maintaining strong integration within the 

overall ranking framework. In conclusion, the 

combined analysis of Table 5 and Figure 2 clearly 

demonstrates that the proposed method produces 

minimal rank reversal during the criterion 

elimination process, while delivering a high degree 

of reliability and structural consistency. These 

findings strongly validate the method’s capacity to 

generate robust, stable, and reproducible results, 

confirming its suitability for implementation in 

decision support environments requiring sustained 

ranking integrity. 

3.3. Comperative Analysis 

The comparative analysis aims to explore the extent 

to which the proposed method corresponds with, and 

diverges from, a range of widely recognized MCDM 

techniques. This assessment seeks to substantiate the 

robustness, consistency, and methodological validity 

of the proposed framework by elucidating its

connections to established approaches and 

identifying statistically significant alignments 

(Keshavarz-Ghorabaee et al., 2021). Within this 

scope, the performance outcomes of the evaluated 

alternatives (i.e., countries) were examined through 

the application of an extensive set of 12 prominent 

MCDM methods, namely SAW, WPM, WASPAS, 

MAUT, ROV, OWA operator, TOPSIS, MARCOS, 

WEDBA, CRADIS, MAIRCA and COCOSO. The 

full set of computed scores and corresponding 

rankings generated by these techniques is 

comprehensively presented in Table 6, with visual 

representations provided in Figure 3, Figure 4, and 

Figure 5. A comprehensive evaluation of Table 6 in 

conjunction with Figures 3, 4, and 5 reveals that the 

performance rankings obtained through the LDPM 

method have been comparatively analyzed against 

12 widely-recognized MCDM techniques in the 
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literature. The findings indicate that, while the 

rankings generated by LDPM exhibit certain 

differences from each individual method, they 

demonstrate a generally high level of concordance 

with all MCDM approaches except for MAUT. In 

this context, a joint examination of Figures 3, 4, and 

5 shows that the performance fluctuation patterns of 

the alternatives measured by the proposed LDPM 

method are, in general, consistent with those of other 

methods, with the exception of MAUT and 

MAIRCA. The divergence observed in MAIRCA 

stems from its methodological design, which 

structures the performance ranking in ascending 

rather than descending order. This naturally results 

in an opposite fluctuation trend compared to LDPM. 

However, when the performance curve derived from 

MAIRCA is rotated by 180 degrees (either top to 

bottom or bottom to top), the resulting fluctuation 

pattern aligns closely with that of the LDPM 

method. In conclusion, this comparative analysis 

clearly demonstrates that LDPM exhibits strong 

structural alignment with many widely accepted 

MCDM methods, thereby confirming its reliability, 

robustness, and scientific validity as a decision 

making tool. The minor discrepancies observed with 

certain techniques primarily reflect the inherent 

diversity of methodological approaches and, in fact, 

underscore LDPM’s distinctive analytical 

perspective and the innovative value it contributes to 

the literature. Notably, the fact that LDPM produces 

different ranking structures from those of the other 

11 MCDM methods excluding MAUT while 

remaining consistent in overall trend strongly 

affirms its capacity to deliver coherent, reproducible, 

and scientifically reliable results within decision 

support systems. In this scope, the findings of the 

comparative analysis clearly demonstrate that the 

proposed LDPM method exhibits a strong structural 

alignment with established MCDM techniques, 

thereby validating both its practical applicability and 

its scientific rigor. A detailed presentation and 

discussion of the Spaerman Rank Correlation (rho) 

coefficients between LDPM and the other MCDM 

methods are provided in Table 7. 

Table 6 : Performance Score of Other MCDM Methods 

Methods 
SAW WPM WASPAS MAUT 

Score Rank Score Rank Score Rank Score Rank 

ALT1 0.739 2 0.696 2 0.717 2 0.435 1 

ALT2 0.756 1 0.727 1 0.741 1 0.428 2 

ALT3 0.699 3 0.667 3 0.682 3 0.283 5 

ALT4 0.671 5 0.663 4 0.667 5 0.187 7 

ALT5 0.695 4 0.649 5 0.671 4 0.325 4 

ALT6 0.636 6 0.559 6 0.595 6 0.345 3 

ALT7 0.565 7 0.505 7 0.534 7 0.207 6 

Methods 
ROV OWA TOPSIS MARCOS 

Score Rank Score Rank Score Rank Score Rank 

ALT1 0.278 2 0.158 2 0.695 1 0.477 1 

ALT2 0.295 1 0.161 1 0.674 2 0.454 2 

ALT3 0.255 4 0.151 3 0.616 3 0.421 3 

ALT4 0.235 5 0.115 5 0.462 5 0.388 5 

ALT5 0.258 3 0.137 4 0.494 4 0.393 4 

ALT6 0.214 6 0.076 7 0.351 6 0.343 6 

ALT7 0.173 7 0.083 6 0.223 7 0.280 7 

Methods 
WEDBA CRADIS MAIRCA COCOSO 

Score Rank Score Rank Score Rank Score Rank 

ALT1 0.557 2 0.982 2 0.063 2 2.144 1 

ALT2 0.577 1 1.000 1 0.059 1 1.828 4 

ALT3 0.510 3 0.941 3 0.070 4 2.096 2 

ALT4 0.470 5 0.912 5 0.076 5 2.054 3 

ALT5 0.473 4 0.937 4 0.069 3 1.767 5 

ALT6 0.459 6 0.877 6 0.082 6 1.734 6 

ALT7 0.341 7 0.806 7 0.094 7 1.556 7 
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Figure  3 : Performance positions of alternatives in scope of LDPM 

 

Figure  4 :  Performance positions of alternatives in scope of the other methods-1 

 

Figure  5 : Performance positions of alternatives in scope of the other methods-2 

Table 7 : 𝑟ℎ𝑜 Correlation Score-1 

LDPM SAW WPM WASPAS MAUT ROV OWA 

𝒓𝒉𝒐 0.929** 0.964** 0.929** 0.571* 0.857** 0.893** 

LDPM TOPSIS MARCOS WEDBA CRADIS MAIRCA COCOSO 

𝒓𝒉𝒐 0.964** 0.964** 0.929** 0.929** -0.857** 0.893** 

p**<.01, p*<.05 

An examination of Table 7 reveals that the proposed 

LDPM method demonstrates a positive and 

moderate correlation with the MAUT method, while 

exhibiting positive and high correlations with all 
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other MCDM techniques. This finding confirms that 

LDPM maintains strong structural alignment across 

a broad spectrum of methods, rather than being 

limited to specific approaches, thereby affirming its 

reliability as an evaluation tool in decision making 

processes. The consistently high correlation values 

clearly highlight the method’s methodological 

coherence and its adaptability to diverse techniques, 

thus providing strong evidence of LDPM’s scientific 

validity and its substantial potential for practical 

application.  

3.4.  Simulation Analysis 

For the simulation analysis, a structured set of 

scenarios was developed by systematically 

incorporating different configurations of input data 

into the decision matrices. The primary aim of this 

analysis is to assess the robustness of the proposed 

methodology by observing how its outcomes deviate 

from those of alternative MCDM techniques as the 

number of scenarios increases. A larger degree of 

deviation would suggest that the proposed method 

exhibits heightened sensitivity and a greater ability 

to discriminate among competing alternatives. 

Furthermore, to ensure the statistical rigor of the 

analysis, it is crucial to verify the consistency of 

variance patterns (Homogeneity) across different 

methods under various conditions, as highlighted by 

Keshavarz-Ghorabaee et al. (2021). To this end, ten 

distinct decision matrices were designed to represent 

diverse scenario configurations and subsequently 

divided into two separate groups. Based on these 

datasets, pairwise correlation coefficients were 

calculated between the proposed LDPM method and 

other established MCDM techniques. The resulting 

correlation values are presented in detail in Table 8. 

Table 8 : 𝑟ℎ𝑜 correlation scores-2 

Scenarios SAW WPM WASPAS MAUT ROV OWA 

S1 0.940** 0.942** 0.938** 0.571* 0.875** 0.925** 

S2 0.945** 0.947** 0.943** 0.585* 0.865** 0.914** 

S3 0.978** 0.981** 0.978** 0.593* 0.859** 0.905** 

S4 0.912** 0.914** 0.915** 0.566* 0.842** 0.884** 

S5 0.900** 0.903** 0.903** 0.553* 0.815** 0.874** 

S6 0.891** 0.893** 0.893** 0.547* 0.803** 0.862** 

S7 0.883** 0.883** 0.883** 0.541* 0.794** 0.855** 

S8 0.867** 0.868** 0.868** 0.532* 0.787** 0.848** 

S9 0.859** 0.859** 0.859** 0.527* 0.781** 0.839** 

S10 0.844** 0.845** 0.845** 0.510* 0.777** 0.824** 

Scenarios TOPSIS MARCOS WEDBA CRADIS COCOSO MAIRCA 

S1 0.941** 0.975** 0.944** 0.948** 0.923** -0.885** 

S2 0.944** 0.983** 0.947** 0.953** 0.912** -0.894** 

S3 0.979** 0.991** 0.981** 0.981** 0.903** -0.905** 

S4 0.915** 0.964** 0.917** 0.919** 0.887** -0.873** 

S5 0.905** 0.955** 0.906** 0.910** 0.871** -0.862** 

S6 0.894** 0.942** 0.898** 0.899** 0.865** -0.857** 

S7 0.881** 0.933** 0.888** 0.891** 0.858** -0.848** 

S8 0.864** 0.921** 0.872** 0.873** 0.842** -0.841** 

S9 0.861** 0.916** 0.863** 0.861** 0.831** -0.834** 

S10 0.847** 0.904** 0.851** 0.850** 0.829** -0.828** 

S:Scenario, 𝑝**<.01, 𝑝*<.05 

 

The Spearman rho correlation coefficients presented 

in Table 8 provide a detailed depiction of the 

relationship between the proposed method and a 

broad range of well established MCDM techniques 

across ten distinct scenarios. These coefficients, 

calculated separately for each scenario, enable a 

statistical assessment of the method’s consistency, 

sensitivity, and discriminative capability under 

varying data structures. From the initial scenarios 

(S1–S3) onward, statistically significant (p < 0.01) 

and high positive correlations were observed with all 

MCDM methods except MAUT. This indicates that, 

under initial conditions, the proposed method 

exhibits evaluation tendencies closely aligned with 

those of these techniques. However, as the scenarios 

progress and the decision matrices become more 

complex incorporating more diverse and variable 

data structures a gradual decline in correlation 

coefficients is evident. This controlled decrease 

suggests that the proposed method responds more 

sensitively to increasing data diversity, enabling it to 

produce more pronounced distinctions among 

alternatives. The correlation values with the MAUT 

method remain positive across all scenarios but at a 
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moderate level. This outcome reflects fundamental 

methodological differences that limit, but do not 

eliminate, ranking similarity. In contrast, the 

MAIRCA method exhibits consistently high and 

statistically significant yet negative correlations 

across all scenarios. The negative direction stems 

from MAIRCA’s structural arrangement of rankings 

in ascending order of performance scores. When this 

directional discrepancy is adjusted, a high degree of 

structural alignment between the two methods 

becomes evident. The consistently high and stable 

correlation patterns observed across scenarios 

confirm that the proposed method maintains strong 

structural coherence with most MCDM techniques, 

even under broad and varied data conditions. At the 

same time, the gradual decline in correlation 

coefficients underscores the method’s ability to 

preserve an independent evaluative perspective 

while offering a distinctive discriminative approach 

in increasingly diverse scenario settings. Taken 

together, the results in Table 8 strongly affirm that 

the proposed method delivers both reliability and 

methodological flexibility, providing a robust 

evaluation framework and contributing a unique 

analytical value compared to conventional MCDM 

approaches. In the concluding phase of the 

simulation analysis, the Analysis of Means for 

Variances (ANOM), based on Levene’s test, was 

employed to assess the stability of variances in 

LDPM scores across different scenarios. This 

technique serves as an effective graphical tool for 

examining variance consistency, incorporating a 

central reference line that represents the overall 

mean, alongside the Upper Decision Limit (UDL) 

and Lower Decision Limit (LDL) as critical 

thresholds. When the variance of any method 

exceeds these boundaries, it is interpreted as an 

indication of variance instability, suggesting 

heterogeneity in the results. Conversely, if all 

observed variances remain within the decision 

limits, this is taken as evidence supporting the 

homogeneity of variances among the groups 

(Keshavarz-Ghorabaee et al., 2021). The outcomes 

of this variance diagnostic procedure are depicted in 

Figure 6, offering a clear and accessible visual 

demonstration of the LDPM method’s performance 

with respect to variance stability across multiple 

decision making scenarios. 

 

 

Figure  6 : ADM chart 

As illustrated in Figure 6, the mean ADM values, 

derived from the Analysis of Means for Variances 

(ANOM) based on Levene’s method, were assessed 

for each scenario against the predetermined Upper 

Decision Limit (UDL = 1.0262) and Lower Decision 

Limit (LDL = 0.9372). At the specified significance 

level (α = 0.05), all computed mean values 

consistently fall well within these critical thresholds. 

This finding clearly indicates that the variance of the 

assigned weights across scenarios remains stable and 

is homogeneously distributed. In other words, no 

statistically significant variations in weight variances 

were detected among the scenarios. This conclusion 

is further supported by the results of Levene’s 

homogeneity of variances test, which was applied to 

statistically confirm the equality of variance 

assumptions. The test results corroborated the 

absence of significant disparities in weight 

distribution across scenarios, thereby reinforcing the 

robustness and reliability of the ADM findings. The 

detailed statistical outcomes of Levene’s test are 

provided in Table 9. Taken together, these results 

affirm that the ADM-based analytical framework 

constitutes a robust and dependable approach for 

assessing weight consistency across a wide range of 

simulation scenarios. 
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Table 9 : Levene statistic 

Levene Statistic df1 df2 Sig. (𝒑) 

0.155 2 10 0.115 

𝑝**<01 

As presented in Table 9, the p-value obtained from 

Levene’s test (0.155) is greater than the predefined 

significance threshold of 0.05. This result indicates 

that the variances of the criterion weights across the 

different scenarios do not exhibit any statistically 

significant differences. In other words, the 

assumption of homogeneity of variances is upheld 

for all scenarios examined. This statistical evidence 

provides robust empirical validation for the 

methodological reliability of the proposed LDPM 

framework, demonstrating that it consistently 

delivers stable and coherent results even under 

varying data configurations. Consequently, the 

method’s scientific integrity together with its 

statistical robustness and internal consistency is 

further reinforced by these findings. 

The current MCDM literature encompasses a wide 

range of theoretically diverse methods; however, 

many still assess alternative performance through 

one-dimensional, linear, and symmetrical distance 

metrics. Classical models such as SAW, WPM, 

MAUT, ROV, and TOPSIS, as well as more recent 

approaches including ARAS, EDAS, COPRAS, 

MABAC, WASPAS, CRADIS, MARCOS, 

COCOSO, WISP, and CODAS, rely heavily on 

linear normalization, proportional aggregation, or 

conventional distance formulations. As a result, they 

often fail to adequately capture distributional 

asymmetries, geometric variability, outlier effects, 

and subtle performance differences, limiting 

discriminatory capacity and structural 

interpretability particularly among closely 

competing alternatives (Belton & Stewart, 2002; 

Rao & Singh, 2012). In contrast, the LDPM method 

developed in this study addresses this 

methodological gap by incorporating the squared-

difference and square-root-scaled formulation of the 

Lorentzian distance, enabling more sensitive 

detection of performance divergence, positional 

structure, and distributional irregularities within the 

decision space (Kerimbekov et al., 2016; Minguzzi, 

2008). The transformation of similarity values into a 

Maximum Superiority Ratio further consolidates 

multidimensional performance information into a 

cognitively accessible and directly comparable 

indicator (Stević et al., 2020). Thus, LDPM provides 

a theoretically grounded, empirically supported, and 

structurally comprehensive evaluation framework 

that enhances geometric sensitivity, bidirectional 

referencing, scale independence, and holistic 

performance measurement positioning it as a 

scientifically and practically necessary advancement 

in modern MCDM research. 

4.  Conclusion 

General Overview and Core Contributions 

The LDPM method introduced in this study was 

devised to overcome specific limitations of 

conventional MCDM techniques and to enable a 

more comprehensive examination of similarity 

relationships among decision alternatives. The 

conducted sensitivity analysis clearly demonstrates 

that LDPM produces consistent ranking outcomes 

while exhibiting optimal sensitivity performance. 

Notably, the preservation of the overall ranking 

structure, even when certain criteria are excluded 

from evaluation, strongly reinforces the method’s 

robustness and structural reliability. Within the 

scope of the comparative analysis, LDPM was 

benchmarked against twelve widely-recognized 

MCDM approaches in the literature. The findings 

reveal that LDPM consistently generates highly 

concordant, reliable, and valid rankings, showing 

strong correlations with the outputs of other 

established techniques. Such consistency provides 

compelling evidence that LDPM constitutes a 

trustworthy and reputable tool for decision support 

applications. Furthermore, simulation based 

assessments reinforced the structural stability and 

resilience of the framework, confirming that the 

method sustains ranking coherence across diverse 

data scenarios without exhibiting substantial 

fluctuations, thereby demonstrating resistance to 

variations in decision variables. Particularly, 

experiments conducted with datasets exhibiting 

varying distributional characteristics verified the 

method’s adaptability to diverse decision 

environments, underscoring its practical flexibility 

and applicability. Finally, the results of Levene’s test 

provided additional empirical confirmation of 

LDPM’s statistical consistency and dependability, 

offering strong support for its methodological 

soundness and practical validity. 

Comparative Positioning in the MCDM Literature 

In contrast to traditional approaches such as SAW 

(Churchman & Ackoff, 1954), WPM (Bridgman, 

1922), WASPAS (Ayçin, 2019; Zavadskas et al., 

2012), MAUT (Keeney & Raiffa, 1976), ROV 

(Ulutaş & Topal, 2020; Yakowitz, 1993), and OWA 
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(Uludağ & Doğan, 2021), which predominantly rely 

on criterion-specific evaluations, the proposed 

LDPM framework integrates comparative 

assessments based on both maximum (ideal) and 

minimum (anti-ideal) reference points, thereby 

delivering a more comprehensive analytical 

structure. While distance-based methods such as 

TOPSIS (Paksoy, 2017; Ulutaş & Topal, 2020) and 

WEDBA (Rao & Singh, 2012) utilize Euclidean or 

Manhattan metrics, LDPM employs a square root 

based LD metric that enhances sensitivity to minor 

deviations, mitigates the dominance of large scale 

components, and addresses scale sensitivity issues 

more effectively. In methods such as CRADIS 

(Puška et al., 2022), MARCOS (Stević et al., 2020), 

and MAIRCA (Gigovic et al., 2016), reference 

distances are generally formulated in a ratio or 

difference-based manner specific to each technique, 

which constrains the universality and transferability 

of measurements. By contrast, LDPM is constructed 

upon a statistically validated LD metric, accounting 

not only for deterministic similarities but also for 

structural distributional patterns among alternatives. 

Moreover, unlike multi-strategy frameworks such as 

COCOSO (Yazdani et al., 2018), which involve 

multi-stage computational steps including weighted 

summation, multiplication, and normalized 

aggregation, LDPM operates on a direct similarity-

based calculation process from the initial decision 

matrix, offering a more streamlined, intuitive, and 

computationally efficient approach. Collectively, 

these features position LDPM as a solid, balanced, 

and analytically transparent alternative in the 

MCDM literature, distinguished by enhanced 

structural sensitivity, a statistically grounded 

reference system, and superior interpretability. 

Advantages of the LDPM Method 

LDPM overcomes the limitations of traditional 

single-reference MCDM approaches by introducing 

a bidirectional superiority structure that 

simultaneously evaluates decision alternatives 

relative to both ideal (maximum) and anti-ideal 

(minimum) benchmarks. The squared-difference and 

square-root-scaled mathematical formulation of the 

Lorentzian distance enables the method to 

sensitively capture distributional asymmetries, subtle 

performance variations, and positional relationships 

among alternatives, while reducing the dominance of 

extreme values and ensuring scale-independent, 

balanced, and highly discriminative performance 

assessment. Through the computation of the 

Maximum Superiority Ratio (MSR), 

multidimensional performance information is 

consolidated into a single, interpretable indicator, 

thereby reducing cognitive load and enhancing 

decision-making clarity. The method’s demonstrated 

resistance to rank reversal, its high structural 

consistency in simulation and sensitivity analyses, 

its strong correlations with established MCDM 

techniques, and its ability to produce stable 

outcomes even in small-sample datasets collectively 

position LDPM as a flexible, reliable, and 

methodologically robust framework for decision-

support applications. 

Identified Structural and Practical Limitations 

Despite providing a robust analytical structure 

through its dual-reference evaluation mechanism, 

LDPM exhibits several structural and practical 

limitations. The squared-difference-based 

formulation of the Lorentzian distance may weaken 

the influence of weighting factors, complicate 

variance interpretation, and reduce sensitivity in 

high-dimensional datasets or in cases of strong inter-

criterion correlations (Bilge et al., 2015; 

Kerimbekov et al., 2016). The deterministic 

definition of ideal and anti-ideal reference points 

restricts methodological flexibility in decision 

environments characterized by uncertainty, 

fuzziness, interval-valued data, or probabilistic 

structures, placing the method at a disadvantage 

compared with more distributionally flexible models 

such as MARCOS, EDAS, and COCOSO 

(Keshavarz-Ghorabaee et al., 2015; Yazdani et al., 

2018; Zavadskas et al., 2012). Its exclusive reliance 

on quantitative data prevents the direct incorporation 

of expert judgment, qualitative assessments, group 

preference dynamics, and interactive decision 

processes. Additionally, Lorentzian distance may 

yield negative values when criteria are misoriented, 

improperly normalized, or affected by extreme 

observations, necessitating careful data 

preprocessing and methodological oversight 

(Minguzzi, 2008; Todeschini et al., 2007). Finally, 

although sensitivity, comparative, and simulation 

analyses support the method’s stability, broader 

empirical validation across diverse sectors, data 

structures, and real-world applications remains 

essential. These limitations collectively underscore 

the importance of advancing LDPM through 

uncertainty-oriented extensions, qualitative data 

integration, and group decision-making adaptations 

to enhance its applicability, interpretability, and 

generalizability. 
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Future Research Directions 

To further advance the methodological scope, 

applicability, and scientific value of LDPM, the 

following research avenues are recommended: 

• Developing uncertainty-oriented extensions, 

such as fuzzy LDPM, interval-valued 

LDPM, or probabilistic LDPM formulations, 

to enhance applicability in imprecise or 

ambiguous decision environments. 

• Integrating non-parametric or distribution-

free statistical procedures to systematically 

evaluate the sensitivity, robustness, and 

adaptability of criterion weights under 

varying data structures. 

• Embedding LDPM into group-decision, 

multi-stage, or interactive decision-support 

frameworks, thereby enabling the 

incorporation of collective preference 

dynamics and participatory evaluation 

processes. 

• Conducting large-scale empirical validations 

across multiple real-world industries, 

including sustainability, healthcare, energy, 

public administration, engineering, and 

finance, to assess external validity, 

scalability, and practical relevance. 

• Developing open-source, modular 

computational implementations of LDPM on 

widely used analytic platforms such as 

Python, R, and MATLAB to increase 

accessibility, reproducibility, and global 

research adoption. 

    Final Evaluation and Scientific Significance 

The LDPM method, with its high sensitivity, 

structural stability, and scale-independent 

performance measurement capability, offers a strong 

alternative to existing approaches in the MCDM 

literature. Nevertheless, to further enhance its 

scientific value and broaden its range of 

applications, several future research directions merit 

attention. First, it is essential to assess LDPM’s 

applicability to complex decision problems across 

diverse disciplines, systematically investigating its 

scalability and adaptability to different data types 

numerical, categorical, and hybrid. Furthermore, 

evaluating its performance in dynamic decision-

making environments, including time-series datasets 

and uncertainty-prone contexts, will be a critical step 

toward integrating the method into real time decision 

support systems. In practical terms, LDPM holds 

substantial potential for everyday applications. In 

financial portfolio management, it can support 

precise evaluations of investment alternatives in 

terms of risk return balance; in healthcare, it can 

facilitate multidimensional effectiveness 

assessments of treatment options; in engineering, it 

can guide design optimization processes; and in 

public policy, it can provide an objective framework 

for resource allocation decisions. Notably, its 

comparative evaluation framework anchored in both 

ideal and anti-ideal reference points offers decision-

makers a clear, transparent, and rational roadmap. In 

this regard, fostering extensive academic research on 

LDPM and implementing pilot projects in industry 

will pave the way for both methodological 

advancements and tangible practical benefits.  

In conclusion, LDPM constitutes a significant 

advancement in the MCDM domain through its 

distinctive dual-direction, distance-based evaluation 

mechanism, which simultaneously considers both 

ideal and anti-ideal reference points. This unique 

structure differentiates it from conventional or 

method-oriented framework-based distance 

techniques. However, addressing the identified 

limitations and introducing further methodological 

refinements will be crucial to expanding its 

applicability and strengthening its methodological 

robustness. Within this context, LDPM not only 

contributes an innovative perspective to the 

decision-support methodology literature but also 

establishes a solid and promising foundation for 

future scholarly inquiry and practical 

implementation in the field. 
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  P =  {   p 1 ,   p 2 ,   p 3 , … . .   p  d } ,   Q =  {   q 1 ,   q 2 ,   q 3 , … . .   q  n }
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  j − t h
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  X =    [   x  i j ]  b x c =    A L T     A L T 1        A L T 2      ⋮     A L T  m  [      C R T 1    C R T 2  …    C R T  n     x 11    x 12  …    x  1 n     x 21    x 22  …    x  2 n   ⋮  ⋮  …  ⋮     x  m 1    x  m 2  …    x  m n ]                                                         ( 2 )


  (   X ∗ )


    x  i j ∗ =     x  i j    x  i j  m a x                                                                                                                                             (3)


    x  i j ∗ =     x  i j  m i n    x  i j                                                                                                                                               (4)


    x  i j ∗ =     x  i j  m i n    x  i j                                                                                                                                               (4)


    X ∗ =    [   x  i j ] ∗ =    A L T     A L T 1        A L T 2      ⋮     A L T  m  [      C R T 1    C R T 2  …    C R T  n       x 11 ∗      x 12 ∗  …      x  1 n ∗       x 21 ∗      x 22 ∗  …      x  2 n ∗   ⋮  ⋮  …  ⋮       x  m 1 ∗      x  m 2 ∗  …      x  m n ∗ ]                         (5)


    X ∗ =    [   x  i j ] ∗ =    A L T     A L T 1        A L T 2      ⋮     A L T  m  [      C R T 1    C R T 2  …    C R T  n       x 11 ∗      x 12 ∗  …      x  1 n ∗       x 21 ∗      x 22 ∗  …      x  2 n ∗   ⋮  ⋮  …  ⋮       x  m 1 ∗      x  m 2 ∗  …      x  m n ∗ ]                         (5)


  (   w X ∗ )


      w x  i j ∗ =   w    C R T  j ∗       x  i j ∗                                                                                                         (6)
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   ( L D    (   A L T  i ,   A L T  m a x . )  D i s t a n c e )
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   (   L D  S i m . ↔ M a x . ) = L D    (   A L T  i ,   A L T  m a x . )  S i m i l a r i t y =  1  1 + L D    (   A L T  i ,   A L T  m a x . )  D i s t a n c e                                                                                                 (15)


   (   L D  S i m . ↔ M i n . ) L D    (   A L T  i ,   A L T  m i n . )  S i m i l a r i t y =  1  1 + L D    (   A L T  i ,   A L T  m i n . )  D i s t a n c e                                                                                                                                                             (16)


   (   M S R  i )


  


   (   L D  D i s . ↔ M a x . )
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   (   L D  S i m . ↔ M i n . )


   (   𝑳 𝑫  𝑫 𝒊 𝒔 . ↔ 𝑴 𝒂 𝒙 . )


   (   𝑳 𝑫  𝑫 𝒊 𝒔 . ↔ 𝑴 𝒊 𝒏 . )
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   (   𝑳 𝑫  𝑺 𝒊 𝒎 . ↔ 𝑴 𝒊 𝒏 . )


    𝑷  𝒊


  E q u a t i o n   3 :     x  11 ( A L T 1 → C R T 1 ) ∗ =   47 . 3  47 . 3 = 1


  E q u a t i o n   6 :     w ∗ x  11 ( A L T 1 → C R T 1 ) ∗ = 0 . 344 ∗ 1 = 0 , 344


   ( L D    (   A L T 1 ,   A L T  m a x . )  D i s t a n c e )


   ( L D    (   A L T 1 ,   A L T  m i n . )  D i s t a n c e )


  E q u a t i o n   10 :    (   L D  D i s . ↔ M a x . ) =  ( L D    (   A L T 1 ,   A L T  m a x . )  D i s t a n c e ) =


           |  ( 0 . 344 ) −  ( 0 . 344 ) | 2 +    |  ( 0 . 064 ) −  ( 0 . 071 ) | 2 +    |  ( 0 . 016 ) −  ( 0 . 017 ) | 2 +      |  ( 0 . 106 ) −  ( 0 . 243 ) | 2 +    |  ( 0 . 117 ) −  ( 0 . 149 ) | 2 +    |  ( 0 . 023 ) −  ( 0 . 032 ) | 2 −      |  ( 0 . 069 ) −  ( 0 . 144 ) | 2  = 0 . 120


           |  ( 0 . 344 ) −  ( 0 . 344 ) | 2 +    |  ( 0 . 064 ) −  ( 0 . 071 ) | 2 +    |  ( 0 . 016 ) −  ( 0 . 017 ) | 2 +      |  ( 0 . 106 ) −  ( 0 . 243 ) | 2 +    |  ( 0 . 117 ) −  ( 0 . 149 ) | 2 +    |  ( 0 . 023 ) −  ( 0 . 032 ) | 2 −      |  ( 0 . 069 ) −  ( 0 . 144 ) | 2  = 0 . 120


  E q u a t i o n   13 :    (   L D  D i s . ↔ M i n . ) =  ( S C    (   A L T 1 ,   A L T  m i n . . )  D i s t a n c e ) =


  E q u a t i o n   13 :    (   L D  D i s . ↔ M i n . ) =  ( S C    (   A L T 1 ,   A L T  m i n . . )  D i s t a n c e ) =


           |  ( 0 . 344 ) −  ( 0 . 098 ) | 2 +    |  ( 0 . 064 ) −  ( 0 . 038 ) | 2 +    |  ( 0 . 016 ) −  ( 0 . 012 ) | 2 +      |  ( 0 . 106 ) −  ( 0 . 081 ) | 2 +    |  ( 0 . 117 ) −  ( 0 . 060 ) | 2 +    |  ( 0 . 023 ) −  ( 0 . 021 ) | 2 −      |  ( 0 . 069 ) −  ( 0 . 066 ) | 2     = 0 . 255


           |  ( 0 . 344 ) −  ( 0 . 098 ) | 2 +    |  ( 0 . 064 ) −  ( 0 . 038 ) | 2 +    |  ( 0 . 016 ) −  ( 0 . 012 ) | 2 +      |  ( 0 . 106 ) −  ( 0 . 081 ) | 2 +    |  ( 0 . 117 ) −  ( 0 . 060 ) | 2 +    |  ( 0 . 023 ) −  ( 0 . 021 ) | 2 −      |  ( 0 . 069 ) −  ( 0 . 066 ) | 2     = 0 . 255


   (  (  (   L D  S i m . ↔ M a x . ) = L S    (   A L T 1 ,   A L T  m a x . )  S i m i l a r i t y ) ,    (  (   L D  S i m . ↔ M i n . ) = L S    (   A L T 1 ,   A L T  m i n . )  S i m i l a r i t y ) )


  E q u a t i o n   15 :    ( L S    (   A L T 1 ,   A L T  m a x . )  S i m i l a r i t y ) ) =  1  1 + 0 . 120 = 0 . 893


  E q u a t i o n   15 :    ( L S    (   A L T 1 ,   A L T  m a x . )  S i m i l a r i t y ) ) =  1  1 + 0 . 120 = 0 . 893


  E q u a t i o n   16 :    ( L S    (   A L T 1 ,   A L T  m i n . )  S i m i l a r i t y ) ) =  1  1 + 0 . 255 = 0 . 797


  E q u a t i o n   16 :    ( L S    (   A L T 1 ,   A L T  m i n . )  S i m i l a r i t y ) ) =  1  1 + 0 . 255 = 0 . 797


  E q u a t i o n   17 =   M S R    A L T 1 =   L D    (   A L T 1 ,   A L T  m a x . )  S i m i l a r i t y  L D    (   A L T 1 ,   A L T  m i n . )  S i m i l a r i t y =   0 . 893  0 . 797 = 1 . 120
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