CONSTRUCTIVE MATHEMATICAL ANALYSIS

1(2018), No. 1, pp. 1-8

http://dergipark.gov.tr/cma

ISSN 2651-2939 .

-

;
g

Approximation by Baskakov-Szasz-Stancu Operators
Preserving Exponential Functions
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ABSTRACT. The purpose of this paper is to construct a general class of operators which has known Baskakov-
Szdsz-Stancu that preserving constant and €2?®,a > 0 functions. We scrutinize a uniform convergence result and
analyze the asymptotic behavior of our operators, as well. Finally, we discuss the convergence of corresponding
sequences in exponential weighted spaces and make a comparison about which one approximates better between
classical Baskakov-Szasz-Stancu operators and the recent operators.
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1. INTRODUCTION

Approximation theory is one of the crucial subjects that is used by researchers. It is separated
into many fields one of which is positive linear operators that play a key role in approximation
theory. It has been the inspiration for so many mathematicians from the past. For years, many
publications related to the approximation theory has made and has still being studied, too.

One of the remarkable work has been done related to the positive linear operators from King
[16] in 2003. King described the modified Bernstein operators which preserve for ¢;(t) = ¢,
i = 0,2 test functions and examined their approximation properties. He accomplished to take
an attention in a short time from researchers who perform approximation theory. Since that
time, lots of researchers have put forth many relevant studies on this issue. Numerous articles
can be given interrelated with Kings research ( [4-7], [9], [18]).

In 2016 Acar et al. [1] investigated approximation properties of Szdsz-Mirakyan operators
which preserving constant and e2?®, a > 0. In that paper the rate of convergence of this gener-
alization was obtained by means of the modulus of continuity. They also presented and proved
theorems related on shape preserving properties.

Later this idea was applied to some other well known linear positive operators, such as
Szasz-Durrmeyer [8], Szdsz-Mirakyan-Kantorovich [13], Baskakov-Szdsz-Mirakyan [12], Philips
Operators [14], Baskakov Operators [19] and the subject is still continue to be relevant.

In this study, inspired by the main paper [1], we constructed a new family of linear positive
operators by using Baskakov-5zasz-Stancu operators which is based on preserving exponential
functions.
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2. CONSTRUCTION OF THE OPERATORS

For f € C[0,00) and k,n € N the Baskakov-Szész type operators was proposed by Gupta
and Srivastava [?] as,

L = (nt+k-1 zk T 7nt(nt)k
Mn(f,x)nz< L >(1+x)n+k/6 o[t
0

k=0

In 2015, Mishra et al. considered Stancu type generalization of Baskakov-Szasz operators
[17] like as,

wBl N > n—i—k:—l)xk 7 _nt(nt)k nt+ o

Here, two parameters « and § satify the condition 0 < o < . We consider the following
modified form of Baskakov-5zadsz-Stancu operators

wire Ak —1\ (@u@)E [ D", ntta

We interest in investigated operators preserving eq and €??®. Suppose these operators (2.2)
preserve e%%%, then

N R AN (C0) A ()
Ma,,(i 2at, _ n / nt 2a(nt+a)/n+p
e nkz—o( k A+ Ou(@) ) & THC “
- 0

o k kT
_ 2aa/n+f n+k—1 (en('x)) n- —nt(n+B—-2a)/(n+B) 1k
= ne kzo( ko )T+ kil ) € thdt
- 0

_ n+ﬁzaa/nwi(n+k—1>((n+ﬁ)9n(az>>’“ L\
B n+572ae pars k n+ 5 —2a 1+6,(x)

_ & 2aa/n+p - n+ﬂ o
= TrAi—mf + <9n(x)(1 n+ﬂ_2a)+1) :

Taking into account M2+# (e2%; z) = €2%%, then we can find without hesitation

n+p—2a n+p0—2a 4 _ —1/n
2.3 () = — " (1 — | —— = 2a@nth)—a)/ntf .
@9 ) 2a ( ( ntp

Seemingly the function which is demonstrated 6,,(z) satisfies the situtation
-1
0, () = <Mg7ﬁ(62at;$>> o e2a%

3. AUXILIARY RESULTS

In this part, we shall present the moments and the central moments of the operators (2.2)
which will be necessary to prove our main results.
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Lemma 3.1. Let e, (t) :=t', i = 0,1, 2. Then the Baskakov-Szdsz-Stancu operators M:P satisfies

M (eosx) = 1,
M2 (e;x) = W7

0 (eya) = DOFD g e dntda, o 242t
M7 (egs ) = (n+5)2(9n(9¢)) T ) O, (z) + oE

Lemma 3.2. Let u&f () = M@P((t — x)", ), r = 0,1,2, .... Then by considering Lemma (3.1), we
have

pey = 1,
o nbp(xr) + 14+«
anf = ( ) -,
' n+ 3
a8 n(n+1) P 5 4An+ 2na 2+ 2o+ a? nbp(z) + 14+« 9
= ——2(0,(2))+ ——=0,(x) + — 2z + x”.

Respectively, limits hold

lim n<”9"(x)+1+o‘ _ x> = —az(z +2)

and

nIL%n((W - JJ)2 + (?1(2))2 + 2nb,(z) + 1) =z(z+2).

4. MAIN RESULTS

In this main section, we would like to show that the constructed operators are meticulously
discussed linked with a uniform convergence result and a quantitative estimate. We debate the
convergence of corresponding sequences in exponential weighted spaces.

Here, we will take C*[0, 0o) the class of real-valued continuous functions f, possessing finite
limit for z sufficiently large and equipped with the uniform norm.

Theorem A. [15] Take into account a sequence of positive linear operators L,, : C*[0,00) — C*[0, c0)
and set

||Ln(e0) — 1”[0,00) = ap,
[[La(e™) =

ein[O,oo) =B

-2 —2x %
||Ln(e t)_e ||[0,00) = Tns
then for each f € C*[0, c0)
[ Ln(F) = flljo,00) < @ 1 1l0,00) + (24 )™ (fs Vag + 265 +77)-
where the modulus of continuity is defined as

w*(f;0) := sup If(t) = f(z)]
o= —e—t| <

Now, we can apply Theorem A for Baskakov-5zasz-Stancu operators.
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Theorem 4.1. For each function f € C*[0, c0), we possess

| ) < 20" (f; /285 + ),

where
M2 (™) — e[ g o) = Br

no

|[M30(e7) — _%H[o o) = V-

Proof. According the definition of the operators since they preserve the constants, we reach

HM,‘L" e a; =0
and for f(t) = e~ !, we get
. ST\ (Ou@) [
M(Xﬂ t. — n / nt (nt+a)/n+p
n (6 7$) nz ( L ) (1+ (x))nJrk e il e dt
k=0 A
n+ 8 e*a/wi (n+/<: - 1) ((nw)an(:p))’“( 1 )"“f
n+08+1 prs k n+p+1 14+ 6,(z)
n+p8  _ 0, (z) o
44 _ _nth a/n+5( "
(44) ntpB+1° T
Using Maple to make a calculation of the right hand side which is found (4.4), we observe
o _ . e %(2a+1)(2? + 22) 1
M (i) = ooy O DEAID o Ly
_ _ 2(2a+1)  2a+1 1
a,f3 ty x _ Il WA T
|[MF (™) —e H[o,oo) S S +O(n2) = Bn

Also, for f(t) = e~ 2!, we have

) o0 k
Mg,,@(efm;x) _ nz (TL—I—I{—].) ( n( )) /efnt (nt) 672(nt+a)/n+6dt

n+k
Pt k (1 + 6y (x)t ) k!
00 k n+k
_ n+pB e‘20‘/"+ﬂz<n+k_1>((n+ﬂ)9"(w)> ( 1 > +
n+p+2 pors k n+p0+2 1+ 6,(x)
n+p —2a/n+ﬁ< QQ,L(x) )—n
4.5 = —— ——+1 .
(45) n+pB+2 n+p+2
If the procedure applied for previous equality is performed again, we receive
(a4 1)(22% + 4 1
Mﬁuﬁ (6_2t;x) _ 6—23: + € (a’+ )( z” + .17) + 0(72)’
n n
B/ — Cop 2+1),1 1 1 .
||Mn)6(e 2t) 2 H[Ooo) T(eg )+O(72) Tn-

Here, 5} and v} tend to zero as n — oo so this completes the proof.

Now, we will analyze the asymptotic behavior of given operators M# with
Voronovskaya-type theorem.
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Theorem 4.2. Let f, f"' € C*[0, 00) then for any x € [0, co) we have
w(x+2) .,

[n[M 7 (f52) = f@)] + ax(z +2)f (2) = = —f"(@)]
< pallf @)+ lanll 7 ()] + 220 + 2z + 2) + o)™ (£, %),

where

Pn = nﬂg:f(x) + ax(z + 2),

an = 27y (@) — (e +2)),

r, = n2\/Mﬁ"B(( T —et) \/ﬂ
Proof. By Taylor’s expansion of f for some fixed z,
(4.6) fO)=f@)+f (@)t —2)+ %f” (@) (t —2)” + h(t,z) (t - 2)°,

where
1" "
by = L0 =1
and 7 is a number lying between x and t. Applying M2# to both sides of the above identity
and using the linearity of the operators and Lemma (3.2), we get

WM (f52) — ()] + ate +2) /() — D02 ()

< Ipallf (@) + lanl £ (@) + [nMP (h(t, 2) (¢ — 2)%; ).

Obviously it is enough to consider the last term of the inequality [nM®? (h(t,x)(t — z)%;z)|.
Taking into consideration of Holhos’s paper (see [15]), it can be written

(ef:v _ eft)Q

£(t) = @) < (14 —5—)w"(f,0), §>0.

For more details on w*(-, ), we would like to give a reference [15] to the reader. Trivially we
can write,
( e~ % e—t)Q

|h(t;z)] < (1+ T)w*(f”,é).
And also using the fact that,

|h(t$)| < 7120"}::(]:”’5) , |6*93 _ 67t| <5
5 - 2(%)&}*“”/76) 7 |e—x —e‘t\ > 5

we arrive at
(eiaj - eit)2 )w*

h(t;z)| < 2(1+ 52

Applying Cauchy-Schwarz inequality, we obtain
In(M5Pht, z)(t — 2)* )

< 2t (F DTS ) @) + Sy (7 ) M (e = ety )y s ).
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Lastly, choosing § = —= and with some simple calculations yield

x(z+2)

[n[MEE(fi ) = F@)] + ax(z + 2)f'(2) = == f"(2)|

/—\

1
< Apallf @)+ lanl [ £ ()] + 207 (£, 7)(2% +a(z+2) + 7).
Hence, the proof is completed. O
Corollary 4.1. Let f, "' € C*[0,00). Then the inequality
. a x(x+2
@) Tim [MEP(fr0) — ()] = —as(a +2)f @) + “EE2 )

holds for any = € [0, c0).
Corollary 4.2. Let f € C?[0, 00) be an decreasing and convex function. Then there exists ng € N such
that for n > ng, we have f(z) < M&P(f;z) for all x € [0, 0).

Presently, we are looking for the behavior of the operators on some weighted spaces. As
reported in Gadziev’s paper [10], set p(z) = 1 + €2??, z € RT and turn the following weighted
spaces over in our mind:

By(RY) = {f:RY = R:|f(z)| < Myp(z), x >0},
Co(RT) = {CRT)NB(R")},
CERY) = {feC,R") :xlln;o% = ky},

where My, k¢ are constants depending on f. All three spaces are normed spaces with the norm

— o M@
I f]l, = sup @)

For any f € C,(R"), the inequality
a2 ()L, < 11,
holds and we complete that M?(f) maps C,(R*) to Cy,(RY).
Theorem 4.3. For each function f € CE(R™)
i a,f _ —
Jim [[ME(f) = f]] =

Proof. Using the general result shown in [10], the following three conditional approximations
are sufficient.

(4.8) lim ||Ma5 (e¥") — e"™

n— oo ||<P

=0, v=0,1,2.

We know that for the given operator which is represented with M2#, M2 (eg) = 1 and
M (e2t) = e2a% occurs. Presently, if we take into consideration the 51tuat10n forv=1

a,B( . _ - n+ k-1 (971 (l'))k / —nt (nt) a(nt+a)/n+p8
Mn (fa x) n’;) < k (1 + en($>)n+k € k! € dt
- 0

and also on the assumption that the simple calculations are made, we reach

a,f (pat) _ TL—Fﬁ aa/n+f _ _ae’fb(x) "
(4.9) M (e ) 7n+ﬁ—ae 1 7n+ﬂ—a .
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Keeping an account of 6,,(z) and computing (4.9) with Maple,

e ( — qx? — da’a® _ ao — a) + ace®™ + ae®* 1
M;f’ﬁ (eat) = % 4 ( 8 ) +O(—2>
n n
e a’x(x + 2) 1
= e - — 2 1+ 0(—).
€ 2n + (nQ)
Conclusively,
azx 2
+2) 1
Mocﬁ at) _ aI:_e CL(E((E O(—
R (") —e —,—— +0(=3)
and 5w )
M>P (e*) —e*™  —a“z(r+2)e™™ 1
()~ —ata(a e 010
1 4 e2a@ 2n(1 4 e2ax) n?

And this circumstance guarantees uniform continuity. Since M2%(eg) = 1 and M2#(e2) =
%7, the conditions (4.8) are implemented for v = 0 and v = 2. Hence, the proof is completed.
O

Now, we desire to demonstrate that our modified operators approximate better than classi-
cal Baskakov-Szdsz-Stancu operators. This part, we take into consideration of article which is
Aral et al [3]. Last theorem which would like to be given as below:

Theorem 4.4. Let f € C2[0, 00). Assume that there exists ng € N, such that

(4.10) f(x) < MYP(f;2) < BXP(f;2), foralln > ng, = € (0,00).
Then
(4.11) Mf”(x) > (ax? +2ax + 1) f'(x) > 0, = € (0, 00).

2
Particularly f'(x) > 0and f"(x) > 0.

Contrarily, if (4.11) holds with strict inequalities at a given point x € (0, c0), there exists ng € N
such that for n > ng

fla) < M2 (f;2) < ByP(f;).
Proof. From (4.10) we have that
0 <n(MP(f;z) — f(z)) < n(BXP(f;2) — f(x)), forall n > ng, x € (0,00).

Considering an asymptotic formula which is held by classical Baskakov-Szdsz-Stancu opera-
tors [17],

@12) Jim n(BRA(fi) — (@) = (140 fa)f' () + 202 (e,
Thanks to (4.10), we also accept that 1 + o — S > 0. Combining (4.7) and (4.12)
0 < (az? +2azx+1+a— pz)f'(x) < Wf"(x),

we can reach (4.11) easily.
Contrarily, if (4.11) holds with strict inequalities for a given « € (0, co) then
2
0 < (ax? +2ax+1+a— pz)f'(r) < %f”(x)

employing asymptotic formulas for modified operators (4.7) and the classical operators (4.12),
we have the desired result. O
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