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1. INTRODUCTION

The approximation of integral equations of first kind containing highly oscillatory Bessel kernels

j‘Jv(o-(x—t))y(t)dtzh(x), xela,T], 1)

where y(X) is a function to be determined for values of X in the domain[a,T]. Such type of problems
received the attention of many researchers in [2, 4, 10, 11]. Here h(x) is a smooth function and o is a large
oscillation parameter. The big difficulty of this type of Volterra integral equation (1) is the large oscillation
parametero. Due to this parameter the kernel function JO(O'(X—t)) become highly oscillatory.

Consequently standard numerical methods cannot be used immediately to approximate these types of integral
equations. It is shown in the work of (see for example [10], Sec.1.8.1) that for the case when h(x) eC'[a,T]

the analytic solution of (1) may be given as

Ve +O'2] I(X—t)Jl(o-(x—t))h(t)dt, xelaT] (2)

y(x):l[ d
(e
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Although this analytical solution involve Bessel integral with high oscillation parameter and cannot be
evaluated in the present closed form. We need to use some reliable and robust numerical schemes to get
approximate solution. For the evaluation of the integral equations of the type

IK(x,t) y(t)dt = h(x), xela,T], (3)

robust numerical techniques have been developed by the authors in (see [1, 3, 4, 6] ). However these
approaches cannot be applied to the integral equations of the type (1), due to the kernel JV((T X) contain

highly oscillatory large parametero. The evaluation of the integral containing JV(G X) using standard

quadrature technique is extremely difficult where the computation cost exponentially increases with increase
in o (see [5, 7]). In the present work a kernel based numerical scheme is constructed to approximate the
integral equation of type (1). In other words we constructed a numerical scheme using radial kernels to
approximate the integral

| :Tf(x)J(o-x)dx, (4)

where o is parameter of oscillatory function JV(O' x). The usual numerical methods for evaluating such

integrals face difficulties. Some efficient methods are available in the literature (for example see [7, 9, 16, 17,
18]) to approximate the given type of integrals very efficiently. In the proposed method the problem of
integral computation is converted into a system of ODEs without any boundary conditions which satisfies
some differential conditions. The resultant system of ODEs is approximate with the proposed kernel based
method.

2. PRELIMINARIES

2.1. Lemma 2.0.1 [12]

‘x—xjH be the
fill distance in€2, the kernel-based interpolant s eC”(¢2) for the function f <c”(c2) for all pointsin X .
Then the error estimate

Let {x,, f,}', be N datapointsin X = {x,....,x, } = Q=][a,b],let h=sup,_, minxjex

If s
Where the W,” is the Sobolev space, < N ,and C = maX{C1 b-a,C, } where C, and C, depends on
B and N . Further if | e N and || <, then
D f(x) —D*s(x)| <C, h' | f s

L, (©) <2C hﬂ| f |W2/* ’

2.2.Lemma 2.0.2 [7]

Given a vector U(X) = (ul(x), U, (X),.....,.u_ (X))" which satisfies (10) and g/(x) be monotonic over [a, b],
then W (x) = u(q(x)) satisfies the equation

W'(x) = BX)W(x), (5)
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With B(x) is of order mx mcontaining functions which are non-rapid oscillatory.
2.3. Lemma 2.0.3 [7]

Suppose the vectors W:(Wl(x),wz(x),....,wk (X))t and Z:(Zl(x),zz(x), ....... Z, (X))t satisfies the
following equations

W'(x) = B, (X)W (X), (6)

And

Z'(x) =B, (x)Z(x), )
respectively, where matrices B, and B, are matrices of order kxk, and I x| of non-highly oscillatory
functions. Then the vector U = {W Z, |j =1..k,i=1..., I} satisfies the equation

u'(x) = A(x)u(x), (8)

with m=Kk1 and A(x) is matrix of order mxm of non-highly oscillatory functions.

3. LOCALIZED KERNEL BASED METHOD

Consider a more generalized class of rapidly oscillatory integrals like

b

I =[ £ Qu)dx = [(f,u)(x)dx, ©)

QD S &

with f(x) = (f,(x),i =1....m)", is a vector of non-rapidly oscillatory functions, and
u(x) = (ui (x),i=1,...., m)t , is vector of linearly independent rapidly oscillatory functions. It is shown in the
work [7] that {u; }", hold the ODE system

u'(x) = AG)U(), (10)
and eventually the matrix A(x) of order mxm becomes a matrix of non-oscillatory functions. The work [7]
leads to approximate | in (9) by the derivative of given known function. It is assume to find

p(x) =(p,(X),....., P, (X)), Such that

’

(p.u) =(f,u). (11)
Thus to approximate the integral | by
lzz<p,u>'(x)dx= p'(b)u (b) - p' (D) u(a). (12)
Expanding (11) and using (10) we get

4

{p,u) =<p',u>+<p,u’>=<p',u>+<p,Au>=<p'+Atp,u>z(f,u). (13)
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By the assumption that {ui }Iril are linearly independent which implies that p must approximate solution of
the ODEs system
Lp=p'+A'p=f, (14)

where the function f and the matrix A are non- rapidly oscillatory. It was investigated in the work [8], that

the system (14) may have a solution which is not oscillatory at all. This non-oscillatory solution of the PDEs
system can be approximated accurately by collocation methods using some suitable basis functions. In the
present work we extended the idea [7] to approximate the linear differential operator L and construct a
sparse differentiation matrix corresponding to (14). To construct local interpolant (see for example [13, 14]),

at each center X; € (2, < 2, we define

vi(x,) = ZC}¢‘(“xk —xj||), X, . X; €, (15)

X eQ;
where Cij are the expansion coefficients, ka - X JH denotes the norm of the difference of centers X, and
X; ,¢(r) aradial kernel, with the radial distance r >0, and Q; < Q is a local sub-domain corresponding

to each center X; and contains N nearest centers around the center X;. For each node X;, we get the nxn
linear systems

v =B'c',i=1...,N, (16)

where the matrix B'has the elements bli(’j :qﬁ(”xk —XjH), X, ,X; €€);. Next to approximate the linear

differential operator Lv(X), apply L to (15) we get

Lv' (x,) = Zc}L;zﬁ‘(”xi _XiH)' (17)

X €€

The expression in (17) may be given by dot product of two vectors,

LV (x)=w'.c', (18)
Where the entries of the vector w' are given by

L¢i(ﬂxi _XjH)’ X; €Q,. (19)

eliminating the coefficients ¢’ from (16) and (18) we get

Lv'(x)=w'(B')"v' =D'V', (20)

Where,

i\

D'=w(B')", (21)
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is row vector of order 1xN containing N non-zero entries and remaining N —n zeros entries.
Consequently for all centers X, 1=1....,N, the differential operator L can be approximated by a sparse
differentiation matrix D of order N x N given by

4. GLOBAL KERNEL BASED METHOD

For the given points X,,.....,Xy € €2. The function p(x) may be approximated as linear combination of
radial kernels ¢(r), [19]

I (23)

(24)
To approximate the system of ODEs (14) we compute (24) for the evaluation points X {Xl, ........ » Xy }c Q
and get
Dc=f, (25)

N
where ¢ is N x1vector of expansion coefficients and D is N x N matrix with entries L¢Q‘xi — XjH)i Y

and f is N x1 vector. The solution of (14) using the global kernel based method is given by
p=Hc, (26)

where H is M x N evaluation matrix with the entries ¢(”xi —XJH),i =1...,M,j=1..,N and the value
of C can be obtained from (25).

5. APPLICATION OF THE PROPOSED METHOD

This section is devoted to demonstrate the validity and applicability of the present kernel based method to
highly oscillatory integral equations containing the kernel like J, (o X). We consider the integral equation
(1) whose solution can be converted in the form containing two highly oscillatory Bessel integrals.

Lemma 5.0.4 ([11])

The exact solution of (1) can be transformed into the following form
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y(x) = h'(x) + sz F(t)J,(ot)dt + o-_)fG(t)Jl(O't) dt, (@7)

With F(t) =h(x—-t), G(t) =—-h'(x-t).
Thus the numerical solution of (1) can be converted into the computation of two highly oscillatory Bessel
integrals. To evaluate the integral

D Sy T

f(x)J,(ox)dx

I, =

(28)

For the present method to approximate the integral the bases are the Bessel functions and can be obtained
from the recurrence relations of Bessel function

[max)}'_ w7 [l

J, (ox) B s ¥ J, (%)

(29)

Consequently the vector  u(x)=[J,,(ox),J, (ox)] satisfy the differential condition (4) with
corresponding matrix

v—-1

(30)
So that kernel based method is applied to approximate the integrals of the form

j‘(fl(X)Jvfl(o- X)"’ f, (X)JV(G X))dX. (31)

The local kernel based approximate scheme of the ODE system (15), corresponding to the integral (25)

pl, +(V_—1j Py o P,
X

f)
A T :[fj' (32)

For v =1, the above system can be given by
|:d11 d12:|{ p1:| :|: fl}
d21 d22 pZ f2 (33)

where the block matrices are given by d,; =D, ,d,, =0 A,;,d,,=—0c Ay, , d,, =D, —diag[ij Ay
X
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The NxN matrices D, and A,, when L=1 can be obtained from (24). The functions

P, (X), p,(x), f,(X)= f(x), and f,(x)=0 are Nx1 vectors. Hence the approximation to the integral
(24) is given by the following numerical scheme

2

1, =" [u;(b) p; (b) - u; () p; ()] (34)

i=1
5.1. VOLTERRA INTEGRAL EQUATION

The results of the present method corresponding to the integral equation

TJO(a(x—t))y(t)dtzxsin X, (35)

by the kernel based method using Lemma (5.0.4) the solution is given by
b b
y(b) = h'(b) + o [ F(x) I, (o X)dx + o[ G(x)J, (e x)dx , be[a,T], (36)

With F(x) =h(b—-x), G(x)=-h'(b—Xx) .
To compute the integral

b
[F93o(ox)dx, 37)
set f, =F and f, =0 while for computing the integral

G003, (ox)ax, (38)

we used f, =0 and f, =G in the numerical scheme (33) respectively. The results are shown in Table (1).

The results show very fast convergence rate even for small number of collocation points and a very large
oscillation parameter. The present numerical scheme is well equipped to approximate the integral equations
for large oscillation parameters. We used the compactly supported radial kernels

o(r) = (l—gr)6+[35(g r)2 +18¢r +3Jto approximate the solution with GK- method. In order to get sparse
differential matrix with a compact support, we used ¢ =0.2. Similarly we used the LK-method and the
results are shown in Table (1). We used different number of nodes n in local domain Q; < €2 and N in
global domain Q. The advantage of the local method over the global method is that the resultant
differentiation matrix is sparse while that obtained with the global method is dense. The N x N sparse matrix
is assembled by solving small size matrices of order nxn in each local sub-domain Q.,i=12,....,N,
where N<N. The LK-method can be used for large number of collocations points, while the GK-method

cannot be used for a large number of points due to dense differentiation matrix.
The LK-method — GK-method when n — N.



886 Amjad ALI, Zeyad Min ULLAH, Marjan UDDIN / GU J Sci, 31(3): 879-888 (2018)

Approximate value of the integral equation using the global kernel based method (GK-method) and local
kernel based method (LK-method) for different values of oscillation parameters o and various number of

collocations nodes N with a=1,x=2.

Table 1. Methods

(GK-Method)

O N = 3 N = 5 N = 9
5 1.6000e-003 2.9824e-005 5.1503e-006
10 2.7828e-005 1.5892e-005 1.2086e-006
50 2.7471e-006 9.7379e-007 2.4281e-007
100 2.8806e-008 5.9128e-009 5.2042e-009
(LK-Method)
o (n,N)=(3,3) (n,N)=(3,5) (n,N)=(3.,9)
5 9.6794e-004 3.1499e-004 8.3331e-004
10 3.5693e-004 3.1307e-005 9.0688e-005
50 7.1936e-007 2.5468e-007 2.6829e-007
100 3.1063e-007 9.5544e-009 1.8529e-008
10 :
107

Absolute error

10 10’ 10’ 10
Oscillation parameter r

Figure 1. Error versus oscillation parameter o, corresponding to integral equation (1)

6. CONCLUSION

In the present work a kernel based numerical method which is proposed is the extension of [7] in the context
of radial kernel functions. The use of radial kernels is very much suitable for computing these types of
integral equation. Because in the present collocation method the differentiation matrix to be solved with great
accuracy. The real benefit of the kernel based method is that we can extend it to compute such types integral
equations of highly oscillatory kernels for large oscillation parameters.
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