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Approximation Properties of Kantorovich Type Modifications
of (p, ¢)-Meyer-Konig-Zeller Operators
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ABSTRACT. In this paper, we introduce Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller operators. We
estimate rate of convergence of proposed operators using modulus of continuity and Lipschitz class functions. Further,
we obtain the statistical convergence and local approximation results for these operators. In the last section, we esti-
mate the rate of convergence of (p, ¢)-Meyer-Konig-Zeller Kantorovich operators by means of Matlab programming.
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1. INTRODUCTION

In 1960, Meyer-Konig and Zeller [22] defined the operators known as Meyer-Konig-Zeller
(MKZ) operators, as follows:

My(fix) = i_ojf( (M )eramare iz e o,

n+k

Further, Cheney and Sharma [3] modified these operators and introduced a new form of the
Meyer-Konig-Zeller operators, as follows:

) = s () (137 amert e o,

In 2000, T. Trif [21] introduced the g-Meyer-Konig-Zeller operators for f € C/0, 1], as follows:

éf(m[i]‘;c](]) { ”Zk Lz’“(lx)gﬂ Lif ze0,1),

M, q(f;1) = f(1),ifz=1,neN.

Further, with a slight modification in these operators, Dogru and Duman [5] defined the g¢-
Meyer-Konig-Zeller operators for f € C[0,al, a € (0, 1), as follows:

My,q(f; )

n

= [ q"[K]
Myo(f;z) = [[(0 = ¢*2) > f s
I10 - ,; <[n+k1q>

s=0

n+k
k

] ¥, ¢e(0,1), neN.
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Recently, Gupta and Sharma [9] introduced the Kantorovich type modification of ¢g-Meyer-
Konig-Zeller operators and studied some of their approximation properties. For detail studies
of Meyer-Konig and Zeller operators, one may refer to [6, 7, 10, 16, 17, 20].

In the recent years, (p, g)-analogue of various linear positive operators were introduced and
studied by many researchers [1, 8, 12, 15, 19].

In 2016, Mursaleen et al. [11] introduced the (p, ¢)-Meyer-Konig-Zeller operators as follows:

(oo}

1 n n k
Mo (fra) = o Z { n 7{— k ] Hphn H(ps ) f(M).
P p,q

=0 pyq s=0

Motivated by the above mentioned studied on Meyer-Kénig and Zeller operators, in this pa-
per, we introduced Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller operators and
discus their approximation properties.

We begin by recalling certain notations of (p, ¢)-calculus (for more details, see [2, 18]).

Let 0 < ¢ < p < 1. The (p, ¢)-integer [n], , and (p, ¢)-factorial [n], 4! are defined by

pn _ qn
Npqg = , n=0,1,2...
o = 2=
], = p.q[2]p.g--eemeee N]pg, n>1 .
P.q 7 n=0

For integers 0 < k < n, (p, ¢)-binomial coefficient is defined as

The (p, ¢)-binomials expansion is expressed as:

n—1

@+, =[Pz +dy).

3=0
For a function f : R — R, the (p, g)-analogue of derivative is defined as

D)) = =TI 20
and

Dy o(£(0)) = lim Dy, 4(f(z)),

z—0

provided the limit exists.

Let f : C[0,a] — R, the (p, q)-integration of a function f is defined as

¢ — p" , P p
/ ft)dp gt = (q—p)azk—ﬂf(k—ﬂa), when |=| < 1,
0 o ¢ q q

and
k

a o0 k
q q p
[ 10dat == 00y i) when (251
0 Mt q
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2. CONSTRUCTION OF OPERATORS

In this section, we introduce the Kantorovich type modification of (p, ¢)-Meyer-Konig-Zeller
operators. We estimate moments and obtain the uniform convergence of operators.
For 0 < ¢ < p<1land f € C]0,1], Kantorovich variant of (p, ¢)-Meyer-Konig-Zeller operators
are defined as follows:

[k+1lp,q

- n+1]p4 > P [t E+1lp g 1l
Mmp#](f? Jj) = n(n—l)/é mnlk(x) f(p t)dpvqt7
P [~]p,q
k= [n+klp,q

where

wit) = | "R peatte )
p,q

here, P, (z) = [[._,(»* — ¢°x).

Remark 2.1. It can be easily verified that for p — 1, above operators reduces to q-Meyer-Konig-Zeller-
Kantorovich operators defined in [9].

By using mathematical induction on n, one can verify the following identity:

Po(z) [ n+k k,—kn _

p,q

Further, by using simple computation, we can obtain the following identity:

[k + 1]p,q [k]p-,q o (pq)k[n]pﬂ
@2) Pkt thlpg ot Epglnt kg

Lemma 2.1. Forr =0,1,2,... and n > r, we have

© kp—k(n—r—1 r n—j _ on—Jj
Pn—l(l‘)z { n+k—-1 ] aFp=Hk _ ) _ [[-:(p rq I)p(n—r)(n—r—l)/Q’
k=0 k D,q [n + k — 1}5;‘1 [n - ]'}an

where [n — 15,4 = [n— 1]y 40 — 2]p g0 = Tp.g-

Proof. By using identity (2.1), lemma can be proved as similar to [9, Lemma 2]. O

Lemma 2.2. For r > 0, we have the following inequality
1 1
< .
nt+k+rlpg = ¢ Tn+k—1]p

[k+1]p,q
Lemma 2.3. Let I(f(t)) = f[’["]:;::l]m f(p"~1t)d, ot and e; = t* for i = 0, 1,2, we have following
[+ Hlp.g
identities:
k
n
I(eo) —_ (pQ) [ ]I)»q

[n + k]p,q[n +k+ 1]10711,

_ prt (pQ)k[n]M q 1 P

Ie) = 2]p,q [0+ Klpgln+k+1]p4 (Uﬁ]p’q ( [n+k+1]p,4 " [n+ k}p,q) " [n+Fk+ 1]10,11)’
_ p*nh (pQ)k[n]p,q 2

Hey = B 0 ([k:]pquz(n’ B) + Wy S1(n, k) + Soln, k:)).
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Here,
2
q q 1
S ,k == 9
R T R TR | I T PO Tz
2p*q p"
S ,k - + )
R T a1 T VA e P
p2k
So(n, k) = ————.
O(n ) [n—&-k—i—l]iq
Proof. By using definition of (p, ¢)-integral and identity (2.2), we have
[k+1]p.q
He) = [ " 0T d
kT g
3 3 [e’e) ; 3
_ 2(n—1)(, [k + 1p.q ) _ ( [klp.q ) ) ( ¢’ )
T Q)(<{n+k+ Upa [0+ Klpg ; pit
_ p?n=b (pQ)k[n]p,q
Blpg [+ klpgln+k+1]p4
QLSS TP P
n+k+ 1];2:,q n+k+1pgln+klpg [0+ k]z%,q
_ pY (r9)"[n]p.q
Blp,q [+ klpgln+k+1]p,
<(Pk + qlk]p.q)? (0" + qlklp.q) [Klp.q [k]zth )
n+k+ 1]127,q n+k+1pgln+klpg [0+ k];%,q
_ 20V () g
Blp,q [+ klpgln+k+1p,
<(p2k + 2ka[k']p,q =+ q2 [khza,q) (pk [k];lhq + Q[k]g,q) [k}lth >
[n+k+ ”;%,q n+k+1pgn+klpg [0+ k];%,q
2(n—1) k
p (pg)" [nlp,q ( 2 )
_ * K12 So(n, k) + K], 0S1(n, k) + So(n, k) ).
Bl [t Bl o+ 1 \ 20008 Wil ) So( 1)
Similarly, we can get result for ey and e;. O

Lemma 2.4. Fore; = t', here i = 0, 1,2, moments estimate of proposed operators are as follows:

anp,q(GOJ r) =1,

~ 1 n—1 . n—1
M, pq(er;z) < <2x + (pqz:)>’

(2]p,94 qln —1]p.q

y 2 1 n—1_ n—1

My pgler;z) > —— 2<1( +_11) <p q x))
[2]p,qq pr [n _ 1]p,q

Y 1 3 3 n=2 _ gn—2 n—1_ ,n-1
Mp p q(€2;2) < <3x2 + (ac + 5+ % (p q x)) (p q x))
a ¢ ¢ [n—2, =1,
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Proof. By using definition of (p, ¢)-Meyer-Konig-Zeller Kantorovich operators, identity (2.1),
Lemma 2.2 and Lemma 2.3, moments of sequence of the opeartors can be estimated as follows:
For ¢g = 1, we have

My pq(eo;x) =

[n + P, q (pQ)k[n]p»q
pr(n= 1)/2 Pl Z mn’k n+klpgn+k+1]p,
[n+1lpg — [ n+k+1 k, —kn —k
= i s Pai(@) ) , zp""q
k=0 p.q
k
(pq) [n}p,q

[n+ k]p q[n +k+ 1]p,q

)

Pl [ n+k-1 k, —k(n—1)
prn—1)/2 { k ] r°p
k=0 p,q

= 1

For e; = t, upper bound of moment can be obtained as follows:

Mn,p,q(eﬁ )

[n+1]pq — [ n+k+1 k, —kn —k
=z En1(®) > k zp g
p,q

k=0
pnt (pQ)k[n}p,q ([k]p,q 2 + P* )
[2]p,q [0+ Klpg[n+ & +1] g ntk—1,, @n+k—1],
n—1 o0
p n+k—1 k, —k(n—1) [klp,q
[2}p,qqp”("_1)/2 < kZ:O k - n+k—1],,

P,H(x)i n+k—1 xkp=kn=2)
q k pg Mt E—=1pg

k=0
n—1
p < n+k—2 ] k, —k(n—1)
(2P, _ 1 [ r'p
[Z]I],qqp”("—l)/z kz v
P, 1 (2) i [ n+k—1 ] gkp=kn=2) )
¢ = k pg Mt k=14
n—1 >
D 2z { n+k—1 } k, —k(n—1)
P, 1(x z"p
[2]p,qqpm(n—1)/2 (p(n_l) ! )I;J k P,q
Py_i(x) i [ n+tk—1 ] ahph(n=2) >
q k=0 k D,q [n + k— l]paq
1 n—1 __ n—1
(e i)
2]p,qq qln — 1,4



(p, g)-Meyer-Konig-Zeller Kantorovich Operators

Lower bound of moment for e; can be obtained as follows:

Mn,p,q(el; IE)

Y

v

Y

k

=0 )

P Pa() gt ko1] e
2], qpn(n—l)/2 P [
s k p.q

P Pa(@) [k =2] 0k ke
2y ’
k=1 P

7 k—1

= T

k]p.q n+k+1p, [0tk

[2}p’qpn(n71)/2 —

[2}p7qpn(n71)/2 —

([n +k+2pq — "t - p"*’““)

[2}p7qpn(n71)/2 —

[2]p7qpn(n71)/2 —

[2]p.qp" ("~ D72 — k 7
n+ klpq < [k + 2p.q [k +1p.q >
[k + 1]p’q [n +k+ 2]p,q [n +k+ 1];0,!1

&€ Pn,1($) G |: n‘f’]lz -1 :| mkp—k(n—l)
p,q

1 1
k
I+ ]p"Z<[n+k+2]p,q+[n+k+1hw)

o0

QSUPn 1

)

22 P 1(7) {n—f—lg—l] Zhp—h(n=1)
Pq

Pln+k+2]p,

21 Py 1(7) {n—f—/];:—l] Zhp—k(n=1)
P.q

¢ antk—1, @ltk—1],

1 pk pk )

2x Pnfl(fﬁ) = |: n +]Iz -1 :| xkpsz(nfl)
p,q

)

1 11 p"
2 \oT e ) mrr_1.
q q ¢)n+k—-1],

2x

2(1+q)x

[ n+k-1
a7 Pn-1(2) [ } z
[2}p7qq2pn(n 1)/2 kz::() k v

[k +1]pq

n+k—1 k k(nl)(
2" D72 1)/2 0{ Lq“’ [0+ &+ 2],

n—i—k—i— 1]p,q

p" P () [ ntk—1 ] kL= (k1) (1)
— p,q

[n + klpq

)
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_ 2 2(1+q)z (M‘“—f‘%)
2lp.e@*  [2lp.e@®p" ! n—1]pq

B [25;2 (1 - (zlajlq) (pn[_nl—_ 1q1>)

Finally for e; = 2, moments of the operators can be obtained as follows:

M, pqles;x) =A+ B+ C.

Here,
2(n—1) T |
p n+k—1 ke, —k(n—1)77.12
A = 2 P i(x z"p k]p,q52(n, k),
[3]p}qpn(n_1)/2 n 1( )kZ:O | k o [ ]P7q 2( )
B P P @Y [ TEL] ki, 8,
= —/—————In_1 ,qRP 1\t v )y
[3]p$qpn(n71)/2 k=0 - k - P,q e
p2(n=1) [ n4+k—1] k, —k(n—1)
C = gpapeatn @ | T | Sk,
: k=0t 4P,
Using Lemma 2.2, we have
3
2.3 Sa(n, k) < —————,
23) L P
3 k
(2.4) Si(n, k) < %,
¢*n+k—1p,
2k
p
25 So(nk) < — P
@3 0B R,
Using the inequality (2.3), we have
2(n—1) > T 117 k]2
A < mm—mz THZ : xk”_k(n_l)[[kmu?
p.ad’P™" k=0 | Ipyg n+k—llpg
3p2(n—1) [ n+k—2] k, —k(n—1) (klp.q
= an—l(@;_ k-1 ] TP k-2,
N (I>i B B S A (e S "2V
B [3]P7qq3pn(n_1)/2 n k=0 L k dp,q [n + k - 1]10,(1
3p2(n71) > n+k—1 k+1,_—(k+1)(n—1 pk
= B At @( DT | e e
[ n+k—1 k41, —(k+1)(n—1) q[klp.q
N E:[ ] 2FHL _ 4lklpg
prs k v n+k—1]p,4



(p, g)-Meyer-Konig-Zeller Kantorovich Operators 65

_ 3p2(n=1) (xp_(n_l)P @) i { n+k—1 } akp=Hk(n=2)
[3]p)qq3p"(”—1)/2 P k P [TL + k- 1]p’q
—9(n— [ n+k-1 k(n—
I SO) v R R
k=0 p,q
3p*n—b) C(n—1), (n—1)(n—2)/2 (0" = ¢" ') —2(n—1), n(n—-1)/2..2
= pr( ) p(n=1)( )/W+qp (n=1)pn(n—1)/2,
B 3z (pv ! —q" o) n 32
[8lp.q¢* n—1pq Blp.qa®
Again, using the inequality (2.4), we have
3p2(n—1) e |: n4+k—2 :| k1 pk
B < ——— =P, 1(x) Tl L S —
[3]p’qq4p”("_1)/2 ; k—1 P [n + k- 2]p7q
= Ln_npn_l(x) i [ n+k—1 } xk+1p—(k+1)(n_1)pl€7+1
[3]p,qqtpm(n=1)/2 o k Phq n+k—1pq
_ 3p*n—t) (1) (1) (22 (P = ¢
T Blgdre2 [ —1pq
_ 3 (pnfl _ q"ilx)
Blpgq* [ —1pe
Further, using the inequality (2.5), we have
2(n—1) s k,,—k(n—3)
p n+k—1 x%p
¢ < 3]p.40° n(n71)/2P”*1(x)Z [ k ] 2
pa?’P k=0 pa M+ k—1pg
o L0 )
3]p.q9° [n — 1]12741 '
Finally,
- 1 3¢ 3  p (@ P—q" o)\ (" —¢" ')
Mn,,(ez;x)§<3x2+(++ .
e 3]p.49° q ¢ ¢ [n—2pq n—1pq
Hence the lemma. O

Lemma 2.5. Forall z € [0,1] and 0 < ¢ < p < 1, central moments of the operators are given by:

Hapallt=or0) < (@ Bpae+ EE=g-s),

2]p,qq qn —1], 4
~ 3 4 pn—l _ qn—laj
M, ((E —x)%z) < (1 + — )a:2 _—
e Blp.a?®  [2]p.e@® [n —1]p,4q?
( 3z N 3 4*(1+q)  pp"° = q”2:z:>
Blpg  [Blped® [2]p,qp" @ [n—=2lp,

Now, we give the result for the uniform convergence of operator by means of Bohman-
Korovkin type theorem.
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Remark 2.2. For 0 < q < p < 1, by simple computations lim,,_,[n]p.q = 1/(p — q). In order
to obtain results for order of convergence of the operator, we take q,, € (0,1), pn € (qn, 1] such that
limy, o0 P = liMy o0 gn = 1, limy, o0 p? = a and lim,, o, g7 = b, so that lim,, o, [n];

Pn:dn

Such a sequence can always be constructed for example, we can take ¢, =1 —1/nand p, =1 —1/2n,
clearly lim,,_,o, p;! = e 12 limy, o0 g = e tand lim,_, ﬁ =0.
Pn,dn

Theorem 2.1. Let {p,}, and {q,}, be the sequence as defined in Remark 2.2. Then for each f €
C10,1], My, p,, .q.. (f; x) converges uniformly to f on [0, 1].

Proof. By the Bohman-Korovkin theorem [13], to prove uniform convergence of the operators,
it is sufficient to show that following equality holds for i = 0,1, 2:

(2.6) lim HMn,pn,qn(eﬁ ) —ei] =0.

n—roo
By using moment estimates obtained in Lemma 2.4, equality (2.6) holds directly for ¢ = 0. Also,

)

y 1 )
M pn(eri) = el € g (2 Pl

(2]p..q 0 Gnln = 1p, .q.
. 1 )
My p,,.q, (€25-) — €2 < ™ 2 13 = [3]pn.gn nl
[3]1?717[171, n
+‘ (3 L3 (p 2 — qﬁzﬂf)) ) )
a4 @ =2, n—1p,.q.
For n — oo and Remark 2.2, equality (2.6) holds for i = 0, 1, 2. Hence the theorem. O

3. RATE OF CONVERGENCE

In this section, we estimate the rate of convergence of proposed operator by means of mod-
ulus of continuity and Lipschitz class functions. We also show the statistical convergence of
the operator.

Recall the concept of modulus of continuity, the modulus of continuity of f(z) € [0, a], denoted
by w(f,9), is defined by

w(f,0) = sup |f(x) — f(y)l-

|z —y|<8;2,y€[0,a]

A function f € Lipp(a), (M > 0and 0 < a < 1), if the inequality
1f@t) = f(2)] < M|t — 2|,
holds for all ¢, z € [0, 1].
Theorem 3.2. Let {p,, }, and {qn }r, be the sequence as defined in Remark 2.2. Then
M p, g (f32) = f| < 20(f, V/0n),
forall f € C[0,1], here 6, = My, p,, 4, ((t — )% 7).
Proof. By the linearity and monotonicity of the operators, we get

M p g (f32) = f| < Mo, g, (I (1) = f(2)];2),
also, by property of modulus of continuity (see [14])

0~ )] < w(h.0) (14 50 - 27?)
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therefore,
- 1 -
Mo () = 11600 (14 5o (0= 0%) )
By Lemma 2.5 and Remark 2.2, we can find

nl;m My p an ((t—=z)*z) =0.
So, letting &, = M, . 4. ((t — )% x) and take § = /6, we finally get the result. O

In the following theorem, we compute the rate of convergence by means of the Lipschitz
class.

Theorem 3.3. Let {p,}, and {q,}n be the sequence as defined in Remark 2.2. Then for all f €
Lipy (o), we have

|Mn,pn,qn (fsz) = f(z)] < Mén(x)a/2»
here 6,,(x) = Mn,pn,qn(‘t —x|% ).

Proof By using definition of Lipschitz class functions and applying Holder’s inequality with

D= a,q— 220,weget

M p g (fi2) = f@)] < Mo, g, (1F(t) = f(2)];2)
< MMy, g, (1t = 2|%2)
< MMy, (|t - 2f*2)72.
Taking 6, = M, p,, 4. (|t — z|?; ), we get the result. a

A sequence (z,), is said to be statistically convergent to a number L, denoted by st —
limz, = L if, for every e > 0,
n

o{neN:|z, —L| >} =0,

where
LN
=N Z xs(J)
k=1

is the natural density of set S C N and x is the characteristic function of S.

Let Cp(D) represents the space of all continuous functions on D and bounded on entire real
line, where D is any interval on real line. It can be easily shown that Cz(D) is a Banach space
with supreme norm.

Theorem A. ([5]) Let {L,,},, be a sequence of positive linear operators from Cg([a, b]) into B([a, b]),
satisfying the condition that

st— lim || Lpe; — el = 0Vi = 0,1, 2.
n— oo

Then,
st— Tim |[L,f = f|| = 0¥f € Cp([a, b)),
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Theorem 3.4. Let {py}n, {qn}n be sequences such that

st — lim ¢, =1, st— lim ¢," = a,
n—oo n—oo
st— lim p, =1, st— lim p,” =0b.
n—oo n—oo
. Then, we have )
st— 1im [[Myyp,q.f — f =0 for all f € Cp[0,1].
n—oo

Proof. We use moment estimates obtained in Lemma 2.4, to prove that operator converges sta-
tistically for e;, i = 0, 1, 2. For first moment result is trivial.
For: = 1,2, we have

B 1 (pn—l _ qn—lx)
My p,.an(e1;.) —el] < (2— 2pn.gnd m+‘”” ,
| b ( ) | [2]17717an71 | [ }p ' n| qn[n— 1]pn;Qn
B 1 3z 3 (pn—l _ qn—lx)
| M p,,.q. (€25.) —€2| < m (|3 - [3}pn,qnqi|x2 + (qn + qz) ﬁ
nydn 1N n ny4n
I [ e ) )
a5 [ —1p,.q.[n = 2p..q.
By taking supremum over z € [0, 1] in above inequalities and using st — lim,,_, m =0,
we get
st 1 (| M, g, (e:) — el = 0,
st 1 || Mo, . (e:) —eal] = 0.
By Theorem A, we obtain statistical convergence of the operator. O

4. LOCAL APPROXIMATION

The Peetre’s K-functional is defined by
K>(f,0) = inf {[|f—gll+3llg"[},
geWwW

here W2 = {g € C[0,1] : ¢, ¢" € C[0,1]} and norm ||.|| denotes the uniform norm on C[0, 1].
Further, we have a well-known inequality given by DeVore and Lorentz [4, p. 177, Theorem
2.4], there exists a positive constant C' > 0 such that Ks(f,d) < Cw(f,d %), 6 > 0, where ws is
known as the second order modulus of continuity, given by

waf,625) = sup  [f(a+2h) = 2f(z + D)+ f()].
0<h<d2,z€[0,1]

Here, we give some local result for the operators.

Theorem 4.5. Let {py,}.,, and {q, }», be the sequence as defined in Remark 2.2. Then for all f € C[0,1],
there exists an absolute constant C' > 0 such that

| My p,.q, (f37) = f| < Cwa(f,0n(2)) + w(f, an(2)),

n\T) = n,Pn,dn €T)ex T ),
ot 2] pr,gn G gn[n = 1lp, q.

1 ( (pn—l _ qn—lx)
(@ g VD)
‘ 2lp,..qn 0 Prod qnln = 1p, qn

Here,

ap(z) =



(p, g)-Meyer-Konig-Zeller Kantorovich Operators

Proof. For f € C[0,1], we consider

~ n—1 _ . n—1

Now, using Lemma 2.4, we immediately get

anpn)Qn(l; T) = Mn,pmqn(h r) =1

and
B ( n— qn 11.)
My pgn(t2) = Mpp, g, (b)) + 2 — (2x+ n < z.
oo b [2]pn,qn‘In qn [n 1]pmqn
By Taylor’s formula ¢(t) = g(z) + (t — z)¢'(z) + f u)du, we get
t
M p,.qn (g(t);x) = g(=)+ g/(I)Mn,pn,qn((t —x);) + My p,. .qn (/ (t— U)QN(U)dUQ x)

IN

9(@) + Moo ( / (¢ — u)g () m)

L_gn—1la)

1 (py,
/[2]}777,1’171. an <2$+ ann—1lpy, ,qn )
T

1 n—1 _ n—1
( <2z N @qx)) _ u) o (u)du.
2lp.qnn qnln = 1p, 4,

t
/(t—u)g”(u)du ;x)
-
1 ( oy P tman L >) 1 1
N /[2]pn,qnqn an[m—1py an ‘ 1 (2z+ (pﬁ — gy I)) _
m 2]p.0.. n

qnln —1p, 4,

(pn 1_qn 1I)) )2
Tl 2,23 —+ Mn dn 7/ — g// z
[2]pn,ann ( Qn [n — ”qun ” ( )”

Further, we have

|Mn’pmqn (9(t);2) —g(z)| < Mn,pmqn (

" (u)] du

< My o (= 2)%2) g (@) + (
— 52 (@)lg".

Now, by boundedness of M,, ,, ,., we get

M pan(f52)] < \Mn,pn,qn<f;w>\+|f<x>\

n—1 n— 1
N ‘f( <2z+(pn - q; ))>
2]pn.gnn qnln —1p, 4,
< 3l

)
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Finally, we obtain

(Va0 (F32) = £(2)]

= ‘Mn,pn,qn(f;a:) —f(@) +f< 22+ M)) — /@

[2]pn,ann ( qnln — 1]pn7qn

< ‘Mn,pn,qn (f —giz)| + |Mn,pmqn (g;2) — g(z)| + |g(z) — f(=)]

s (o = o 1q]$)>> ~ i)

<4llf =gl + 63 (2) llg" (@)

- ((2 — 2pngnn)e + W) D

[2]pn7qnqn dn [n - ]‘}pan",

+w(ﬁ

By taking the infimum on the right hand side overall g € W2, we get
[Nl 00 (F32) = F(@)] < 4K (£, 62(2)) + ol f, ().
Finally, by using the property of K-functional, we obtain
(¥, (F2) = f(2)| < Ceoa(f,6n(2)) + 0 (f, an ().
Hence the proof is completed. O
5. GRAPHICAL EXAMPLES

In this section, we estimate approximation for functions f(z) = sin(z) (Figure (1)), f(x) =
(x—4/5)(x—2/3)(x —1/4) (Figure (2)), f(z) = (x—2/3)(x —1/4) (Figure (3)) and f(z) = exp(z)
(Figure (4)), by (p, ¢)-Meyer-Konig-Zeller Kantrovich operators using Matlab programming.

o0&

——for p=0.95, q=0.90
0Tk Fer Kxjesin(x) R
06 P 4

7
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0shk '
/
04 A
r 7
-
03 /,;'/
-

02 //7

y
01 ‘//

A
-
A . . .
o 0z 03 o7 08 0%

0.4 05
x walues, n=25_ k=150

FIGURE 1. f(x) = sin(x)
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(p, q)-Meyer-Konig-Zeller Kantorovich Operators
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FIGURE 2. f(x) = (x —4/5)(x —2/3)(z —1/4)
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FIGURE 3. f(z) = (x —2/3)(z —1/4)
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FIGURE 4. f(x) = exp(x)
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