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Abstract

In this paper, we firstly introduce the notions of .#-convergence and .# *-convergence and also, we investigate some inclusion relations
between .# -convergence and .# *-convergence in 2-metric space. Then, we introduce the notions of .#-Cauchy sequence and .#*-Cauchy
sequence and also, we investigate some inclusion relations between .# -Cauchy sequence and .# *-Cauchy sequence in 2-metric space.
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1. Introduction

Statistical convergence of number sequences was given by Fast [4]. Schoenberg [27] obtained some basic properties of statistical convergence.
The idea of .#-convergence was introduced by Kostyrko et al. [17] as a generalization of statistical convergence which is based on the
structure of the ideal .# of subset of the set of natural numbers. Nabiev et al. [21] introduced the notions of .#-Cauchy sequence and
#*-Cauchy sequence.

The concept of 2-metric by generalizing the concept of metric introduced by Géhler [8, 9]. They also, studied the various properties of
2-metric spaces. A 2-metric space is not topologically equivalent to an ordinary metric. For example, every metric space is first countable,
but 2-metric spaces may not be first countable [18]. In this case, there is no simple relationship between the results obtained in metric spaces
and the results obtained in 2-metric spaces. In a metric space a convergent sequence is a Cauchy sequence but in a 2-metric space may not be
a Cauchy sequence, but if the 2-metric d is continuous on X, then each convergent sequence becomes a Cauchy sequence [22]. Although
a metric is continuous on X, the 2-metric may not be continuous. Nuray [24] introduced the concepts of Cesaro convergence, statistical
convergence, statistically Cauchy sequence, lacunary convergence and lacunary statistical convergence in 2-metric space.

Now, we recall the basic definitions and concepts (see [1, 5, 3,2, 4, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33)).

Let K C N, K, denotes the set {k € K : k < n}, and |K,| denotes the cardinality of K,,. The natural density of K is given by

1
6(K) = lim —|K,|,
n—oo p
if it exists.
Let (X,d) be a metric space. A sequence (x,,) is statistically convergent to x in (X,d) if for every € >0 6(K) =01i.e.,

1
im — <n: > =0.
Jim —{k<n:d(x,x) > €} =0

For this case, we write st — limx,, = x.

A family of sets .# C 2N is called an ideal if and only if

(i) 0 € .7, (ii) For each A,B € .# we have AUB € .¢, (iii) For each A € .# and each B C A we have B € .#.

An ideal is called nontrivial if N ¢ .# and nontrivial ideal is called admissible if {n} € .# for each n € N. Then after, we let .# C 2 be an
admissible ideal.

A family of sets .% C 2N is called a filter if and only if

(i) 0 ¢ .7, (ii) For each A,B € .% we have ANB € .%, (iii) For each A € .% and each BD A we have B€ .%.

If .# is a nontrivial ideal in X, X # 0, then the class

F(I)={MCX:(3Ae.7)(M=X\A)}
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is a filter on X, called the filter associated with .#.
A sequence (x,) in X is .#-convergent to L € X if for every € > 0

Ale)={neN: |y, L >e}e.s.

Denote by .75 the class of all A C N with 6(A) = 0. Then, .5 is non-trivial admissible ideal and .#5-convergence coincides with the
statistical convergence.

A function f is said to be ideal continuous at x if, given a sequence (x,), -# — limx, = xo implies that .# — lim f(x,) = f(xo)-

Let X #0. d : X3 — R is said to be a 2-metric on X if

(M1) given distinct elements a,b € X, there exists an element ¢ € X such that d(a,b,c) # 0,

(M2) d(a,b,c) = 0 when at least two of a, b, c are equal,

(M3) d(a,b,c) =d(a,c,b) =d(b,c,a) for all a,b,c € X, and

(M4) d(a,b,c) <d(a,b,z)+d(a,z,c)+d(z,b,c) forall a,b,c,z € X.

When d is a 2-metric on X, then the ordered pair (X,d) is called a 2-metric space.

Very typical example of 2-metric d(a, b, ¢) is the area of the triangle spanned by a, b, c. After that, throughout the paper, let X = (X,d) be a
2-metric space.

(X,d) is said to be bounded if sup{d(a,b,c) : a,b,c € X} < oo.

A sequence (x,) in X is said to be a Cauchy sequence if for all a € X,

lim d(x;,xm,a) =0.
n,m—seo

A sequence (x,) in X is said to be convergent to an element x € X if for all a € X, ”15130 d(xp,x,a) =0.
A complete 2-metric space is one in which every Cauchy sequence in X converges to an element of X.
Example 1.1. Take X = [0,1]. Defined : X3 — R as
d(a,b,c) = min{la—b|,|b—al,|c —al|}
where a,b,c € X. Now, (X,d) is a 2-metric space.
A sequence (x,) in X is said to be statistically convergent to an element x € X if for all a € X and for every € > 0
Jﬂ%\{k <n:d(yox,a) > el =0
or equivalently

1
lim —|{k <n:d(x,x,a) <&} =1.

n—eoo p
In this case, we write st — lim d(xp,x,a) = 0.
n—roo

A sequence (x,) in X is said to be a statistically Cauchy sequence if for all @ € X and for every € > 0

1
im — <n: > =
’}gr;n\{k,f_n.d(xk,x@a)_8}| 0

or equivalently
1
im — <n: =
nlgrgo n|{k7€ <n:d(xg,xpa) <e}|=1.
In this case, we write

st— lim d(xp,xm,a) =0
n,m—soo

Lemma 1.2. [2]] Let {Q;}7 be a countable a collection of subsets of N such that Q; € F(F) for each i, where F (7 ) is a filter associate
with an admissible ideal .9 with property (AP). Then there exists a set Q C N such that Q € .7 (%) and the set Q\Q; is finite for all i.

2. Main Results

In this section, we firstly introduced the notions of .#-convergence and .# *-convergence in 2-metric space.

Definition 2.1. A sequence (x,) in X is .7 -convergent to L € X if for all a € X and every € >0
{neN:d(xp,L,a) > e} e s

In this case, we write

& — lim d(x,,L,a) = 0.

n—yoo

Theorem 2.2. If a sequence (x,) in X is convergent to L, then (x,) is .% -convergent to L.

Proof. Let the sequence (x,) is convergent to L in X. Then, for every € > 0 there is a ny = ng(€) € N such that for all a € X and n > ny we
have
d(xn,L,a) < €.

Therefore, for every € > 0 and all a € X we have
Ae ={neN:d(xy,L,a) > e} C{1,2,3,...,n0}.

Since .# is an admissible ideal, it is clear that A¢ € .# and so, (x;) is .#-convergent to L in X. O
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Definition 2.3. A sequence (x,) in X is *-convergent to L € X if there exists a set M = {m| <mp < --- <my < ---} € F(I) (that is,
N\M € .7) such that for all a € X
lim d(xy,,,L,a) = 0.

k—yoo

In this case, we write

J* — lim d(x,,L,a) = 0.

n—yo0

Theorem 2.4. If a sequence (x,) in X is 9 *-convergent to L, then it is . -convergent to L.

Proof. Since the sequence (x,) is .#*-convergent to L in X, there exists a set M = {m) <mp < -+ <my < ---} € F(F) (that is,
H=N\M € J)suchthat foralla € X
lim d(x,,L,a) = 0.

k—ro0
Then, for every € > 0 there is a ko = ko(€) € N such that for all @ € X and k > ko we have
d(xm,,L,a) < €.
Therefore, for every € > 0 and all a € X we have

Ag={neN:d(x,,La)>e} CHU{m <my <--- <my}.

Since .# is an admissible ideal, it is clear that
HU{mj <my <---<my} €I

and so A¢ € .#. Hence, (x,) is .#-convergent to L in X. O

Theorem 2.5. If the ideal % has property (AP) and a sequence (x) in X is & -convergent to L, then (x,) is % *-convergent to L.

Proof. Suppose that the ideal .# has property (AP) and the sequence (x,) is .#-convergent to L in X. Then, for every € >0 and all a € X
U ={neN:d(x,,L,a) > e} € 7.

Now, put

S d(xn,L,a) <

1 1
U1={n€N:d(xn,L,a)2l}andUnz{neN:f ]}
n n—

for n € N and n > 2. It is clear that, for r # s, U, Us; = 0. By property (AP) there exists a sequence of sets {Vj, },cny such that U;AV; are
finite sets for s € N and

v=Vers.
s=1
We should prove that
lim d(x,,L,a)=0 2.1)
n—yoo
(neM)

1
for M = N\V. Select i € N such that —— I < 8. Then
i

i+1
{neN:d(xp,L,a) >} C U Us.
s=1
Because of U;AV; are finite sets (s = 1,2, ---), there exists ng € N such that

i+1 i+1
<UVS>ﬂ{n€N:n>n0}—<UUY>ﬂ{n€N:n>no}. (2.2)

s=1 s=1

i+1 i+1
Ifn>ngandn ¢V, thenn ¢ |J V; and, so by (2.2) n ¢ |J Us. But then,
s=1

s=1

1
d(xy,L,a) < —— < 6
(xl‘h 7a) n+1 <

and hence we get (2.1). O

Now, we introduced the notions of .#-Cauchy sequence and .#*-Cauchy sequence in 2-metric space.

Definition 2.6. A sequence (x) in X is . -Cauchy sequence if for all a € X and every € > 0 there exists N = N(€) such that

{neN:d(xp,xy,a) > e} € 7.
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Example 2.7. Let X = {0 1,1 %, %, } and take the ideal .7 as the g ideal. Define d : X3 - [0,00) by

IR R
1 l'f)C7véy7rézczrzal{l L}C{xyz}forneN
d — ) nn+l s Vs
(x,3:2) { 0, otherwise

Then, (X,d) is a complete 2-metric space. Let define the sequence (x,) by

n, nissquare integer
Xp = .
%, otherwise

The sequence (xp) is Sg-convergent to 0 but is not a J5-Cauchy sequence.

Theorem 2.8. Let (X,d) be 2-metric space and d be statistically continuous on X. If the sequence (x,) is 7 -convergent then (x,) is
& -Cauchy sequence.

Proof. Let .# —limx, = x. Then by ideal continuity of d, we have
S — lim d(x,xm,x) =5 — lgn d(xn,x,x). 2.3)
n—oo

n,m—oo
Let N = N(&) = m, for every € > 0. By the property (iv) of 2-metric, for all a € X we can write
d(x,xn,a) < d(xp,x,a) +d(x,xn,a) +d(x,,xN,%). 2.4)
From inequality (2.4) and equation (2.3), for all a € X we get that

& — lim d(x,,xy,a) =0
n—soo

that is, (x,) is .#-Cauchy sequence. O

Definition 2.9. A sequence (x,) in X is .9*-Cauchy sequence if there exists a set M = {m; <mp < --- <my < ---} € F(5) (that is,
N\M € .Z) such that the subsequence xp; = X, is an ordinary Cauchy sequence in X, that is, for all a € X

im d(xp, ,Xm,,a) =0.
k,p—soo 7
Theorem 2.10. If a sequence (x,) in X is 9 *-Cauchy sequence, then (x,) is % -Cauchy sequence.

Proof. Let the sequence (x,,) in X is .#*-Cauchy sequence. Then by definition, there exists aset M = {m; <mp <---<my <---} € F(.I)
(that is, N\ M € .#) such that for every € >0 and alla € X

d (X, Xm,,,a) < €,
forall k, p > ko = ko(€) € N. Let N = N(&) = my,+1. Then, forevery ¢ >0and alla € X

d(Xpmy,xn,a) <€,
for all k > ko. Then, let N\M = H € .# and forevery € > Oand alla € X

Ae ={neN:d(xp,xy,a) > e} CHU{m <my <--- <my,}.
Since .# is an admissible ideal, it is clear that
HU{mj <mp <---<my,} €I

and so A € .#. Hence, (x,) is .#-Cauchy sequence in X. O

Theorem 2.11. If .% is an admissible ideal with property (AP) then the concepts % -Cauchy sequence and 9 *-Cauchy sequence coincide
in 2-metric space X.

Proof. Let the sequence (x,) in X is .#*-Cauchy sequence. Then by Theorem 2.10, without property (AP), (x,) is .#-Cauchy sequence in
X. Now, let the sequence (x,) in X is .#-Cauchy sequence. Then by definition, for every € > 0 there exists N = N(¢) such that for all a € X
we have
{neN:d(xp,xy,a) > e} e 7.
Forallae X andi=1,2,--- let
P = {n € N:d(xy,%m;,a) < 1},

i
where m; = N (%) Fori=1,2,--- itis clearly that P, € .#(.#). With the property (AP) and Lemma 1.2, there exists a set Q € .%(.#) and

2
0\ Qi is finite for all i € N. For proof, let € > 0 and i € N such that i > Pe If m,n € Q then, Q\ Q; is a finite set, so there exists u = u(i)
such that m € Q and n € Q for all m,n > u(i). Thus, for all a € X and all m,n > u(i), we have

1 1
d (X, Xm,,a) < 7 and d (X, Xy, ,a) < 7

and so,

d(xmyxn,a) < d(Xm,Xm;,a) +d(Xn, Xm,,q)
1 1 2
< —+-==-<E&.
i i i
Hence, for all a € X we have

lim  d(xm,xn,a) =0
m,n—soo

(m,neQ)
and so (x,) is #*-Cauchy sequence in X. O
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