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The bias reduction in density estimation using a
geometric extrapolated kernel estimator
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Abstract

One of the nonparametric methods to estimate the probability density
is kernel method. In this paper, kernel density estimation methods in-
cluding the naive kernel(NK) estimator and geometric extrapolation
based kernel(GEBK) method are introduced and discussed. Theo-
retical properties, including the selection of smoothing parameter, the
accuracy of resultant estimators using Monte Carlo simulation are stud-
ied. The results show that the amount of bias in the proposed geometric
extrapolation based kernel estimator significantly decreases.
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1. Introduction

Probability density function is one of the basic and widely used concepts in the sta-
tistics by which we can verify random variable behavior. If the form of population is
known, the parametric method is usually used; otherwise, nonparametric method may
be applied. Several nonparametric methods have been used so far; among them, the
easiest and the most popular one is the histogram. Until the early fifties, histogram was
the only method raised for density estimation. Although for identifying data distribution
process the histogram method seems to be easy to use at the first stage, it can not be the
most accurate one due to some of its failures such as roughness. Therefore, it has been
replaced by other methods. Over the last twenty years, different nonparametric methods
such as kernel method in this field have been expanded and developed. Theoretical stud-
ies of this technique and its applications by computers for data processing has caused
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a revolution in the estimation of the probability density. Rosenblatt [11] and Parzen
[10] were the first to introduce the kernel method. Silverman [12], Hardell [4] and many
others generalized this method to higher dimensional. Also, Farrell [3] obtained the best

asymptotic convergence rate O(nTirl) of mean squared error(M SFE) for orthogonal ker-
nel estimators. Terrell and Scott [14] introduced geometric extrapolation of nonnegative
kernels for bias reduction. Kim, et al. [7] developed a skewing method to reduce the
bias. Mynbaev and Martins-Filho [9] worked out a bias reduced kernel relative to the
classical kernel estimator via Lipschitz condition. Kairat, Saralees Nadarajah, et al.[6]
studied improving bias with kernels of Epanechnikov and Gram-Charlier for kernel den-
sity estimation. Kim and Kim [8] presented a version of the kernel density estimator that
reduces M SE. They showed that M SE reduction is due to bias reduction not variance
one. Igarashi and Kakizawa [5] studied asymmetric kernel estimator with support [0, c0),
using nonnegative bias correction techniques with standard normal kernel. They showed
that the best mean integrated squared error(MISE) occurs with O(n%g).

As we pointed out above, many efforts have been made in the past decade to estimate
probability density as accurate as possible. In this paper, we mainly focus on bias re-
duction of kernel estimators using geometric extrapolation. Indeed, in Section 2, we
introduce the naive kernel estimator, and in Section 3 we consider and investigate the
geometric extrapolation based kernel method. A Monte Carlo simulation study is de-
scribed in Section 4 and the results are compared by using standard normal kernel. In
Section 5, we present three numerical examples. In Section 6, however, we summerize
our results as the finall part of our work.

2. The Naive Kernel Estimator

Let X1, X, , X, be independent and identically distributed random variables with
an unknown density function f, with size n. For € R the naive kernel(NK) density
estimator of f can be defined as

),

21) NK: fh(x):%zm(x—xi):nihz;(( - h>0

where Kj,(z) = 1 K(%) denotes the kernel weight function, usually a symmetric density,
and h is the bandwidth parameter, which controls the smoothness of the estimator. The
kernel weight function is usually required to satisfy the following conditions:

al) [ K(z)dz =1
a2) Sup |K(z)| < o0
—oco<z< oo
a3) lim |[zK(z)|=0
Tr—r0o0
ad) K(z)=K(-x)
ab) h—0 and nh—oo0 as n— co.

Parzen [10] showed that under the conditions of al to a5, fx(x) estimator is consistent
in second-order mean. For the optimal asymptotic choice of h, suppose that an unknown



1005

density function f and kernel weight function K, to satisfy the following conditions:

oo

bl) If12 = [ (f"(z))’dz < oo

— 00

v2) ||K|:= [ K*(z)dr < oo

—00

b3) 70 zK(z)dr =0

b)) pe(K)= [ 2°K(z)dr < o0
b5) f” is absolutely continuous in a neighborhood of =.
According to Silverman [12] and Wand and Jones [15], we have

2
R _h "

Bias(fu(z)) = E(fa(2)) - f() =5 (fE)/x2K(fr)d~’v +O(h%)

. N A 2 1 2 1
Var(fu(e) = E[fu(@) - EGu(@)] =) [ K2 @)do + 000,
Thus, according to the criterion M SE we have

MSE(fu(z)) = Biif(fh(rr)) +Var(fa(x))
~ I (@) ([ 2 K (@)dw)® + 55 (@) [ K?*(2)da+O(5; + h®).

We can easily see that under the conditions of b1 to b5, the optimized bandwidth of fh(x)
estimator is

K|? -
hopt = ||2 ||22 e
7115 p2?(K)

d then the optimal MSE is of the order O(n%)

i

3. Bias Reduction by Geometric Extrapolation

Geometric extrapolation was introduced for kernel density estimation by Terrell and
Scott [14]. Consider the naive kernel density estimator with two different bandwidths h
and 2h:

fulw) = =S KPS

and
~ 1 n r— X;
f2h(30)*ﬂizzlf(( o )-

Suppose the kernel weight function K above is symmetric so that all the odd moments
of K are zero. Terrell and Scott [14] proposed the following estimator:

(3.1) GEBKrs: fr(z) = (fh(m))%(f%(x)) 5

Note that f* doesn’t have integral one. We can easily see that the optimized M SE(f; (z))

is of the order n 5. We modify the estimator so that the bias can be considerably reduced
comparing to the estimator 3.1. Indeed, we propose the estimator 2.1 with two different
bandwidths h and ah.

Now, assume also that the second derivative f”’ of the underlying density f is absolutely
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continuous and square integrable. Then, using Taylor expansion of f(z + hz) around =z,
we have

E(fu(@)) =n [ 5K (=) (1)t
= [K(2)f(z — hz)dz
= [ K@) [f(e) = haf @) + G55 @) - ] de
f@) + Z( S FO (@ymah’ + O ()
where
m;(K) = /ziK(z)dz =0 , i=12,---,7—1 and m.(K)#0
means that K is a kernel of order r. Let

Ii(z) = E(fa(x)).
Then, for symmetric kernels for which all the odd moments of K are zero, we have

I(@) = fa) + 5 (@ )/Z2K(z)dz+%f<4>(x)/z4f((z)dz+..._

By taking ¢; = (_i—})if(i)(x)mi(K), 1=1,2,3,---, then we have

In(z) = f(x) {1+f($)h + 7" +]

Accordingly,
log (T (z)) = log(f(x)) +lo ({1 2 p2y A h4+~~-D.
6(1n(2)) = log(1(a)) +log ([ 14 220 + 24

By Taylor expansion of log(1 + z), we also have
log(71(+)) = log(f () + £4517 + 451"+

+ () | ph + f2c<4x> h® + }
1 e p6y cd 12

ts [fox)h el } T

c caf(z)—35c
= log(f(2)) + 7250 + a4

Similarly, for the parameter ah we have
C2 caf(x) — é 4
log(Ian(x)) = lo x)) + ah)? +7ah +oee

Thus, for bias reduction, we propose the following geometric interpolation estimator:

(32)  fulz) = (fh(l’))wl (fah($)>w2
Therefore,

log(fi(x)) = wi log (fa(@) ) +ws log (fun(a))

wi log (I (@) + w2 log (Lun(2)) = wi log(f(2)) + wr 1225 h2
c x 102
+un IR L s log (f ()
1.2
v + S G
— (w1 +ws) log(f(x)) + (wn + a2w2>f°<i h

+ (w1 + a4w2)7c4f5«2>m) 22 pd

+
+ -
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To reach our goal, we need w1 log (I, (z)) + w2 log (I (x)) has term log(f(z)) but has
h? term disappeared. Thus, w; and ws have to satisfy

2
wy w2 =1 w1 = 5
{w1+a2w2=0 :>{w2_a211 ez heAd
Hence,
a? -1 1a’c3 —ad’eaf(z) 4
21 log (In(x)) + —— 1 log (Ian(z)) = 10g(f($))+f2—(x)h e

Now, using a series expansion for the exponential functions, we have

a2 o La*c} — d*eaf(z)

(In(z)) **=1 (Ian(z)) **—1 = f(z) + 2 @ Mt ...,

We rewrite fh and fah as

fu(@) = In(z) + Z
and
fah(m) - ah(x) + VV7

respectively. We have shown in (fh(x)) and Var (fh (x)) that the random variables
Z and W have expectation zero while the variances and covariances of Z and W are of
order O(-%-). So, our proposed estimator becomes

—1

(33) GEBKp: fu@) = ()" " (ful)™ .
Now, using the expansion of (14 k)® = 1 + kz + O(k?), we have

o2 a2 -1
]T Py

Ful@)) = ()T (14 £25 ] (Lan(e) @ [1 4+ 2255] 7
- (Ih(x))ﬁ([ah(m))azil [1 + A5+ 0 ((W)Qﬂ

s o (@)

— (I (2) (L (@) P [1 4 £ ,,m +0((3% 2)
T T G T Tee® T e Tar®) (( YO

+0 ((7225)°) + #7450 ((22%)°)

+0((55))0 (%) 1

= (@) (Lan) 7 + 5 2(282) 7

+ W( Inlz) )";7*1 +0((Z+W)?).

a?-1 Ion ()

’)

From definition I5(x), we also have

Ih(:l?)
Iah (IE)

=140 (r*).
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Then,
Bias (fu(x)) = B (( (@)™ (fun) ) - /(@)
= B @) (L (@) 77 + 4520 +O<hQ>)m
+ =W (1+0(h?))a e +o(( W)%)] — f(=)
= f(z) +4§a2c§h4 +O0(h)+04+0+0 () - f(ac
= 1a23hT+ 0 (h* + L)
and

= B[#52+ 75 W} +0(3)
Var (o) + ) +0(3) = 0 ().

nh

Thus, the mean integrated squared error(MISE) for the estimator fp,(x) is

MISE(fi(z [ Fulz) — (x)]

- JE
= Z.;Var( )daz—i— f Bias® (fh(x)) dx
Z g Var(fh( ))dac—i— f

+ T ia cahB¥dz + O (hs)
2

2

Var (fah( )) dx

= (aza 1) nh HKHz +O( ) (u;il)Qﬁ HK”%‘FO(%)
+ 50" (3) 117115 ([ 22K (2)dz) 'h® + O ()
=ﬁllffllg 64Hf"||2u2( )R® +0 (h® + ).

Under the conditions of b1 to b5, the optimal choice of h that minimizes MISE(fy(x))
satisfies
1
8(a® + DKy |°

hopt == _T
ad(a? — 1)) f"||313(K)

We can easily see that the optimized bandwidth is h = O (n%l) and, therefore, the

optimal M SE is of the order O(n_TS). These results are summarized into the following
theorem.

3.1. Theorem. Let K be symmetric and all the odd moments of K be zero
also that conditions by to bs hold. Then,

Bias (Fu(@) = 14 (" (@)? ( / z2K<z)dz)2 ‘o <h4 + i)

nh
Var (fu@)) =0 (nlh)

. Assume

and
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Consequently,
1

MSE(fn(z)) = O(h® + E)

and the optimal MSE is of the order O(n%s) with h = O (n%l)

4. Simulation Studies

4.1. Optimal Choice for Parameter a. In this section we report on a simulation
study which is designed to show that the minimizer of MSE(fy(z)) yields a reliable
choice of a. Therefore, to introduce an optimal estimator reducing the bias, we should
look for an a that minimizes the MSE of the proposed estimator. Since bias is the
area occupied by true density and estimated density, we apply numerical methods such
as rectangular and composite Simpson(Burden and Faires [2]) ones to optimize a by
minimizing the M SE. In each case the data come from a standard normal density f.
Also the kernel K is a standard normal density and in each case we set x = 0. In a
simulation study, when we know the true f, we may compute the true bias and variance
and hence M SE. Considering Figure 1, the optimal values for a are 0.6272 and 0.6429 in
the rectangular and Simpson methods, respectively, using R software. Having noted that
the Simpson method considers to be more accurate, we prepose 0.6429 as an optimal a.
Thus, our final proposed estimator will be as

@) f@ = (h@) " (o)

This estimator reduces the bias considerably comparing to the GEBKrg one.

)17045

4.2. Monte Carlo Simulation Study. In this section, we carry out some simulation
studies for comparing the three proposed estimators: the naive kernel( NK) f () given
in 2.1, the geometric extrapolation based kernel(GEBKrs) f;,(x) given in 3.1, and the
geometric extrapolation based kernel(GEBKp) fy(z) given in 4.1. We randomly select
1000 independent samples of size n= 50, 100, 200 and 400. We arbitrarily choose =z =
0,0.5,1,1.5,2,2.5,3 and 3.5 at which the kernel estimators are calculated and compared.
Also we choose the standard normal as the kernel function K, that is
1 2

K(ZC) = m67%1{7m<z<w}-

Having selected optimal bandwidth parameters, the bias, variance and M SE are esti-
mated, respectively, as

Bias(f) = Tloo 1%%0 (fz - f)»

i=1

L1000 a2 ) - L 1000
Var(f)zm;(fi—> with fIW;fi

and
1000

. 1 . 2
MSB() = g5 (fi-1)
where f is the true density f(z) and f is either f,(z), f; (z) or fu(z). It should be noted
that f can be chosen as the standard normal density(density 1), gamma(a = 2,8 = 1)
density(density 2) and Weibull(a = 2, 8 = 1) density(density 3). The simulation results
are presented in Tables 1—8 and Figures 2 and 3.
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Table 1. Bias, variance and MSE of different kernel density estimators
evaluated at x =0

n estimator criterion  density 1 density 2 density 3

NK Bias —0.0380254 0.1237169  0.1621021
Variance  0.0022895 0.0006136  0.0031785
MSE 0.0037355 0.0159195  0.0294556

50 GEBKrs Bias —0.0226931  0.1356625 0.1813864
Variance  0.0024247  0.0005772  0.0031123
MSE 0.0029396  0.0189815 0.0360133

GEBKp Bias —0.0046226  0.0985899  0.0954033
Variance 0.0050519  0.0011061  0.0030946
MSE 0.0050733  0.0108261 0.0121964

NK Bias —0.0306791  0.1202835 0.1435720
Variance  0.0014492 0.0003704 0.0016117
MSE 0.0023905 0.0148386  0.022225

100 GEBKrs Bias —0.0211265  0.1342227  0.1699952
Variance  0.0011991 0.0003425 0.0016123
MSE 0.0016454  0.0183582  0.0305107

GEBKp Bias —0.0026483  0.0937691  0.0913473
Variance 0.0026414  0.0005457  0.0015521
MSE 0.0026484  0.0093383  0.0098964

NK Bias —0.0241311  0.1137246  0.1282513
Variance  0.0008785 0.0001933  0.0008019
MSE 0.0014608  0.0131266 0.0172503

200 GEBKrs Bias —0.0163765 0.1311195 0.1584170
Variance 0.0007303  0.0001951  0.0007596
MSE 0.0009985  0.01738749 0.0258556

GEBKp Bias —0.0022946  0.0892354  0.0828551
Variance  0.0017981 0.0002937  0.0008015
MSE 0.0018033  0.0082567  0.0076665

NK Bias —0.0191010  0.1063954  0.1133275
Variance 0.0005286  0.0001267  0.0003952
MSE 0.0008935 0.0114467  0.0132383

400 GEBKrs Bias —0.0136772  0.1260452  0.1476991
Variance 0.0003946  0.0001056  0.0004228
MSE 0.0005817  0.0159930  0.0222378

GEBKp Bias —0.0013672  0.0849751  0.0756382
Variance 0.0009379  0.0001502  0.0003869
MSE 0.0009398  0.0073709  0.0061080
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Table 2. Bias, variance and MSE of different kernel density estimators
evaluated at x = 0.5

n estimator criterion  density 1 density 2 density 3

NK Bias —0.0269493 —0.0817046 —0.0864387
Variance  0.0021085 0.0013812 0.0096969
MSE 0.0028347 0.0080568 0.0171686

50 GEBKrs Bias —0.0142055 —0.0783841 —0.0681626
Variance  0.0018904 0.0011125 0.0097117
MSE 0.0020922 0.0072566 0.0143579
GEBKp Bias —0.0022709 —0.0421594  0.0004914
Variance  0.0049798 0.0036793 0.0260016
MSE 0.0049849 0.0053567 0.0260019

NK Bias —0.0217940 —0.0731437 —0.0648438
Variance  0.0012769 0.0007589 0.0060570

MSE 0.0017518 0.0061089 0.0102617

100 GEBKrs Bias —0.0117034 —0.0731111 —0.0579405
Variance  0.0010599 0.0006599 0.0055246

MSE 0.0011968 0.0060051 0.0088817

GEBKp Bias —0.0035742 —0.0388310 —0.0047309
Variance  0.0032213 0.0016868 0.0146176
MSE 0.0032341 0.0031947 0.0146399

NK Bias —0.0160644 —0.0664662 —0.0499959
Variance  0.0007851 0.0004387 0.0038702

MSE 0.0010431 0.0048565 0.0063697

200 GEBKrs Bias —0.0110948 —0.0700265 —0.0459248
Variance  0.0006330 0.0003746 0.0028464
MSE 0.0007561 0.0052783 0.0049555

GEBKp Bias 0.0018186  —0.0346332 —0.0057377
Variance  0.0013759 0.0009856 0.0078136
MSE 0.0013792 0.0021850 0.0078465

NK Bias —0.0117784 —0.0573178 —0.0407104
Variance  0.0005382 0.0002612 0.0021712
MSE 0.0006770 0.0035466 0.0038285

400 GEBKrs Bias —0.0085058 —0.0670166 —0.0382721
Variance  0.0003492 0.0001810 0.0016659

MSE 0.0004215 0.0046722 0.0031307

GEBKp Bias 0.0010195  —0.0310965 —0.0012154
Variance  0.0008117 0.0005196 0.0042133
MSE 0.0008127 0.0014866 0.0042148
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Table 3. Bias, variance and MSE of different kernel density estimators

evaluated at z =1

n estimator criterion  density 1 density 2 density 3
NK Bias —0.0044831 —0.0776301 —0.0307330
Variance  0.0017487 0.0018225 0.0097852
MSFE 0.0017688 0.0078490 0.0107297
50 GEBKrs Bias 0.0054640  —0.0739304  0.0003583
Variance  0.0015922 0.0017133 0.0083076
MSE 0.0016220 0.0071790 0.0083077
GEBKp Bias 0.0023854  —0.0150179  0.0014841
Variance  0.0037588 0.0037797 0.0255406
MSE 0.0037645 0.0040053 0.0255428
NK Bias —0.0020890 —0.0675426 —0.0286426
Variance  0.0011101 0.0009061 0.0057692
MSE 0.0011145 0.0054681 0.0065896
100 GEBKrs Bias 0.0071681  —0.0688615  0.0026775
Variance  0.0008745 0.0009346 0.0045265
MSFE 0.0009259 0.0056765 0.0045336
GEBKp Bias 0.0011245 —0.0102334  0.0014844
Variance  0.0023634 0.0022433 0.0146129
MSFE 0.0023647 0.0023481 0.0146151
NK Bias —0.0014821 —0.0517373 —0.0192061
Variance  0.0006081 0.0005720 0.0033769
MSE 0.0006103 0.0032488 0.0037458
200 GEBKrs Bias 0.0044963  —0.0603400 —0.0012688
Variance  0.0005027 0.0004392 0.0025029
MSE 0.0005229 0.0040801 0.0025046
GEBKp Bias 0.0002443  —0.0038863 —0.0004044
Variance  0.0012744 0.0010577 0.0076728
MSE 0.0012745 0.0010728 0.0076730
NK Bias —0.0000334 —0.0411430 —0.0172528
Variance  0.0003878 0.0003302 0.0022073
MSE 0.0003878 0.0020230 0.0025050
400 GEBKrs Bias 0.0048745  —0.0514574  0.0012382
Variance  0.0002815 0.0002584 0.0015127
MSFE 0.0003052 0.0029062 0.0015142
GEBKp Bias 0.0006123  —0.0035961  0.0012974
Variance  0.0006972 0.0007113 0.0043657
MSE 0.0006976 0.0007242 0.0043674




Table 4. Bias, variance and MSE of different kernel density estimators

evaluated at z = 1.5

n estimator criterion density 1 density 2 density 3
NK Bias 0.0163337 —0.0361186  0.0175634
Variance 0.0013168  0.0014166 0.0058930
MSE 0.0015836  0.0027211 0.0062014
50 GEBKrs Bias 0.0180325 —0.0257172  0.0281780
Variance 0.0011698  0.0014960 0.0060529
MSE 0.0014950  0.0021574 0.0068469
GEBKp Bias 0.0067766  0.0026524 0.0075476
Variance 0.0025116  0.0029131 0.0140342
MSE 0.0025575  0.0029202 0.0140912
NK Bias 0.0125088 —0.0274810 0.0164478
Variance 0.0007636  0.0008103 0.0039152
MSE 0.0009201  0.0015655 0.0041857
100 GEBKrs Bias 0.0152086 —0.0191209 0.0202111
Variance 0.0006913  0.0008234 0.0032287
MSE 0.0009226  0.0011890 0.0036372
GEBKp Bias 0.0026997  0.0044329  —0.0007799
Variance 0.0013676  0.0015985 0.0065855
MSE 0.0013749  0.0016182 0.0065861
NK Bias 0.0088776 —0.0208889  0.0117048
Variance 0.0004531  0.0004437 0.0021572
MSE 0.0005319  0.0008800 0.0022942
200 GEBKrs Bias 0.0137086 —0.0141658  0.0184052
Variance 0.0003634  0.0004132 0.0017842
MSE 0.0005513  0.0006138 0.0021229
GEBKp Bias 0.0024436  0.0040050 0.0042177
Variance 0.0007157  0.0010144 0.0038191
MSE 0.0007217  0.0010305 0.0038369
NK Bias 0.0076227 —0.0145428 0.0101131
Variance 0.0002394  0.0003073 0.0013722
MSE 0.0002975  0.0005188 0.0014744
400 GEBKrs Bias 0.0110717 —0.0089278  0.0013634
Variance 0.0001990  0.0002322 0.0009623
MSE 0.0003216  0.0003119 0.0011482
GEBKp Bias 0.0006322  0.0041933 0.0023575
Variance 0.0003941  0.0005149 0.0021371
MSE 0.0003945  0.0005325 0.0021426

1013
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Table 5. Bias, variance and MSE of different kernel density estimators

evaluated at © = 2

n estimator criterion density 1 density 2 density 3
NK Bias 0.0172091 —0.0075158  0.0179870

Variance 0.0006947  0.0010850 0.0021138

MSE 0.0009909  0.0011415 0.0024373

50 GEBKrs Bias 0.0187117  0.0079709 0.0162472
Variance 0.0006738  0.0009557 0.0017180

MSE 0.0010239  0.0010192 0.0019819

GEBKp Bias 0.0038751  0.0093389 0.0046634
Variance 0.0011432  0.0028226 0.0031812

MSE 0.0011582  0.0029098 0.0032030

NK Bias 0.0128326 —0.0043542  0.0154606

Variance 0.0003725  0.0006386 0.0012068

MSE 0.0005372  0.0006575 0.0014458

100 GEBKrs Bias 0.0148732  0.0092789 0.0136737
Variance 0.0003575  0.0004819 0.0009661

MSE 0.0005787  0.0005679 0.0011531

GEBKp Bias 0.0025133  0.0043210 0.0015805
Variance 0.0005249  0.0015332 0.0017512

MSE 0.0005312  0.0015519 0.0017537

NK Bias 0.0104526 —0.0025784  0.0108814

Variance 0.0002141  0.0004371 0.0006454

MSE 0.0003233  0.0004437 0.0007638

200 GEBKrs Bias 0.0123268  0.0111069 0.0106401
Variance 0.0001775  0.0002840 0.0004962

MSE 0.0003294  0.0004073 0.0006094

GEBKp Bias 0.0021000  0.0037071 0.0028888
Variance 0.0003207  0.0008691 0.0008926

MSE 0.0003251  0.0008829 0.0009010

NK Bias 0.0085324 —0.0009745  0.0083108

Variance 0.0001193  0.0002692 0.0003651

MSE 0.0001921  0.0002701 0.0004342

400 GEBKrs Bias 0.0105904  0.0120981 0.0078759
Variance 0.0000912  0.0001621 0.0002832

MSE 0.0002033  0.0003084 0.0003453
GEBKp Bias 0.0014057  0.0034578  —0.0002835
Variance 0.0001875  0.0004880 0.0004975

MSE 0.0001895  0.0004999 0.0004976
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Table 6. Bias, variance and MSE of different kernel density estimators
evaluated at x = 2.5

n estimator criterion density 1 density 2 density 3
NK Bias 0.0114241 0.0056051 0.0049395

Variance 0.0002584 0.0009013 0.0002923

MSE 0.0003889 0.0009327 0.0003167

50 GEBKrs Bias 0.0122514 0.0194716 0.0046412
Variance 0.0002638 0.0008259 0.0002026

MSE 0.0004139 0.0012051 0.0002242

GEBKp Bias 0.0026980 0.0048414 0.0020619
Variance 0.0003645 0.0025276 0.0004583

MSE 0.0003717 0.0025511 0.0004625

NK Bias 0.0080130 0.0036021 0.0044851

Variance 0.0001495 0.0005750 0.0001739

MSE 0.0002137 0.0005879 0.0001941

100 GEBKrs Bias 0.0104656 0.0176385 0.0040371
Variance 0.0001279 0.0003874 0.0001021

MSE 0.0002375 0.0006985 0.0001183

GEBKp Bias 0.0018538 0.0031253 0.0016258
Variance 0.0001888 0.0014389 0.0002398

MSE 0.0001923 0.0014487 0.0002425

NK Bias 0.0062307 0.0037391 0.0032572

Variance 0.0000812 0.0003159 0.0000934

MSE 0.0001201 0.0003298 0.0001041

200 GEBKrs Bias 0.0080626 0.0161488 0.0025871
Variance 0.0000667 0.0002391 0.0000590

MSE 0.0001317 0.0004999 0.0000657

GEBKp Bias 0.0008541 0.0017022 0.0006414
Variance 0.0001047 0.0007238 0.0001225

MSE 0.0001054 0.0007267 0.0001230

NK Bias 0.0048465 0.0031157 0.0022005

Variance 0.0000446 0.0002111 0.0000506

MSE 0.0000681 0.0002208 0.0000555

400 GEBKrs Bias 0.0063295 0.0135302 0.0020593
Variance 0.0000340 0.0001412 0.0000332

MSE 0.0000741 0.0003243 0.0000375

GEBKp Bias 0.0009277 0.0014529 0.0003791
Variance 0.0000601 0.0004324 0.0000705

MSE 0.0000609 0.0004345 0.0000706
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Table 7. Bias, variance and MSE of different kernel density estimators
evaluated at x = 3

n estimator criterion density 1 density 2 density 3
NK Bias 0.0053992 0.0099611 0.0008735

Variance 0.0000893 0.0008149 0.0000249

MSE 0.0001185 0.0009142 0.0000257

50 GEBKrs Bias 0.0061383 0.0186149 0.0011123
Variance 0.0000722 0.0006981 0.0000190

MSE 0.0001099 0.0010446 0.0000203

GEBKp Bias 0.0011763 0.0029935 0.0000649
Variance 0.0000875 0.0019080 0.0000242

MSE 0.0000889 0.0019170 0.0000242

NK Bias 0.0041763 0.0083558 0.0005643

Variance 0.0000443 0.0004638 0.0000136

MSE 0.0000617 0.0005336 0.0000139

100 GEBKrs Bias 0.0042406 0.0160118 0.0005289
Variance 0.0000314 0.0004171 0.0000073

MSE 0.0000494 0.0006734 0.0000076

GEBKp Bias 0.0011112 0.0012068 0.0004638
Variance 0.0000480 0.0010476 0.0000251

MSE 0.0000492 0.0010490 0.0000253

NK Bias 0.0026957 0.0060232 0.0004045

Variance 0.0000213 0.0002936 0.0000078

MSE 0.0000286 0.0003299 0.0000080

200 GEBKrs Bias 0.0032553 0.0134671 0.0005427
Variance 0.0000154 0.0002236 0.0000052

MSE 0.0000261 0.0004050 0.0000055

GEBKp Bias 0.0008229 0.0003962 0.0002968
Variance 0.0000261 0.0005555 0.0000113

MSE 0.0000267 0.0005557 0.0000113

NK Bias 0.0018985 0.0051464 0.0003744

Variance 0.0000108 0.0001770 0.0000046

MSE 0.0000144 0.0002035 0.0000047

400 GEBKrs Bias 0.0026215 0.0103112 0.0004018
Variance 0.0000081 0.0001243 0.0000022

MSE 0.0000149 0.0002307 0.0000024

GEBKp Bias 0.0005308 0.0005353 0.0002322
Variance 0.0000136 0.0003065 0.0000065

MSE 0.0000139 0.0003068 0.0000066




Table 8. Bias, variance and MSE of different kernel density estimators

evaluated at z = 3.5

n estimator criterion density 1 density 2 density 3
NK Bias 0.0020862  0.0076653 0.0000608
Variance 0.0000215  0.0007181 0.0000008
MSE 0.0000258  0.0007769 0.0000008
50 GEBKrs Bias 0.0022672  0.0125833 0.0001709
Variance 0.0000147  0.0006783 0.0000015
MSE 0.0000198  0.0008366 0.0000015
GEBKp Bias 0.0007112  0.0019440 —0.0000186
Variance 0.0000235  0.0014798 0.0000001
MSE 0.0000240  0.0014836 0.0000001
NK Bias 0.0014651  0.0068481 0.0000295
Variance 0.0000108  0.0003958 0.0000004
MSE 0.0000130  0.0004427 0.0000004
100 GEBKrs Bias 0.0016563  0.0122393 0.0000989
Variance 0.0000074  0.0003578 0.0000007
MSE 0.0000101  0.0005076 0.0000007
GEBKp Bias 0.0003899  0.0008883 0.0000056
Variance 0.0000105  0.0007592 0.0000005
MSE 0.0000106  0.0007600 0.0000005
NK Bias 0.0008463  0.0057157 0.0000212
Variance 0.0000047  0.0002519 0.0000003
MSE 0.0000054  0.0002845 0.0000003
200 GEBKrs Bias 0.0012135  0.0089317 0.0000708
Variance 0.0000029  0.0001878 0.0000003
MSE 0.0000044  0.0002676 0.0000003
GEBKp Bias 0.0003514  0.0010664 0.0000525
Variance 0.0000065  0.0004216 0.0000011
MSE 0.0000066  0.0004228 0.0000011
NK Bias 0.0006275  0.0040279 0.0000323
Variance 0.0000025  0.0001433 0.0000002
MSE 0.0000029  0.0001595 0.0000002
400 GEBKrs Bias 0.0008837  0.0068232 0.0000546
Variance 0.0000014  0.0000944 0.0000001
MSE 0.0000022  0.0001410 0.0000001
GEBKp Bias 0.0003165 —0.0005211  0.0000101
Variance 0.0000033  0.0002150 0.0000002
MSE 0.0000034  0.0002153 0.0000002

1017



1018

S — Rectangular method
—  Simpson method
i,
8 s X Minimum=(0.6272 0.001661)
2 3% Minimum=(0.6429 , 0.003215)
° T T T T T T
00 05 10 15 20 25 30

Figure 1. ]\75\E'(fh (0)) as a function of a.

S NK S
GEBK_TS
8 GEBK_P o
3 5 s
= = S
s &
3 3
S R
! ! T T T T T T T
00 05 1.0 15 20 25 30 35
‘Standard Normal Kernel, n=100
2 3
8 ]
g g
g ° ’ g °
@ 4 @
4 ’
8 | 8
? ?
! T T T T T T T T ! T T T T T T T T
00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
Standard Normal Kernel, n=200 Standard Normal Kenel, n=400

Figure 2. Bias of different kernel estimators at points z= 0, 0.5, 1,
1.5, 2, 2.5, 3 and 3.5 for standard normal density.
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Figure 3. MSE of different kernel estimators at points z= 0, 0.5, 1,
1.5, 2, 2.5, 3 and 3.5 for standard normal density.

5. Empirical illustrations

In this section, we conduct an analysis of a real data on all three old faithful geyser
(Hardle [4], Azzalini and Bowman [1]), glass fibres that measured at the National Physical
Laboratory, England(Souza, Santos and Cordeiro [13]) and lengths of treatment spells(in
days) of control patients in suicide study(Silverman [12]) to demonstrate the use of di-
fierent kernel estimators proposed in this paper. The old faithful geyser data is a data
set with 272 observations and 2 variables: waiting time between eruptions and duration
of eruption for the old faithful geyser in Yellowstone National Park. We estimate the
density of waiting time for next eruption (in minutes) using the three different kernel
estimators including NK, GEBKrs and GEBKp. The results are given in Figure 4(a).
From Figure 4(a) we can see that the two kernel estimators NK and GEBKrs perform
strikingly close of the curve. While kernel estimator GEBKp has the best fit to the data
among the other two estimators. For Figures 4(b) and 4(c), also, similar discussion may
be repeated.
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6. Conclusions

This paper aims to improve the bias reduction by introducing the new kernel density
estimator. In section 2, we introduce a very intuitive and feasible kernel density estima-
tor which name naive kernel(NK) density estimator that its bias is of the order O(h?®)

and the optimal M SFE is of the order O(n%) In section 3, we first recall Terrell and
Scott estimator(GEBKrs). Then, we propose a feasible kernel density estimator which
reduces the bias significantly, namely the geometric extrapolation based kernel(GEBK p)
density estimator. We calculate theoretically the bias, variance and M SFE and found that

the bias is of the order O(h*) and the optimal MSE is of the order O(n%s). It seems that
GEBKp estimator doesn’t improve over the GEBKrs one. However, considering Figure
2, the optimized bias in GEBKp is less, practically, than those of NK and GEBKrg
estimators. Our simulation study at Tables 1-8 and Figure 2 shows that for finite sample
size both estimators NK and GEBKrs perform approximately similar. When the two
estimators with geometric extrapolation are compared, GEBKp estimator generally has
smaller bias than GEBKrg estimator. Accordingly, the bias of the GEBKp estimator
is reduced significantly. Therefore, there is no doubt that the GEBKp estimator is con-
sistently the best estimator comparing with NK and GEBKrs estimators. In addition,
MSE of the GEBK p estimator has insignificant difference when compared with the N K
and GEBKrgs estimators, especially when sample size is small(Tables 1-8 and Figure 3).
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