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Abstract 

 

        In this study, we introduce a new subclass of 

convex univalent functions in the open unit disk of the 

complex plane and subordinated to the improved 𝑞-

exponential function. By using techniques from 

geometric function theory together with tools from 𝑞-

calculus, we derive sharp coefficient bounds and solve 

the Fekete–Szegö problem for the proposed class. The 

obtained results extend and generalize several earlier 

findings for subclasses associated with classical 

exponential and special functions. Moreover, it is 

shown that the main results reduce to known estimates 

in the limiting case as 𝑞 → 1−. Comparisons with 

recent related works demonstrate the effectiveness and 

generality of the introduced framework. 

 

Keywords: Analytic function, convex function, 

univalent function, improved 𝑞 −exponential function. 

 

1. Introduction and Preliminaries 

 

In this section, we recall some basic notions 

and definitions that will be useful throughout the 

paper. 

Let ℍ(𝒰) denote the class of analytic 

functions in the open unit disk 𝒰 = {𝑧 ∈ ℂ: |𝑧| < 1}.  
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We denote by 𝐴 the subclass of ℍ(𝑈) 
consisting of functions 𝑓 of the form  

𝑓(𝑧) = 𝑧 + 𝑎2𝑧
2 + 𝑎3𝑧

3 +⋯+ 𝑎𝑛𝑧
𝑛 +⋯ 

                    = 𝑧 + ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=2 .   𝑎𝑛 ∈ ℂ, (1.1) 

Clearly, every 𝑓 ∈ 𝒜 satisfies the conditions 

𝑓(0) = 0 and 𝑓 ′(0) = 1. Functions satisfying these 

properties are referred to as normalized in the 

literature. 

The well-known subclass of 𝒜 consisting of 

univalent functions is denoted by 𝒮. This class was first 

introduced by Koebe (1909) and has since become a 

central object of study in geometric function theory. In 

1916, Bieberbach (1916) formulated the celebrated 

coefficient conjecture, which states that for each 𝑛 ≥

2,  

 |𝑎𝑛| ≤ 𝑛  (𝑓 ∈ 𝒮). 

This problem generated extensive research activity, 

and numerous contributions can be found in the 

literature (e.g., Alotaibi et al., 2020; Arif et al., 2019; 

Bano & Raza, 2020; Brannan & Kirwan, 1969; 

Cieśliński, 2011; Duren, 1983; Kumar & Arora, 2020; 

Mendiratta, Nagpal, & Ravichandran, 2015; Mustafa, 

Nezir, & Kankılıç, 2023a, 2023b; Mustafa & Demir, 

2023a, 2023b; Sharma, Jain, & Ravichandran, 2016; 

Sokol, 2011; Sokol & Stankiewicz, 1996; Ullah et al., 

2021). 

The class of convex functions in 𝒰 is defined 

analytically by  

𝐶 = {𝑓 ∈ 𝑆: 𝑅𝑒 {1 +
𝑧𝑓′′(𝑧)

𝑓 ′(𝑧)
} > 0,  𝑧 ∈ 𝒰} 

If 𝑓, 𝑔 ∈ ℍ(𝒰), we say that 𝑓 is subordinate to 𝑔, 

written 𝑓 ≺ 𝑔, if there exists a Schwarz function 𝜔 

such that 𝑓(𝑧) = 𝑔(𝜔(𝑧)). 

In recent years, several subclasses of 𝒮 have been 

investigated as particular choices related to C (see, e.g., 

Mustafa, Nezir, & Kankılıç, 2023c; Mustafa & Nezir, 

2023; Mustafa & Demir, 2023a, 2023b). 

Throughout this section and the sequel, we 

employ standard definitions from 𝑞 -calculus. 
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 The 𝑞 -numbers and 𝑞 -factorials are defined (see 

Cieśliński, 2011) by 

[𝑛]𝑞 =
1 − 𝑞𝑛

1 − 𝑞
= 1 + 𝑞 +⋯+ 𝑞𝑛−1 

= ∑𝑞𝑘
𝑛−1

𝑘=0

,   𝑞 ∈ (0,1),  𝑛 ∈ ℕ, 

with [0]𝑞! = 1 and [𝑛]𝑞! = [𝑛 − 1]𝑞! [𝑛]𝑞. It is 

immediate that lim
𝑞→1−

[𝑛]𝑞 = 𝑛 and lim
𝑞→1−

[𝑛]𝑞! = 𝑛!. 

In the classical approach to 𝑞-calculus, the 𝑞-

exponential and improved 𝑞-exponential functions are 

defined (Cieśliński, 2011) as  

𝑒𝑞(𝑧) = ∑
𝑧𝑛

[𝑛]𝑞!

∞

𝑛=0

=∏
1

[1 − (1 − 𝑞)𝑞𝑛𝑧]

∞

𝑛=0

, 

 0 < |𝑞| < 1, |𝑧| <
1

|1 − 𝑞|
, 

𝐸𝑞(𝑧) = 𝑒1/𝑞(𝑧) = ∑
𝑞
𝑛(𝑛−1)

2

[𝑛]𝑞!
𝑧𝑛

∞

𝑛=0

 

=∏[1 + (1 − 𝑞)𝑞𝑛𝑧]

∞

𝑛=0

,  0 < |𝑞| < 1,  𝑧 ∈ ℂ. 

Clearly, lim
𝑞→1−

𝑒𝑞(𝑧) = 𝑒
𝑧 and lim

𝑞→1−
𝐸𝑞(𝑧) = 𝑒

𝑧. 

Based on these notions, we now introduce 

some new subclasses of convex functions in 𝒰.  

Definition 1.1. For 𝜏 ∈ 𝒞\{0} and 𝑞 ∈ (0,1), a 

function 𝑓 ∈ 𝒮 is said to belong to the class 

𝐶(𝜏, 𝐸𝑞(𝑧)) if  

1 +
1

𝜏
{
[𝑧𝑓 ′(𝑧)]′

𝑓 ′(𝑧)
− 1} ≺ 𝐸𝑞(𝑧),   𝑧 ∈ 𝒰. 

 Definition 1.2. For 𝑞 ∈ (0,1), a function 𝑓 ∈ 𝒮 

belongs to the class 𝐶(𝐸𝑞(𝑧)) if  

[𝑧𝑓 ′(𝑧)]′

𝑓 ′(𝑧)
≺ 𝐸𝑞(𝑧),   𝑧 ∈ 𝒰. 

 Definition 1.3. For 𝜏 ∈ 𝒞\{0}, a function 𝑓 ∈ 𝒮 

belongs to the class 𝐶(𝜏, 𝑒𝑧) if  

1 +
1

𝜏
{
[𝑧𝑓 ′(𝑧)]′

𝑓 ′(𝑧)
− 1} ≺ 𝑒𝑧,   𝑧 ∈ 𝒰. 

 Definition 1.4. For 𝜏 = 1 in Definition 1.3, we obtain 

the subclass 𝐶(𝑒𝑧), consisting of all 𝑓 ∈ 𝒮 such that  

[𝑧𝑓 ′(𝑧)]′

𝑓 ′(𝑧)
≺ 𝑒𝑧,   𝑧 ∈ 𝒰. 

 Let 𝑃 denote the class of analytic functions in 𝒰 with 

𝑝(0) = 1 and 𝑅𝑒{𝑝(𝑧)} > 0 (𝑧 ∈ 𝒰). Each such 

function admits the series expansion  

𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧
2 +⋯ 

= 1 + ∑ 𝑝𝑛𝑧
𝑛∞

𝑛=1 ,   𝑧 ∈ 𝒰.                            (1.2) 

The class 𝑃 is known as the Carathéodory 

class of functions (Miller, 1975). We next recall two 

lemmas that will be used in the sequel. 

Lemma 1.1 (Duren, 1983) If 𝑝 ∈ 𝑃, then  

|𝑝𝑛| ≤ 2, 𝑛 ∈ ℕ, |𝑝𝑛 − 𝜈𝑝𝑘𝑝𝑛−𝑘| ≤ 2,  

𝑛 > 𝑘,  𝑛, 𝑘 ∈ ℕ,  𝜈 ∈ [0,1]. 

The inequalities are sharp for 𝑝(𝑧) =
1+𝑧

1−𝑧
, 𝑧 ∈ 𝒰. 

Lemma 1.2 (Duren, 1983) If 𝑝 ∈ 𝑃, then  

2𝑝2 = 𝑝1
2 + (4 − 𝑝1

2)𝑥, 

 

4𝑝3 = 𝑝1
3 + 2(4 − 𝑝1

2)𝑝1𝑥 

−(4 − 𝑝1
2)𝑝1𝑥

2 + 2(4 − 𝑝1
2)(1 − |𝑥|2)𝑦, 

for some 𝑥, 𝑦 ∈ 𝒞 with |𝑥| ≤ 1 and |𝑦| ≤ 1. 

In this paper, we derive coefficient bounds 

and solve the Fekete-Szegö problem for the class 

𝐶 (𝜏, 𝐸𝑞(𝑧)).  

 

2. Main Results 

 

In this section, we establish coefficient 

estimates for functions in the class 𝐶 (𝜏, 𝐸𝑞(𝑧)) and 

solve Fekete-Szegö problem for this class. 

Firstly, we give the following theorem on the 

coefficient estimates. 

Theorem 2.1. Let 𝑓 ∈ 𝐶(𝜏, 𝐸𝑞(𝑧)). Then the following 

inequalities hold:  

|𝑎2| ≤
|𝜏|

2
,   

|𝑎3| ≤
|𝜏|

6
(

1, if |𝜏| ≤ 1 −
𝑞

[2]𝑞!
,

|𝜏| +
𝑞

[2]𝑞!
, if |𝜏| ≥ 1 −

𝑞

[2]𝑞!
.
 (2.1) 

Proof. Let 𝑓 ∈ 𝐶(𝜏, 𝐸𝑞(𝑧)). Then, by Definition 1.1, 

there exists a Schwarz function 𝜔:𝒰 → 𝒰 such that  

1 +
1

𝜏
{
(𝑧𝑓′(𝑧))′

𝑓′(𝑧)
− 1} = 𝐸𝑞

𝜔(𝑧)
,   𝑧 ∈ 𝒰. (2.2)                                                      

Let 𝑝 ∈ 𝑃 be defined as follows 

𝑝(𝑧) =
1 + 𝜔(𝑧)

1 − 𝜔(𝑧)
= 1 + 𝑝1𝑧 + 𝑝2𝑧

2 + 𝑝3𝑧
3 +⋯ 

= 1 +∑𝑝𝑛𝑧
𝑛

∞

𝑛=1

,  𝑧 ∈ 𝒰.                                       (2.3) 

It follows from that 

𝜔(𝑧) =
𝑝(𝑧) − 1

𝑝(𝑧) + 1
=
𝑝1
2
𝑧 +

1

2
(𝑝2 −

𝑝1
2

2
) 𝑧2 

                +
1

2
(𝑝3 − 𝑝1𝑝2 −

𝑝1
3

4
) 𝑧3 +⋯ ,  𝑧 ∈ 𝒰. (2.4)           
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Considering the series expansion of the 

improved 𝑞 −exponential function 𝐸𝑞  and  expression 

(2.4), from (2.2) we obtain  

2𝑎2𝑧 + (6𝑎3 − 4𝑎2
2)𝑧2 +⋅⋅⋅ 

= 𝜏 {
𝑝1

2
𝑧 +

1

2
[𝑝2 −

1

2
(1 −

𝑞

[2]𝑞!
)𝑝1

2] 𝑧2 +⋅⋅⋅} , 𝑧 ∈ 𝒰. 

(2.5) 

Comparing coefficients, we obtain  

2𝑎2 =
𝜏

2
𝑝1, 3𝑎3 − 2𝑎2

2 =
𝜏

4
[𝑝2 −

1

2
(1 −

𝑞

[2]𝑞!
) 𝑝1

2]. 

(2.6)     

From the first equality of (2.6), we can write 

𝑎2 =
𝜏

4
𝑝1. (2.7)             

Applying Lemma 1.1 gives |𝑎2| ≤ |𝜏|/2. 

From the second relation in (2.6), we have 

𝑎3 =
1

3
{2𝑎2

2 +
𝜏

4
[𝑝2 −

1

2
(1 −

𝑞

[2]𝑞!
) 𝑝1

2]}. (2.8) 

Using Lemma 1.2, 𝑝2 =
𝑝1
2

2
+

4−𝑝1
2

2
𝑥 for some 

𝑥 ∈ ℂ  with |𝑥| ≤ 1. Substituting into (2.8) and using 

(2.7), we get 

𝑎3 =
1

3
[
𝜏2

8
𝑝1
2 +

𝜏

4
(

𝑞

2⋅[2]𝑞!
𝑝1
2 +

4−𝑝1
2

2
𝑥)]. 

Applying the triangle inequality yields  

|𝑎3| ≤
|𝜏|

24
[(|𝜏| +

𝑞

[2]𝑞!
) 𝑡2 + (4 − 𝑡2)𝜉] , 𝜉 ∈ [0,1], 

(2.9) 

where 𝜉 = |𝑥|, 𝑡 = |𝑝1| ≤ 2.  

Maximizing the expression on the right hand 

side of the inequality (2.9) according to the parameter 

𝜉, we obtain  

|𝑎3| ≤
|𝜏|

24
[𝑐(𝜏, 𝑞)𝑡2 + 4], 𝑡 ∈ [0,2], 

where 𝑐(𝜏, 𝑞) = |𝜏| − 1 +
𝑞

[2]𝑞!
. 

Then, maximizing the function 

𝜑(𝑡) = 𝑐(𝜏, 𝑞)𝑡2 + 4, 𝑡 ∈ [0,2] 

It follows that 𝜑(𝑡) ≤ 4 if  𝑐(𝜏, 𝑞) ≤ 0 and 

𝜑(𝑡) ≤ 4 (|𝜏| +
𝑞

[2]𝑞!
) if  𝑐(𝜏, 𝑞) ≥ 0. 

With this, the proof of the second inequality 

of (2.1) is provided. 

Thus, the proof of the theorem is completed. 

In the case 𝜏 = 1 and 𝑞 → 1− from the 

Theorem 2.1, we have the following results, 

respectively. 

Corollary 2.1. If 𝑓 ∈ 𝐶 (𝐸𝑞(𝑧)), then   

|𝑎2| ≤
1

2
 and |𝑎3| ≤

1

6
(1 +

𝑞

[2]𝑞!
). 

Corollary 2.2. If 𝑓 ∈ 𝐶(𝜏, 𝑒𝑧), then   

|𝑎2| ≤
|𝜏|

2
 and |𝑎3| ≤

|𝜏|

6
{
1              𝑖𝑓 |𝜏| ≤

1

2
,

1

2
+ |𝜏|     𝑖𝑓 |𝜏| ≥

1

2
.
 

Also, taking 𝜏 = 1 in the Corollary 2.2 or in 

the case 𝑞 → 1−from the Corollary 2.1, we obtain the 

following result. 

Corollary 2.3. If 𝑓 ∈ 𝐶(𝑒𝑧), then  |𝑎2| ≤
1

2
 and |𝑎3| ≤

1

4
. 

Now, we give the following theorem on the 

Fekete-Szegö problem for the class 𝐶 (𝜏, 𝐸𝑞(𝑧)). 

Theorem 2.2. Let 𝑓 ∈ 𝐶 (𝜏, 𝐸𝑞(𝑧)) and 𝜇 ∈ ℂ, then 

|𝑎3 − 𝜇𝑎2
2| ≤

|𝜏|

6
{
1                                𝑖𝑓 𝑐(𝜏, 𝑞, 𝜇) ≤ 0,
|2−3𝜇||𝜏|[2]𝑞!+2𝑞

2⋅[2]𝑞!
       𝑖𝑓 𝑐(𝜏, 𝑞, 𝜇) ≥ 0,

 

(2.10)        

where          𝑐(𝜏, 𝑞, 𝜇) =
[|2−3𝜇||𝜏|−2][2]𝑞!+2𝑞

[2]𝑞!
. 

Proof. Let 𝑓 ∈ 𝐶 (𝜏, 𝐸𝑞(𝑧)) and 𝜇 ∈ ℂ, then from the 

equalities (2.7) and (2.8), we can write 

𝑎3 − 𝜇𝑎2
2 =

(2−3𝜇)𝜏2

48
𝑝1
2 +

𝜏

12
{𝑝2 −

1

2
(1 −

𝑞

[2]𝑞!
) 𝑝1

2}.  

(2.11) 

Using Lemma 1.2,  𝑝2 =
𝑝1
2

2
+

4−𝑝1
2

2
𝑥 for some 

𝑥 ∈ ℂ  with |𝑥| ≤ 1. Then, the expression 𝑎3 − 𝜇𝑎2
2 

can be written as follows 

𝑎3 − 𝜇𝑎2
2 =

𝜏

48
{

[2]𝑞!(2−3𝜇)𝜏+2𝑞

[2]𝑞!
𝑝1
2

+2(4 − 𝑝1
2)𝑥

}. (2.12) 

Applying triangle inequality leads to 

|𝑎3 − 𝜇𝑎2
2| ≤

|𝜏|

48
{

[2]𝑞!|2−3𝜇||𝜏|+2𝑞

[2]𝑞!
𝑡2

+2(4 − 𝑡2)𝜉
} , 𝜉 ∈ [0,1], (2.13) 

with 𝑡 = |𝑝1|, 𝜉 = |𝑥|. 

Maximizing the expression on the right hand 

side of the inequality (2.13) to the parameter 𝜉, we 

obtain 

 |𝑎3 − 𝜇𝑎2
2| ≤

|𝜏|

48
{𝑐(𝜏, 𝑞, 𝜇)𝑡2 + 8}, 𝑡 ∈ [0,2], 

Where 𝑐(𝜏, 𝑞, 𝜇) =
[|2−3𝜇||𝜏|−2][2]𝑞!+2𝑞

[2]𝑞!
. 

Maximizing the function 𝜓: [0,2] → ℝ 

defined as follows 

𝜓(𝑡) = 𝑐(𝜏, 𝑞, 𝜇)𝑡2 + 8, 𝑡 ∈ [0,2], 

we can easily see that 𝜓(𝑡) ≤ 8   if  𝑐(𝜏, 𝑞, 𝜇) ≤ 0 and  

𝜓(𝑡) ≤
4(|2−3𝜇||𝜏|[2]𝑞!+2𝑞)

[2]𝑞!
 if 𝑐(𝜏, 𝑞, 𝜇) ≥ 0. 

Thus, the proof of the theorem is completed. 
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In the case 𝜏 = 1 and 𝑞 → 1− from the 

Theorem 2.2, we have the following results, 

respectively. 

Corollary 2.4 If 𝑓 ∈ 𝐶 (𝐸𝑞(𝑧)) and 𝜇 ∈ ℂ, then   

|𝑎3 − 𝜇𝑎2
2|

≤
1

6

{
 
 

 
 1                                   𝑖𝑓 |2 − 3𝜇| ≤

2([2]𝑞! − 𝑞)

[2]𝑞!
,

|2 − 3𝜇|[2]𝑞! + 2𝑞

2[2]𝑞!
  𝑖𝑓 |2 − 3𝜇| ≥

2([2]𝑞! − 𝑞)

[2]𝑞!
.

 

Corollary 2.5 If 𝑓 ∈ 𝐶(𝜏, 𝑒𝑧) and 𝜇 ∈ ℂ, then  

|𝑎3 − 𝜇𝑎2
2| ≤

|𝜏|

6
{
1                      𝑖𝑓 |2 − 3𝜇||𝜏| ≤ 2,
|2−3𝜇||𝜏|+1

2
      𝑖𝑓 |2 − 3𝜇||𝜏| ≥ 2.

 

Also, taking 𝜏 = 1 in the Corollary 2.5 or in the case 

𝑞 → 1−from the Corollary 2.4, we obtain the following 

result. 

Corollary 2.6 If 𝑓 ∈ 𝐶(𝑒𝑧), then   

|𝑎3 − 𝜇𝑎2
2| ≤

1

6
{

1                  𝑖𝑓 |2 − 3𝜇| ≤ 2,
|2 − 3𝜇| + 1

2
  𝑖𝑓 |2 − 3𝜇| ≥ 2.

 

Also, taking 𝜇 = 0 and 𝜇 = 1in the Theorem 

2.2, we obtain the following results, respectively. 

Corollary 2.7 If 𝑓 ∈ 𝐶 (𝜏, 𝐸𝑞(𝑧)), then 

|𝑎3| ≤
|𝜏|

6
{
 

 1              𝑖𝑓 |𝜏| ≤ 1 −
𝑞

[2]𝑞!
,

|𝜏| +
𝑞

[2]𝑞!
 𝑖𝑓 |𝜏| ≥ 1 −

𝑞

[2]𝑞!
.
 

Corollary 2.8. If 𝑓 ∈ 𝐶 (𝜏, 𝐸𝑞(𝑧)), then  

|𝑎3 − 𝑎2
2|

≤
|𝜏|

6

{
 
 

 
 1                    𝑖𝑓 |𝜏| ≤

2([2]𝑞! − 𝑞)

[2]𝑞!
,

|𝜏|[2]𝑞! + 2𝑞

2[2]𝑞!
  𝑖𝑓 |𝜏| ≥

2([2]𝑞! − 𝑞)

[2]𝑞!
.

 

Remark 2.1. We note that Corollary 2.7 confirms the 

second result of Theorem 2.1. 

In the case 𝜏 = 1 and 𝑞 → 1− from the Corollary 2.8, 

we obtain the following results, respectively. 

Corollary 2.9. If 𝑓 ∈ 𝐶 (𝐸𝑞(𝑧)), then |𝑎3 − 𝑎2
2| ≤

1

6
. 

Corollary 2.10. If 𝑓 ∈ 𝐶(𝜏, 𝑒𝑧), then 

|𝑎3 − 𝑎2
2| ≤

|𝜏|

6
{

1          𝑖𝑓 |𝜏| ≤ 1,
|𝜏| + 1

2
  𝑖𝑓 |𝜏| ≥ 1.

 

Also, taking 𝜏 = 1 in the Corollary 2.10 or in 

the case 𝑞 → 1−from the Corollary 2.9, we obtain the 

following result. 

Corollary 2.11 If 𝑓 ∈ 𝐶(𝑒𝑧), then |𝑎3 − 𝑎2
2| ≤

1

6
. 

 

3. Discussion 

 

The results obtained in this study provide new 

insights into the coefficient behavior of analytic and 

univalent functions subordinated to the improved q-

exponential function. In particular, the derived 

coefficient estimates and the solutions to the Fekete–

Szegö problem extend and complement the classical 

results of Bieberbach (1916) and Koebe (1909), who 

laid the foundational work on coefficient problems and 

univalent functions. 

Recent studies on coefficient bounds and 

Fekete–Szegö type inequalities within the framework 

of 𝑞-calculus have attracted considerable attention 

(Caglar, Orhan, & Srivastava, 2020; Alsoboh, Caglar, 

& Buyankara, 2022).  

The use of the improved q-exponential 

function has been inspired by the generalizations 

proposed in q-calculus (Cieslinski, 2011), and the 

present results further enrich the framework introduced 

in earlier works on starlike and convex functions 

(Brannan & Kirwan, 1969; Duren, 1983). Recent 

contributions on subclasses associated with 

trigonometric and hyperbolic functions, such as those 

by Alotaibi et al. (2020), Bano and Raza (2020), and 

Kumar and Arora (2020), show a growing interest in 

extending geometric function theory toward more 

generalized structures. The findings of this paper align 

with these trends by incorporating the improved 

exponential function.  

The results of the present study can be 

compared with several recent investigations on 

coefficient estimates and Fekete–Szegö problems for 

subclasses of analytic and univalent functions. In 

particular, Mustafa and Nezir (2024) obtained sharp 

coefficient bounds for subclasses associated with the 

sine hyperbolic function, while Caglar, Buyankara, 

and Karaman (2024) studied Fekete–Szegö 

inequalities for Sakaguchi-type bi-univalent functions 

defined by Gegenbauer polynomials. Compared with 

these studies, the current work employs the improved 

q-exponential function, which provides a more flexible 

framework and includes the classical exponential case 

as a limiting situation. 

Furthermore, the bounds obtained here are 

consistent with the general methodology used in 

univalent function theory, particularly in relation to 

Carathéodory functions (Miller, 1975). The 

inequalities established in Lemmas 1.1 and 1.2 play a 

crucial role in proving the sharpness of the results, 

similar to approaches discussed by Sokol (2011) and 

Sharma et al. (2016). 

It is worth noting the recent contributions of 

Mustafa, Nezir, and their collaborators, who studied 

subclasses associated with sine and cosine functions 
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and addressed coefficient estimates as well as Fekete–

Szegö problems (Mustafa, Nezir, & Kankılıç, 2023a, 

2023b; Mustafa & Demir, 2023a, 2023b). The present 

work provides an additional perspective by 

considering the improved q-exponential framework, 

thereby generalizing these previously studied 

subclasses. 

Overall, the results contribute to the broader 

program of unifying classical and modern approaches 

in geometric function theory by means of analytic 

techniques rooted in q-calculus and its improved 

functions. This framework opens several avenues for 

further research, particularly in extending the results to 

higher-order coefficients, to bi-univalent function 

classes, and to complex orders, as already suggested in 

the works of Mustafa, Nezir, and Demir (2023c, 

2023d). 
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