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Abstract

This study proposes some ratio estimators of the population mean un-
der simple random sampling schemes, in order to tackle the problem of
low efficiencies of some existing estimators. An improved exponential
ratio estimator of the population mean under simple random sampling
scheme and its bias and mean square error have been derived. Further
propositions of a generalized form of the exponential ratio estimator of
the population mean under simple random sampling scheme has also
been made. The Bias and Mean Square Errors of these class of es-
timators have also been obtained. It is observed that some existing
estimators are members of this class of estimators of population mean.
Analytical and numerical results indicate that, the Asymptotic Opti-
mal Estimator (AOE) of these proposed estimators of population mean
using single auxiliary variable have been found to exhibit greater gains
in efficiencies than the classical regression estimators and other existing
estimators in simple random sampling scheme.
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1. Introduction

Researches in sampling theory and practice have shown that the linear regression estima-
tor of population mean is generally more efficient than the ratio and product estimators.
The equality in efficiency is always achieved if the regression line of Y on X has a zero
intercept [27]. The ratio and product estimators were then limited in terms of efficiency
and could not be used to give greater efficiency, since in many practical situations; the
regression line of the variable of interest on the auxiliary variable does not usually pass
through the origin. Consequent upon this, the linear regression estimator was considered
to be the only estimator with the greatest efficiency.

In view of the limitation that engulfed the classical ratio and product estimators of
population mean, many researchers have made tremendous explorations and discoveries
on the improvement of efficiency of ratio estimation of population mean, either through
modifications of the existing ones or proposing new ratio estimators. Works of [28],[26],
[48], [46] have shown significant improvement on estimating the population Mean through
the use of their proposed estimators.

Many other authors, by way of trying to make significant improvement on the efficiency
of their ratio estimators, make use of the parameters of the auxiliary variable and known
constants to propose new ratio estimators. Singh and Tailor [36, 37], made use of corre-
lation coefficient of the auxiliary variable; Kadilar and Cingi [11, 12, 16, 15, 17] made use
of coefficient of Kurtosis, coefficient of variation, correlation coefficient and their combi-
nations to propose new ratio estimators of population mean. Also, [59], [50], [51], [52],
[53], [54], [55], [49], [57], [45], [33] [9], [56] and many others used the Median, coefficients
of kurtosis, coefficients of skewness, etc to propose classes of ratio estimators. In all these
efforts none of these estimators seemed to have greater efficiency than the regression es-
timator, but some had greater gain in efficiency than the classical ratio estimator, while
some were even less efficient than the classical ratio estimator. The important achieve-
ment here was that they created avenues for more researchers on the subject matter.

In another development, other authors came up with new ratio estimators of population
mean known as exponential ratio and product estimators. Foremost among them were
[1], who found that, in most cases, their exponential ratio and estimators were more
efficient than the classical ratio and product estimators. Later, [24], [32], [44], [18], and
many other authors were motivated in the works of [1] and they either modified the
existing exponential ratio and product estimators or linear combinations of dual and
ratio/product estimators. Some of their works, especially the linear combinations began
to yield good results, as most of their Mean Square Errors were the same as the variance
of the classical regression estimators.

Recent works have built on both the modifications of the classical ratio or regression
and the exponential ratio estimators to obtain improved efficiencies in simple random
sampling. These works include [24], [10], [58], [31], [35], [35], [42], [6], [7], [8]- These works
showed some improvements over the Regression estimator. Although these works showed
some improvement in efficiency over the regression estimates, they are not consistent in
their performance for all populations.

Furthermore, their efficiencies over the regression estimator in some cases are not sta-
tistically significant. These recent discoveries have motivated many more researchers to
still probe further on the efficiency of ratio and regression method of estimation in a bid
to obtaining better estimation procedure with greater efficiency. It is in the light of this
that this research work is carried out. The proposed estimator is intended to be more
efficient than these ones or compare favourably with the best of the existing estimators.
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2. Review of some related existing Estimators
Consider a finite population U = (Uy,Us,...,Un) of size (V). Let (X) and (Y') denote

the auxiliary and study variables taking values X; and Y; respectively on the i unit
U;(i =1,2,...,N) population. It is assumed that (z;,y;)>0, (since survey variables are
generally non-negative) and information on the population mean (X ) of the auxiliary
variable ( X) is known. Let a sample of size (n) be drawn by simple random sampling
without replacement (SRSWOR) from which we obtain the means (Z) and (y) for the
auxiliary variable (X) and the study variable (V).

For the above population we provide a summary of some existing estimators with its
mean square error in Table 1 below.

TABLE 1

Table 1. Some related existing estimators of Population Mean in sim-
ple random sampling using a single auxiliary variable and their Mean
Square Errors (MSE)

S/N  ESTIMATORS MSE
1 7] NY?C7
(Simple Random Sample Mean) ~
2 gr=1%X AY?{C} —2P,,C,Cy + C2}
(Classical Ratio Estimator) -
3 Ureg =+ by (X —7) AY2Cy (1- Py,
(Classical Regression Estimator)
v "/ «@ CX2 a3y «@ C!g
4 gos=[matm (X -2)] A, P2 [1 - czeitlasesagiare; ]
ajag—og
(Gupta and Shabbir [6]) ~
5 gkci = [J+be (X —7)] A, AY? [a;C3 + Cp (1 pi)]
(Gupta and Shabbir [6])
—x gk — —% T—Sg v 2 (C272C3C4+01C2)
6 Ysingh = t1Yp + 12y (5(_51) Y {1 - W}
(Singh, Rathour and Solanki [35])
= — 2
T gn=gexp [$5E] V2 [C2 4 S (1~ 4K)
(Bahl and Tuteja [1])
. (T~ > BD—2CDE+AE?
8 pigh; +oi (X —7) AT v {1 - (aB_0?) )}

(Singh and Solanki [42])
9 gsc =[P+ P (X -7)][wa

(1w exp {@H

MSE (Yreg)
1+ AC2(1—p2)

(X+z)+2b
(Singh, Kumar and Chaudhary [43])
— _ * — * v = v 2 1
10 Yrao = K{y + K3 (X—CE) Y {1+W}
(Rao [24])

AV {AC 16(s% 1) (0% ~1)C3}
sif(2 1031

11 Yok = [dfg + d; (X — a_s)} exp [;{_i}
(Grover and Kaur [7])




i

_ (3 X-z 5 AvZ{xci-s(p2,-1)(rC2-2)C2
@ o (1o il oo []] | Tl
g+l (X — ) }exp (352)
(Shabbir, Hag and Gupta [31])

81

_(1 14202 _ (2 _ i 1+xC2 _\ MSE(gre
13 y(I]) = 1+)\cg YR, y(]l) =1Ys + bSyz (X — ]JS) (1-&-)\05) MSE (yR) ﬁ
(Jitthavech and Lorchirachoonkul [10])
g = 07 X — 7 2(X-2) 2 Ya+2v2va+7173
14 g =©17+ 02 (X — ) exp [Tﬂ} ) V2 (1o (gt )|
(Ekpenyong and Enang [5])
i =07 T _ 7 (X-2) V2 Ya+2v573+7173
15 y,w791y—|—92(X—;18)exp{XJri , Y [1_(?%‘)3)}
(Ekpenyong and Enang [5])
where,
1—f n
A = =
n ’ f N
N
X = N! Z x;, population mean of the auxiliary variable;
i=1
N
y = N! Z y;, population mean of the study variable;
i=1
n
z = nt Zaci, sample mean of the auxiliary variable;
i=1
y = n! Zyi, sample mean of the study variable;
i=1
Sz . .. .- .
C, = X< the coefficient of variation of the auxiliary variable;
S . .. .
c, = ?y,the coefficient of variation of the study variable;
Sz . . - .
p = S ; ,the correlation coefficient between the auxiliary and study variables;
Oy
iiCi . .
K;; = PiiZi and f= Q,the sampling fraction;
C; N
N
R (N — 1)_1 Z (:r@ - X)2 , population variance of the auxiliary variable;
i=1
N
Si = (N- 1)_1 Z (yi — 17)2 , population variance of the study variable;
i=1
N _ _
. XT; — X i — Y . . e
Szy = Lz ( ) (y ) , population covariance between the auxiliary

N -1
and study variables;
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Coefficient of skewness; B2 (z) = Coefficient of kurtosis;
Sample regression coefficient; «a = Intercept on Y axis;

Regression coefficient;

Standard deviation of X; Sy = Standard deviation of Y;
Auxiliary variable; Y = Study variable;

CL]'X + bj .1 .
————,a; and bjare constants or parameters of auxiliary variables.
a;T + bj

1+ \[Ch + €C2 (3¢ — 4K)] 5
AC2, a3 = AC2 (K — 2€);
1—XeC2 (K —€);

2 aX C,
AeCy e = m,[( = pC:;
aoad + 2030405 —|—a1a§'
aras —al ’
1+ X [Cf + €C2 (3¢ — 4K)] , B = \C;,C = XC} (3¢ — K);
BD? — 2CDE + AE*

AB - C? ’

14+ XeC2 (e — K),E = 2XeC2, Vo =
7+B8(X—13),

L+ AC; (1= py,),Ca =14 X[Ch + 3€C5 (€5 — 4K)] ;
L+ A [Ch (1—py) + €Cx (es — K)] 5

X
14+ Xe:C2(e—K),e6 = ———;
+ e (e )€ X_s.
T Ty LRGeSy,
L+AC2 77 14002 T 1 ac2 TS,

\C?2

1+)\012/7 72:)\C$2(K—1),’73:Tz,
AC2, 75 = AC? (K— %)
Y4+ Y24 @2:R(vz+7w4) 91:74+7573 0 _ Ry +m78)
7174—757 ’Y174—’Y§ ’ 7174—752’ 71’Y4—’Y§

R= ,0<@1791§13nd—oo§@2,02§oo

i =<

mn, 12, t17 t2, ®1, P2, Pl, PQ, w, Kl,K2,d1,d2,l1,l2,01,027®1 and @2 are suitably
chosen constants to minimize the mean square error of the respective estimators.

The estimators of population mean obtained by Ekpenyong and Enang (2015) did not
have a mathematical method of obtaining the multiples in the exponential terms; they
were arbitrarily assigned to the terms. Moreover, in obtaining the optimal values of
01,601,042, 60, , the authors did not consider the ranges of values given in the proposition
as constraints; they treated the minimization of the mean square errors as unconstrained
minimization problem.
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3. The Proposed Estimator
The proposed estimator of population mean in simple random sampling is given as:
5 (X — 2)

(3~1) pr = P17 + 2 (X_jf) exp Xtz

11 and 1o are suitably chosen scalars, such that 0 < 11<1 and ¥2>0,¢ is a regulating
parameter. Equation (3.21) can be transformed in terms of ¢’s as follows:

§[X—z2(1+4ea)]
X+z(1+4es)

Tpr = Y (1 + ey) + 12 [X —X(l—o—ez)] exp{

where

-Y z-X
ey = ) €x = )—(

17
1Y (1 +ey) — a2 Xey exp {7

(3.2) Tpr

B ex\ !
1+5)
(1+5)7]
To obtain the range of values for this study, we recall that for stability and convergent of
exp [5(X 2)}7 [5(3(7;)} < 1. Therefore,

X+ X+

deq ez !
9 (4 7)
> (143

2 ez \O
=16l < |2 (1+5)°),
Taking |ex| — 1, |§] < |3], but as |ez| — 0,]d] < |oo].
Therefore, [-3 < 6 < 3]N[—00 < J < 0o] = —3 < § < 3. Hence, for § being an integer
—9<5<2.

Equation (3.2) could be expanded and approximated up to the first degree. This gives
the expression:

<1

_ > = 661 [ -1
Upr = 1Y (14ey) —v2Xes _1—7<1+5>
52 2 _9
: (1+ ) +}
_ _— des er €2 5e
= Y (1 —PoXey |1 — = (1—-— =+ 224+ z
1Y (14 ey) — P2 Xe 2( S+ )4_8}
_ - Je2
(3.3) “Gpr = Y Y1+ viey —p2Mes + 102 M 5
where
M=
Y

The bias of g,, is obtained as:

By = B

il

{(wl — 1) + tre, — paMes + %M‘Lﬂ }
"

SNC?
— 1)+ YoM m]}

(3.4) .
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The first degree approximation of its mean square error is obtained using (3) as:

MSE(@W) = F (?jw - Y)2

o5t Yies — 21 Meyes

= B{7 -0t 20 - Vv
—H/}SMzei]}
= FE {W [1 + 97 (L+el) — 241 — 2¢19ho <Meyez -

2
—2n M0 1 yare] |

Mése?
2

N ) SACE
= Y?|1+97 (1+AC5) — 21 — 24102 M  A\pCyCo — 3
) 2
—2@% +w§M2>\Ci}
r 2
= V2|14 93 — 2 — 2 MAC, <K - g) — 2y, MG
+Ys MAACE)
(3.5) = V2 (1+9irs — 21 — 20192 Mra — 2o Mrs + b3 M ry)
2
where 11 = 1+ ACo, o =\C2 (K — g) T3 = 6)\201,7”4 =C2

To obtain the optimum mean square error of the proposed estimator, (3.5) is differentiated
partially with respect to the unknown parameters 1, and ¢ subject to the following
constraints:

P1<1,9p2>0 and 6<2
(3.6) =1—191>0,¢2 = (0,00) and 2 — >0

Since (3.6) are all greater than zero, the optimization problem can be stated as follows:

MinMSE (§pr) = Y2 (1 +¢ir1 — 201 — 20192 Mra — 20p2 Mrs + b3 Mr4)

3.7
( ) S.t].—’()0120,1/1220,2—620,’(/&,’(#2,520

Applying Lagrange multiplier, the problem is solved thus:
The general objective function is:

G =Y (1 +ir1 — 21 — 20192 Mra — 2o Mrs + b3 M 1)

(38) — A (1 —91) = Xap2 — A3 (6 — 2)

Therefore, the Kuhn-Tucker conditions for the minimization problem are;

(3.9) aMSE(g—:Z) — 2 — 2 M — 2 — A =0
1

(3.10) 8MSE(8L$) = 211y — 2Mrs + 2o M1y — Ay = 0
2

(3.11) 8MSE@ = ’([)11/)2M7‘4 — 1/)2M7‘4 — )\3 =0

o)
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And

(3.12) A(1—11)=0
(3.13) Aaths = 0
(3.14) As(2—8) =0
(3.15) 1—11 >0
(3.16) P2 >0
(3.17) 2-6>0
(3.18) A1, A2, A3<0

Thus solutions corresponding to the following combinations of A\;(¢ = 1,2,3) can be
obtained:

(i) M =0, X#£0, A3#£0

(ii) A1#£0, A2 =0, A3#0

(i) A170, A2#0, A3 =0
(iv) A1 =0, Xa=0, 30
(V) )\1 = 0, )\2?50, )\3 =0
(Vi) )\1750, )\2 = O, )\3 =0
(vil) M#0,  A2#0,  A3#0

(viii) Ay =0, X2=0, X3=0
Only solutions for combinations (iv), (v) and (vi) satisfy the Kuhn Tucker conditions
and are solutions to the non-linear programming model given in equation (3.8).

(a) Solution for (iv) From equation (3.14), 6° = 2. Also, using equation (3.9):
2’(/117‘1 —2— 21/12MT‘2 =0

(3.19) = 1r1 —Y2Mra =1

From equation (3.10): —2t¢1 Mrs — 2Mry + 202 M?ry =0
(3.20) = 112 —YoMra = —rs

Solving equations (3.19) and (3.20) simultaneously gives

* T4+ 1274

21 =2 <=

(3.21) 127 e — 2

(322) pi = 2t )
T1T4 — 7'2

Therefore, the minimum mean square error of this combination of \;<0(i =
1,2,3) is determined by putting the values of 7,5 and ¢ in equation (3.5)
and simplifying to obtain:

_ 5 + 2rors + 1173
23)  MSEop(fprz) = V2 |1 — (AT 20T T
(3.23) SE opt (Jpre) { < rirs — 12
(b) Solution for (v) Under this condition, it is seen from equation (3.13) that
12 = 0 and from equation (3.14), § = 2. Putting this in equation (3.11) gives
A3 = 0, and from equation (3.9); ¥1 = % Hence, the solution, using equation
(3.5) gives:
. . - . AC;
3.24) MSE () = V2 (14 L - 2} —y2 (=) _y2 (2%
i r r r 14 AC2
1 1 1 7
(c) Solution for (vi) With this condition, ¢); = 1 from equation (3.12); equation
(3.13) also shows that Az = 0. Also, from equation (3.10),

—2 Mry — 2Mrs + 2o M1y = 0
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re 4T3

=>7(T2+1"3)+1/12M7"4:0:> M 21[)2
4
(3.25) = M =y =8
4

where [ is the regression coefficient

In this condition, it is observed that 12 is a function of § since r2 and r3 are functions
of §. In addition to this, it can also be seen that no matter the value of § under this
condition, the mean square error would still be the same, but the ratio estimator will
differ. Therefore, varying the values of § within specified constraints or conditions give
various members of this class of estimators. This condition gives the following class of
estimators:

5(X - 7)

with mean square error given as:
(3.27)  MSE opis (Jpr) = Y?AC (1 — p°)

The mean square error of equation (3.27) is similar to that of the regression estimator.
From the foregoing, the feasible optimal solutions to be considered for the minimization
problem are solutions for conditions (iv), (v) and (vi); the only clear solution where
all conditions are clearly and uniquely seen to satisfy the Kuhn Tucker conditions is
the solution for condition (iv). These solutions give feasible optimal solutions at various
values of the considered unknown parameters, but the solution which gives the least mean
square error would be considered as the most suitable one. Moreover, it has also been
observed that these feasible solutions produce existing ratio and regression estimators
with their corresponding mean square errors or variances.

It is also observed that values of (0<0<2) other than the optimal value of 2 can yield
good existing estimators of population mean. For instance, if § = 1, the estimator would
be:

(X -3)

(3.28)  Fpry = UiaB + 34 (X — 7) exp X+3)

where 97, and 13, can be obtained from equation (3.16)(16) by differentiating partially
with respect to ¥1 and 1> and setting the resulting equations to zero. Then substituting
6 = 1 and solving simultaneously the equations give:

(3.29) pi, = [AEISTS
T17T4 — 7“5
. R
(3.30) vy = Blradnrs) “ZS)
rirg — s

where r5 = ACs (K — 1). This will give the mean square error as:

ry + 2rsrs + rirs )}

TiT4 — T2

(3.31)  MSE oy (Gpry) = Y7 {1 = <
Also, if 6 = 0, the same procedure is applied

(3.32)  Fprs = Uis + 935 (X — 7)

which is Rao (1991) regression type estimator. From equation (3.16), we have

(3.33) iy = —2

T1iT4 — T2



972

RTG

3.34 5y = ——————
( ) ¢25 P14 — Tg

with its mean square error as
: MSE ot (Jprs) = V2 |1 = [ —2—
(335)  MSEop (rs) = 7 1= (1

Therefore, varying the values of §,1¢1 and v gives alternative estimators with unique
properties. Table 2 shows some forms of this proposed estimator with varying parame-
ters.

TABLE 2

Table 2. Some members of the proposed exponential estimator of pop-
ulation mean in simple random sampling and their MSEs

Estimators 1 o 6 MSE
5 AC2
Tpr1 = Y117 1 0 g v (ﬁ)
(Searls [28])
v \ . T ™ 7'2

Gorz = V120 + 35 (X — 7) Uh o YR 2 PR[1- (mtlentad))

exp 2(X-z)

(x+2)
(Ekpenyong and Enang [5])
Yprs = g+ 1 V3= 10 YZAC; (1—p7)
a3 (X — 2) exp 6((;;)] B
N \/ . 5T, ™ T2
Yprs = Vg + Pa P 1 V2 [1 - (%)]
¥ (v _ X-z
w24 (X — 33) exp | EX+5§:|
(Ekpenyong and Enang [5]) ~
Tprs = g+ V=6 YOy (1-p?)
= _ 6()’(72) 1 B8

23 (X — m) exp =) ]
Gors = Vish + 03 (X =), (Rao, w5 s 0 V2 [1— (2]

24])

Rao [24] and Ekpenyong and Enang [5] have shown that the estimators are more efficient
than the usual regression estimator of population mean in simple random sampling. The
only estimator in Table 2 that is less efficient than the regression estimator but more
efficient than the simple random sample mean is the estimator of Searls [28], Fpr:.

4. The Proposed Generalized Estimator of Population Mean in
Simple Random Sampling

The general class of the proposed exponential ratio estimator of the population mean is
suggested as follows;

(4.1) Yprg = P1gU + @2 (X - 56) w
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where ®; and ®, are suitably chosen scalars, such that ®; > 0 and —co < 2 < co and

X -z X -z
U=exp|hi|=——""]| ,W=exp|ba| =————
o o ()| v e [ (55
«, 91 and J2 are suitably chosen to align with existing forms of ratio estimators proposed
by various authors such that

5: (g)‘guz 1,2
Xo f o

which is a condition for proper approximation of Taylor’s series.

To obtain the bias and the mean square error of the proposed estimator, equation (4.1)
is transformed and expressed in terms of e’-s Taking the first term on the Right Hand
Side (RHS) of equation (4.1), we have;

_ o X —z”
¢1yU = <I>1Y(1 + 6y)eXp |:61 (m)]
_ 61[1— (1+aes + a%5tel +..)]
= oY (1 2
1 ( +€y)eXP{ [1+(1+aez+a%e§+)}
5.7 (1 '—61(aez+age_21)
AR [P Err=y
B _ [ 61 (ces + a5te?) a a—1 4
= PV (14 ey)exp S a+h ,whereh—geeroz 1 G
_ = [—61 a—1, -1
S OgU = &Y (1+ey)exp - aey +a e; | (L+h)
O gU = &Y (1+4ey) i _% ae +Oéa_1€2 (1+h)"" i
1 1 y . 2 x 2 x
- — diaes a—1 ae;  ala—1) o
C nrare (1B (1, a2l ) [ ae _afan
e ala—1) 517 §laPe? (a—1)% ,
+[ 3 1 64 + 3 1+ (a—1)es + T

(1—&61—04(%71)62—#...)}}

BT (l+e) [1 _ d1ae, dr1a?e2 _dia(a—1) 5 5%(1262]

2 4 VR 8

Sraer  Orae 5%&262}

2 4 8

= O,V (14ey) [1 -

Expanding, simplifying and ignoring terms of powers of e greater than 2, we proceed as
follows:

(12) ®gU =Y [<I>1 _ Sibaes g (2010t a’)

5 3 ei + ®iey —

Did1aey e,
2

Similarly,

B B 2 2 2
Oy (X — ) W = —0, Xe, [1 - 52‘;61 L 62a;62a )ei:|
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Ignoring terms of ‘ e’ with powers greater than 2, we have
@2)2520&62

2
Adding equation (4.2) to equation (4.3) gives;

(43) (o2 (X — .’f) W = 7@2)?61 -+

r 2 2
Yprg = Y |9, — <I>u5;aez + & (2010 —g dia )6920 + ®iey
- 2
(4.4) 7¢>151aeyez _ &y Me, + Py M2aves,
2 2
r 2 2
G —¥) = ¥ |@-1)— @15;&61 T, (251a4g(51a )ei
) . Oy M Sacre?
(4.5) FPre, — % By Me, + %‘we]
Therefore, the Bias of ¢,y is given by;
_ _ - 281 + 6202 NC2
B () =Bl — V) = | (@1 = 1) + @ CREEI)
4.6
(4.6) 016:a0CyC, D2 M2a)C?
- -
2 2
Also,
_ N2 o2 2 2 (251064-5%062)63;
(g = V)? =V | (@1 = 1)* +2 (8] — @) EROEAL)E
2
2 (7 @) NAYEs | o (@, — @) W%we
+<I>%5fa2ei B 2@%510&61}61 n 2'1>1'1>2(5104M633
4 2 2

+®Tel — 20122 Meye, + P5M 2]
The mean square error of the class of estimators is given as;
MSE (Gprg) = E(Yprg — Y)2

(51 OCAC;E
2

:Y2{1+<I>? {1+/\C§+ [(1+510¢)74K]}

(51 a/\C’f
8

—20, {1 + (24 d1a) — 4K]} — 20, B, MAC;

{K (6 52)04} _ 20:M&20C3 +A0§M202}
2 2
(4.8) = MSE (§prg) = Y? (1 + ®Im1 — 28172 — 201 Doms — 2Domy + Pomrs)
where
SraxC?
2

51(1)\02
8

2
7T3=M>\C§ [K_W}y W4:%7

m =1+ A\C; + [(1+d61a) —4K], m =1+ [(2+ d1a) — 4K]

75 = AM>2C2

From equation (4.8), it can be seen that the mean square error of the proposed class of
exponential estimators in simple random sampling is a function of §1,d2 and «. Varying
the values of d1,d2 and « gives various members of the family with their corresponding
mean square errors.
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When different values of are d1,d2 and « substituted into equation (4.1), some members
of the family with their respective mean square error obtained from equation (4.8) can

be derived as shown in Table 3.

TABLE 3

Table 3. Some Members of the generalized Family of exponential Ra-
tio Estimators

Estimator 01 02 o P, (o2
Yprgl = Y, Samplemean 0 d2 o 1 0
Yprg2 = Y €XP (g—;;), Bahland Tuteja [1] 1 O2 1 1 0
Yprg3 =Y+ b (X - i’), Regression estimator 0 0 o 1 b
Gprgs = 5+ b (X — T) exp (’;—;;) o 1 1 1
Gprgs = Prgexp (352 ) + @2 (X — ) 1 1 1 d; Dy

exp (57
gprg(ﬁ - q’u?} + @21 ( X — i‘) exp i(:(jr;) 0 1 1 (1311 (1321
_ _ S _ 2(X—
Yprg7 = élgy + $oo ( — I) exp ((}?+ix)):| 0 2 1 [OFD) Doy
Uprgs = O17 exp (;;; , Yadav and Kadilar [58] 1 02 1 01 0
Yprg9 = P14y + Poa (X — .T), Rao [24] 0 0 (e} Dy Doy
— k= X—z * v = * *
Yprg1o = DIy €xp [Efﬂ'iﬂ + &3 (X - iU) 1 2 D1 Pag

< 2()*(27—2)

XD x7iz7)
— B * v = XZ—EQ * *
Uprg11 = PIgy + Pog (X - 55) €Xp (W) 0 1 2 Qg Do
Uprg12 = [P17], Searls [28] 0 0 ! o7 0

Table 3 indicates some members of the class of generalized exponential ratio estimator
of the population mean in simple random sampling. It is observed from the Table that
estimators of Yadav and Kadilar [58], Rao [24], Bahl and Tuteja [1], regression estimator
and simple random sample mean are members of this class of estimator. To obtain
the optimality conditions for the mean square error (MSE) for the proposed family of
estimators, equation (3.19) is partially differentiated with respect to ®; and ®> and set

to zero.
Therefore,
OMSE (Gprg) 2 _
—e, = 17 — 2m9 — 2Pom3 =0
(4.9) = ®ym — Pomy = m2
Also,
OMSE (Gprg) 2P .
— %%, == 173 — 274 + 2975 =0

(4.10) = O3 — Doy = —m4
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Solving equations (4.9) and (4.10) simultaneously gives the following expressions for &
and .

ToTs + T34
T — T2

(4.11) ;=

(4.12) 5 = 7r17r4+7r272Ta
7T17T5—7|'3

Substituting equations (4.11) and (4.12) in equation (4.8) gives the optimum mean square

error as;

2
MSEopt (gm,) :}72 1 —+ (771—2#5 + 7T5ﬂ—4> ™ — 27T2 (7’7@7r5 + 71—571—4)

15 — T3 175 — T3
ToT5 + T34 1Ty + T3
—271‘3 3 3 —271'4
175 — T3 1T — T3

2
M4 + T2T3 T4 + T2T3
T1Ts — T3 T1T5 — T3
After simplification, the mean square error becomes:

(4.13)  MSE opt (prg) = Y7 |1 —

(7r§7r5 + 2mom3 s + 7r17r2)
(mims — m3)

Remark:

(1) equation (4.13) gives the mean square error (MSE) for optimum & = (®7, ®3).

(2) When different values of 1,02 and « are substituted in the proposed family of
exponential ratio estimator, different ratio estimators would be obtained with
their corresponding optimum mean square error.

4.1. Efficiency Comparison.
(a) A member §prg of the proposed estimator would be more efficient than another
member Yprg; if;
MSE (§prgj) — MSE (Jprgi) > 0

2 2 2 2
S TS M5 +2T0j T3 Mg +T175 5 S TS T5i+2T; T3 T4 +T1,74;
Y2 1 (2] J 3737 2J J 4;) Y2 1 (21 i 731 21 i 41) >0
(7r1j7r5j77r3j (7r1i7r5i77r31v)

2 2

T35+ 2 T Tai F i Ta T35 H2M2 T3 Maj 71 TY 0
= pa———) - P >
1i754 34 15755 =735
(4.14) =q—q >0
where
2 2 2 2
_ T2iTsi+ 2M2iTaiTa + MMy WaiTsj + 2o may + WMy
T = ) ,q5 = 5 .
T1iTs: — T3, M55 — T3

When equation (4.14) holds, then %, will be more efficient than gprg;.
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(4.15)

()

(4.16)
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Any member §pr of the proposed estimator is said to be more efficient than the
classical ratio estimator if;

MSE (QR) — MSFE (’gmgi) >0

_ _ P I SE 22
= \Y? (C2 —2pCyCy +C2) —Y? |1 — (wdimsi+2maimimaitmim) | o g

(”1”(5'i_7‘§i)
=Y?[1+AC) +7C; (1-2K)—1] =Y?*(1—¢;) >0
= Y?{[AC; +XCZ (1 —2K) —1] = Y?¢;} >0
= {[AC; +AC; (1 —2K) —1] —qi} >0
=ri+r—1)—(1-¢)>0

When equation (4.15) holds, then g, will be more efficient than the classical
ratio estimator.

Any member of the proposed family of estimators g, is said to be more efficient
than the Gupta and Shabbir (2012) estimator if;

qi —v1>0

5. Numerical Illustration

To validate our theoretical claims and assess the efficiencies of our proposed estimators
over the existing ones considered in this work under certain optimal conditions, data
from the following ten populations are used.

TABLE 4

Table 4. Populations and Parameters considered for the proposed ex-
ponential ratio estimators in simple random sampling

Source of Population Parameter

N n p Cy Cx Y X
I (Murthy, [23]) 80 20 0.9413 0.3542 0,7507 51.8264 11.2646
IT (Murthy, [23]) b80 20 0.9150 0.3542 0.9484 51.8264 2.8512
ITT (Cochran, [3]) 10 4 0.6515 0.1449 0.1281 101.1 58.8
IV (Kadilar and Cingi, [14]) 200 50 0.9 15 2 500 25
V (Koyuncu and Cingi, [19]) 923 180 0.9543 1.7183 1.8645 436.435 11440.5
VI (Kadilar and Cingi, [16]) 106 20 0.86 5.22 2.1 2212.59 27421.7

VII (Kadilar and Cingi, [17]) 104 20 0.865 1.866  1.653  625.37 13.93
VIII (Kadilar and Cingi, [13]) 204 50 0.71  2.4739 1.7171 966 26441
IX (Kadilar and Cingi, [16]) 256 100 0.887 142 14 56.47  44.45
X (Das, [4]) 278 25 0.7313 1.4451 1.6198 39.068 25.111




TABLE 5

Table 5. Percent Relative Efficiencies (PRE) of the proposed and re-
lated estimators of population mean in simple random sampling

Population
Estimators 1 11 111 IV \4 VI VII VIII IX X
Yprg1 11.40 16.28 57.55 19.00 8.93 26.04 25.18 49.59 21.32 47.97
Yprg2 89.05 47.55 92.92 21.51 34.50 37.50 58.56 79.01 57.86 94.88
Yprgs 100 100 100 100 100 100 100 100 100 100
(Regression Estimator)
Yprg4 100 100 100 100 100 100 100 100 100 100
Yprgs 101.91 103.37 100.25 166.64 100.83 135.06 107.12 105.83 100.65 106.61
Yprg6 105.34 105.59 100.41 220.54 105.70 196.26 125.34 110.50 102.48 113.03
Yprg7 122.55 124.89 100.73 349.49 122.65 598.67 203.08 120.01 107.23 132.84
Yprgs 102.71 108.15 100.18 134.94 100.00 109.84 101.54 103.45 100.11 104.74
(Yadav and Kadilar [58])
Yprg9 100.07 100.01 100.18 164.13 100.12 128.78 103.59 104.58 100.26 103.65
(Rao [24))
Yprg10 135.59 371.30 100.08 364.08 100.04 697.05 105.48 105.83 100.08 100.04
Yprg11 122.55 124.89 100.73 349.49 122.65 598.67 203.08 120.01 107.23 132.84
Tprg12 11.45 16.36  57.73  83.13  9.05 54.82  28.72  54.17  21.59  51.62
(Shabbir, et 106.75 112.40 100.33 169.26 102.22 142.52 112.15 107.26 101.21 110.66
al) [31]
(Singh, 100.07 100.10 100.18 169.91 100.15 152.11 117.87 113.32 100.26 104.10
Rathour
and Solanki)
[35]

(Singh, Ku- 100.07 100.01 100.18 164.13 100.12 128.78 103.59 104.58 100.26 103.65
mar and

Chaudhary)

[43]

(Jittavech 100.94 100.94 100.63 1914.06 102.66 443.25 130.10 119.33 102.47 115.78
and Lorchira-

choonkul)

[10]

(Singh and 135.59 371.30 100.08 364.08 100.04 697.05 105.48 105.83 100.08 100.04
Solanki) [42]

(Gupta and 100.49 100.10 100.18 168.22 100.12 135.06 103.98 104.80 100.26 104.03
Shabbir) [6]

(Grover and 101.91 103.37 100.25 166.64 100.83 135.06 107.12 105.83 100.65 106.61
Kaur) [7]

*Figures in bold indicate the largest PRE in each population.

6. Discussion of Results

The proposed exponential ratio-type estimator of population mean under simple random
sampling scheme, in the presence of one auxiliary variable, given in equation (3.1) con-
tains some unknown parameters 1,2 and J, whose range of values have been defined.
Significantly, the range of values of the regulating parameter § obtained through appro-
priate mathematical proof and solving a formulated non-linear programming model are
used to obtain the Asymptotic Optimal Estimators for the proposed family, which are
shown with their Mean Square Errors in Table 2. This approach shows advancement over
the works of [43] and [31], whose choice of parameters were given intuitively without any
concrete mathematical backup. From Table 2, it has also been observed that Asymptotic
Optimal Estimators (AOE) include some existing estimators of [28] and [24].

A generalization of this proposed exponential estimator of the population mean is pro-
posed in equation (36) with appropriate choices of unknown parameters 1, @2, @, 61 and
02 to produce members of this general family of estimators as shown in Table 3. Table
3 shows that even the Asymptotic Optimal Estimators of the first proposed exponential
estimator of population mean in Table 2 are all members of this generalized exponen-
tial estimator; estimator of [1], classical regression estimator, [58] and other generated
estimators are also members of this proposed family of estimators of population mean
under simple random sampling scheme. The optimal Mean Square Error of this proposed
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general family of exponential estimators is given in (4.13) from where it can be observed
that the optimality condition is dependent upon the other three parameters a,d; and
02, whose choices leads to various Asymptotic Optimal Estimators (AOE’s) with their
different Mean Square Errors (MSE’s).

Ten (10) populations presented in Table 5 have been used in empirical analysis. The
results presented in Table 5 indicate the Percent Relative Efficiencies (PRE) of some ex-
isting estimators and members of the proposed family of exponential estimators obtained
with respect to the classical regression estimator. Table 5 shows that estimator denoted
by §prg10, which is the same as g, in Table 2 has the greatest PRE of 135.9%, 371.3%,
697.05% in populations I, II, and VI respectively among all estimators considered (both
existing and proposed), except for the estimator of [42], which has the same PRE. Also,
Uprg11, Which is the same as §,r5 in Table 2, has the greatest PRE of 100.73%, 122.65%,
203.08%, 120.01%, 107.23% and 132.84% in populations III, V, VII, VIII, IX, X respec-
tively among all estimators considered. The only deviation here is in population IV,
where [10] estimator has the greatest efficiency. All other members except ¥prg1, Jprg2,
and Yprg12 have their efficiencies greater than the classical Regression estimator. On the
whole, Table 5 has indicated that Fprg0 ( Yprs) and Fprgrz ( Yprs) have significant gains
in efficiencies in the ten (10) populations except population IV. However, [42] estimator
and Yprg15 (Ypry) have the same performance in all populations. Hence, there are greater
gains in efficiency among the proposed estimators of population mean in simple random
sampling.

The proposed estimators Jprg15 ( Upry) and Jprg17 (Yprs) have demonstrated tremendous
gains in efficiencies under simple random sampling strategies. They have therefore been
found useful for estimating the population mean in simple random sampling strategies
under certain optimal conditions.
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