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The semi-analytical solutions of single-variable conformable fractional differential 

equations 

 
A R T I C L E  I N F O  

 
A B S T R A C T  

 

This study is concerned with obtaining semi-analytical solutions of 

conformable fractional (CF) differential equations, which are formulated 

using the recently introduced concept of the CF derivative, with the aid of 

the CF differential transform method (CFDTM). The method considered is 

actually an adaptation of a method that has long been used in solving 

differential equations, applied to CF differential equations. This derivative-

based method primarily aims to find the transformed form of each term in a 

differential equation in accordance with the method’s definitions and rules. 

The method has few applications to CF differential equations, and examples 

of its application to equations containing different types of terms are also 

rare. Therefore, this study aims to use equations containing less common 

terms in the literature. However, such equations are not easy to find in the 

literature. Therefore, we selected functions with high oscillations and 

generated equations using the inverse problem approach. This allows us to 

obtain more complex equations for testing the method. In this way, the 

conversion equivalents of the terms less encountered in the literature are 

shown. 
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1.  Introduction 

Studies on fractional analysis, which has origins as far 

back as classical analysis, have increased 

significantly in recent years (Podlubny, 1999; Samko 

et al., 1993). In the process of modeling applied 

studies in particular, the effort to represent the rate of 

change of an event more accurately-through 

derivative orders-by using fractional derivatives has 

made these types of derivative definitions more 

remarkable. Therefore, ongoing research has focused 

on new fractional derivative investigations and their 

applications, alongside the use of popular, widely 

accepted definitions of fractional derivatives in the 

literature. 
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The integral-based Riemann-Liouville and Caputo 

fractional derivative definitions, likewise the 

Grünwald-Letnikov fractional derivative definitions 

in limit form, share some similarities. Furthermore, 

while some transitions occur between them, it has 

been shown that they lack several features of the 

classical derivative. For example, the most well-

known case is that, except for the Caputo fractional 

derivative, the derivative of a constant is not zero in 

the other two derivative definitions. Furthermore, the 

three fractional derivative definitions do not satisfy 

important theorems such as the product, quotient, 

chain rule, and sequential differentiation properties of 

functions, as well as Rolle's and the mean value 

theorem. 

A new definition of derivative, called CF derivative, 

that eliminates these undesirable situations was 

proposed by Khalil et al. (2014). This simple 

definition, which provides a generalization of the 

classical derivative definition by adding an extension 

to the classical derivative definition, provides features 

not provided by the aforementioned fractional 

derivative definitions. Subsequently, the definition of 

the CF integral and some of its properties are 

presented, and the counterparts of many concepts 

appearing in the classical definition of the derivative 

within the new derivative definition are provided 

(Khalil et al., 2014; Abdeljawad, 2015). In particular, 

the equivalents and applications of important 

concepts such as fractional power series expansions 

(Abdeljawad, 2015) and Laplace transforms 

(Abdeljawad, 2015; Özkan and Kurt, 2015), which 

form the basis of many numerical and semi-analytical 

solution methods, are presented in CF derivatives. 

After the basic concepts are restated with the 

definition of CF derivatives, it is expected that the 

existing differential equations will be rearranged in 

accordance with the new definition. On the other 

hand, in the theory of differential equations, there are 

systematic ways to find exact solutions for a finite 

number of differential equations of a certain type. 

Nevertheless, it is often not possible to obtain exact 

solutions, particularly for nonlinear equations, that 

model processes in various scientific disciplines. 

Therefore, parallel to the expression of differential 

equations using CF derivative, it has become 

inevitable to reconsider numerical and semi-

analytical methods within this new definition 

framework. 

In this study, the differential transform method 

(DTM) was taken into consideration among these 

methods. This method was first proposed by Zhou 

(1986) for solving electrical circuit problems. DTM 

is a semi-analytical approach employed to obtain the 

coefficients of the series representation of the exact 

solution by means of a recursive formula. Unlike the 

classical power series method, it has the advantage of 

allowing the recurrence relation for the semi-

analytical solution of the differential equation to be 

easily created even for complex situations and the 

created relation to be easily translated into 

programming languages. 

In the process of applying the new derivative 

definition to the classical definitions and methods, the 

form of DTM adapted to the CF derivative definition 

was given by Ünal and Gökdoğan (2017) under the 

name of CF differential transform method (CFDTM). 

After this study, some studies were conducted using 

the relevant method (Günerhan et al., 2021; 

Chiranjeevi and Biswas, 2022; Teppawar et al., 2022; 

Ajarmah, 2022). 

In this study, semi-analytical solutions of CF 

differential equations will be tried to be found using 

CFDTM. Since the method attempts to construct the 

transformed form of each term in the differential 

equation, equations containing less common terms in 

the literature have been formulated with an inverse 

problem approach. In this way, it is aimed to present 

a study that can be utilized in the solution of other 

equations involving the relevant terms by means of 

the CFDTM. 

2.  Material and Methods 

2.1. Basic Definitions 

In this part, several fundamental definitions and 

theorems required for CF derivatives are introduced 

(Khalil et al., 2014; Abdeljawad, 2015). 

Definition 2.1.1 (Khalil et al., 2014; Abdeljawad, 

2015). Let ( ): 0,  →   be a given function. The 

CF derivative of   order   is defined as 

( )
( ) ( )1

0
lim

t t t
T t







  




−

→

+ −
=  

for all 0t   and ( 0,1  . 

Theorem 2.1.1 (Khalil et al., 2014). Assume that 

( 0,1  , and that the functions   and   are  -

differentiable at a point 0t  . Then 

(1) ( ) ( ) ( )T a b aT bT     + = + , for all 

,a b . 
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(2) ( )k kT t kt −=  for all k . 

(3) ( ) 0T   = , for all constant functions ( )t = . 

(4) ( ) ( ) ( )T T T      = + . 

(5) 
( ) ( )

2

T T
T

 

    

 

− 
= 

 
. 

(6) Furthermore, if   is differentiable, then 

( ) ( )1 d
T t t t

dt

  
 −= . 

Theorem 2.1.2 (Abdeljawad, 2015). Let   be an 

infinitely  -differentiable function for some 

0 1   in a neighborhood of a point 
0t . Then   

can be expressed by the following fractional power 

series expansion: 

( )
( )

( )
( )

( )0 0

0

0 !

h

t h

h
h

T t
t t t

h











=

= − , 

1

0 0t t t R   + , 

0R  . 

Here, ( )
( )

0

h

tT
  represents the h-times application of 

the conformable fractional derivative. 

Now let us give the basic definitions and theorems 

that will be needed for the one-dimensional version 

of CFDTM, which we chose as the solution method. 

Here, lowercase letters used for functions represent 

the actual function, while uppercase letters indicate 

the CFDT function. 

2.2. One dimensional CFDTM 

Definition 2.2.1 (Ünal and Gökdoğan, 2017). Let us 

assume that the function f is a continuous  - 

differentiable function for values of ( 0,1  . The 

CFDT of the function f is defined as, 

( ) ( )
( )
( )

0

0

1

!

h

th
t t

F h T f t
h




 =

 =
  

. (1) 

Definition 2.2.2 (Ünal and Gökdoğan, 2017). Let 

F  be the CFDT of f, then the inverse CFDT of F  

is defined as, 

( ) ( )( ) ( )
( )
( ) ( )

0

0

0 0

0 0

1

!

hh h

th
t tk h

f t F h t t T f t t t
h

 




 

== =

 = − = −
  

  . (2) 

Theorem 2.2.1 (Ünal and Gökdoğan, 2017). Let a 

and b be a constants. If ( ) ( ) ( )f t au t bv t=  , then 

( ) ( ) ( )F h aU h bV h  =  . 

Theorem 2.2.2 Ünal and Gökdoğan, 2017). If 

( ) ( ) ( )f t u t v t= , then ( ) ( ) ( )
0

h

r

F h U h V h r  
=

= − . 

Theorem 2.2.3 (Ünal and Gökdoğan, 2017). If 

( ) ( )( )f t T u t= , then ( ) ( ) ( )1 1F h h U h = + + . 

Theorem 2.2.4. If ( ) ( )( )
0

m

tf t T u t= , ( 0,1   and 

m , then 

( ) ( )( ) ( ) ( )1 2 ...mF h h h h m U h m = + + + +  

holds. Here, m  means that the CF derivative is 

applied m times. 

Proof. The CFDT of the function u is 

( ) ( )
( )
( )

0

0

1

!

h

tk
t t

U h T u t
h




 =

 =
  

 according to Def. 

(2.2.1). For ( ) ( )( )
0

m

tf t T u t= , since m  means the 

CF derivative applied m times, 

( ) ( )
( )
( ) ( )( )

( )

( )

( )
( )

( )

( ) ( ) ( )
( )

( )
( )

( )

( ) ( ) ( ) ( )

0 0 0

0 0

0

0

0

0

1 1

! !

1

!

1
1 2 ...

!

1 2 ...

hh
m

t t th h
t t t t

h m

th
t t

h m
m

th m
t t

m

F h T u t T T t
h h

T u t
h

h h h m T u t
h m

h h h m U h m

  









 








= =

+

=

+

+
=

  = =
     

 =
  

 = + + +
  +

= + + + +

 

holds. 

Theorem 2.2.5 (Ünal and Gökdoğan, 2017). If 

( ) ( )0
p

f t t t= − , then ( )
p

F h h 


 
= − 

 
 where 

( )
1, 0

0, 0

if h
h

if h


=
= 


. 

Theorem 2.2.6 (Ünal and Gökdoğan, 2017). If 

( )
( )0t t

f t e






−

= , then ( )
!

h

h
F h

h





=  where   is 

constant. 

Theorem 2.2.7 (Ünal and Gökdoğan, 2017). If 

( )0,1   and a, b are constants, then 

for ( )
( )0

sin
t t

f t a b





 −
 = +
 
 

, 

( ) sin
! 2

h

h

a
F h h b

h






 
= + 

 
 and if 
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( )
( )0

cos
t t

f t a b





 −
 = +
 
 

, then 

( ) cos
! 2

h

h

a
F h h b

h






 
= + 

 
. 

3.  Results and Discussion 

3.1. Applications 

In this section, some examples will be given to test 

the effectiveness and usefulness of the CFDTM. 

Example 3.1.1. Let us solve the equation 

( ) ( ) ( )2 2 2 2 2 2 32 12 3T y t T y t y t t t t        − − = − + +  (3) 

( )0 1y = , ( )0T y =  (4) 

using CFDTM, in the conformable sense given 

below, where 0 1  . 

The exact solution admits a series representation 

around 0t = , which can be truncated after a certain 

number of terms as: 

( )

( )

3 2 3

4 5 6 7 8

1 5
1

2 6

1 1 1 1
.

24 120 720 5040

t

Exacty t e t t t t

t t t t O t

    

    

= − = + + −

+ + + + +

 (5) 

Now let us write the CFDT equivalents of Eq. (3) and 

Eqs. (4): 

( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

2 2 2 2

2 1 2 2 1 1

12 1 3 2 3

h h Y h h Y h

Y h h h h

 



 

      

+ + + − + +

− = − − + − + −
 (6) 

( )0 1Y = , ( )1 1Y = . (7) 

Let us run the recurrence relation obtained by 

isolating the term ( )2Y h +  in Eq. (6), together with 

the initial conditions given in Eqs. (7). By substituting 

the resulting ( )Y h  terms into Eq. (2), 

( )

( )

2 3

4 5 6 7 8

1 5
1

2 6

1 1 1 1
.

24 120 720 5040

CFDTMy t t t t

t t t t O t

  

    

= + + −

+ + + + +

 (8) 

is obtained. 

It is clear that the terms in Eq. (8) exactly follow those 

in Eq. (5). 

In Fig. 1, the graphs of the exact and approximate 

solutions corresponding to the values of 

0.7,0.8,0.9 =  and 1.0 are presented. Both the 

agreement between the approximate solution and the 

exact solution for 1.0 = , and the trend of the 

graphical representations for different   values, 

indicate that the method yields consistent results for 

the given differential equation. 

 

 

Figure 1. Graphics of the exact solution with 1.0 =  and 

the approximate solution for different   values. 

Example 3.1.2. Let us find the solution of the Riccati 

CF differential equation, 

( ) ( ) ( ) ( )2 1t tT y t e y t t y t e t
    −+ − = − − +  (9) 

( )0 0y =   (10) 

with the CF derivative given below, using CFDTM, 

where 0 1  . 

If we apply the CFDTM transformation rules to Eq. 

(9), we obtain the expression 

( ) ( ) ( ) ( )

( ) ( )

( )
( )

( )
( )

0 0

0

0

1 1
!

1

1
1 .

! !

sh h s

s
s r

h

s

h h s
h

h
s

h Y h Y r Y h s r
s

s Y h s

s
h h s

  











  



−

= =

=

−

=

+ + + − − −

− − =

− −
− −

−







  (11) 

The CFDT equivalent of the initial condition given by  

Eq. (10) is 

              𝑦𝐸𝑥𝑎𝑐𝑡 ,   𝛽 = 1.0 

- - - -  𝑦𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 1.0 

- - - -  𝑦𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.9 

- - - -  𝑦𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.8 

- - - -  𝑦𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.7 
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( )0 0Y = .  (12) 

The recurrence relation formed by isolating the 

( )1Y h +  term in Eq. (11) is iterated ten times under 

the condition given Eq. (12) to compute the 

coefficients ( )Y h . Substituting these coefficients 

into Eq. (2) yields the approximate solution in the 

form of 

( )

2 3 4 5

6 7 8 9 10 11

1 1 1
( )

2! 3! 4!

1 1 1 1 1
.

5! 6! 7! 8! 9!

CFDTMy t t t t t t

t t t t t O t

    

     

= − + − + −

+ − + − +

  (13) 

The exact and approximate solutions for 1.0 =  are 

compared in Fig. 2. 

 

Figure 2. Comparison of exact and approximate solutions 

for 1.0 = . 

When the exact solution is expanded into a fractional 

power series around 0t =  according to the rules of 

CF derivatives, the following equation is obtained: 

( )

( )

2 3 4

5 6 7 8

1 1

2! 3!

1 1 1
.

4! 5! 6!

t

Exacty t t e t t t t

t t t O t

    

   

−= = − + − +

− + +

  (14) 

It is clear that the approximate solution in Eq. (13) 

exactly follows the terms of the series expansion of 

the exact solution given in Eq. (14). 

Example 3.1.3. Let the CF linear system be given by 

the equations: 

( ) ( ) ( )2 2 sin

sin cos ,

t

t t

t
T u t T v t u t e

t t
e e



 


  

 
 



 

 
− + = + − 

 

   
−   

   

  (15) 

( ) ( ) ( )2 2 2cos

2 cos 2 2sin sin

t t t

t
T v t T u t v t

t t t
e e e

  


 

  
  



  

 
+ − = − + 

 

     
+ − −     

     

  (16) 

with the initial conditions: 

( )0 2u = , ( )0 1T u = ,  (17) 

( )0 1v = , ( )0 1T v = .  (18) 

To compare the approximate solutions expressed in 

the form of fractional power series expansions with 

the exact ones, the latter can be represented around 

0t =  as: 

( )

( )

3

3

4 5 7

4 5 7

8 9

8

1 1
cos 2

6

1 1 1

12 120 5040

1
,

20160

t

Exact

t
u t e t t

t t t

t O t




 

  

 

  

  



 
= + = + + + 

 

+ + +

+

  (19) 

( )

( )

2 3 4 5

2 3 4 5

6 7 8 9

6 7 8

1
cos sin 1

1 1 1 1

2 3 24 30

1 1 1
.

80 630 40320

t

Exact

t t
v t e t

t t t t

t t t O t


 



   

   

  

   

  

   
= + = + +   

   

+ + − −

− + +

  (20) 

Now, let us find the transformed counterparts of the 

system given by Eq. (15) and Eq. (16) under CFDTM. 

Under the rules of CFDTM, the transformed form of 

the system will be: 

( ) ( ) ( ) ( ) ( )

( )

( )
( )

( )
( )

2

0

0

1 2 2 1 1

1 1
2 sin

! ! 2

1 1
sin

! ! 2

1 1
cos ,

! ! 2

h h

h h

p h ph

p h p
p

p h ph

p h p
p

h h U h h V h

U h h
h h

h p
p h p

h p
p h p

 



 



 



 



 

−

−
=

−

−
=

+ + + − + + +

 
= + − 

 

 
− − 

−  

 
− 

−  





  (21) 
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( ) ( ) ( ) ( ) ( )

( )

( )
( )

( )
( )

2

0

0

1 2 2 2 1 1

1
2 cos

! 2

1 1
2 cos

! ! 2

1 1
2 2 sin

! ! 2

1 1
sin .

! ! 2

h

h

p h ph

p h p
p

h h

h h

p h ph

p h p
p

h h V h h U h

V h h
h

h p
p h p

h
h h

h p
p h p

 



 
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The transformed forms of the initial conditions from 

Eqs. (17) and Eqs. (18) under CFDTM will be: 

( )0 2U = , ( )
1

1U


= ,  (23) 

( )0 1V = , ( )
1

1V


= .  (24) 

By isolating the terms ( )2U h +  and ( )2V h +  from 

Eq. (21) and Eq. (22), the recurrence relations are 

obtained, and by running them eight times under the 

initial conditions Eqs. (23) and Eqs. (24), our 

approximate solutions are obtained as: 
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  (26) 

The approximate solutions expressed by Eq. (25) and 

Eq. (26) exactly follow the terms of the fractional 

power series expansion of the exact solutions of the 

system, as given by Eq. (19) and Eq. (20). In Fig. 3, 

graphs of the exact and approximate solutions for 

different   values are presented. 

 
a) The graphs of Exactu  and CFDTMu  

 
b) The graphs of Exactv  and CFDTMv  

Figure 3. Graphs of the exact and approximate solutions 

for different   values 

In Fig. 3, the semi-analytic solutions containing terms 

up to the eighth degree of the differential equation 

system created using CF derivatives under CFDTM 

show remarkable agreement for different   values, 

even over a wide range. 

 

4.  Conclusion  

In this study, the effectiveness of a method used for 

the semi-analytic solutions of differential equations in 

solving CF differential equations has been 

demonstrated. During this process, the aim is to 

observe the transformation forms that are less 

           𝑢𝐸𝑥𝑎𝑐𝑡 ,  𝛽 = 1.0 

- - - -  𝑢𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 1.0 

- - - -  𝑢𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.9 

- - - -  𝑢𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.8 

- - - -  𝑢𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.7 

 

           𝑣𝐸𝑥𝑎𝑐𝑡  ,  𝛽 = 1.0 

- - - -  𝑣𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 1.0 

- - - -  𝑣𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.9 

- - - -  𝑣𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.8 

- - - -  𝑣𝐶𝐹𝐷𝑇𝑀 , 𝛽 = 0.7 

 



 
 

Karaoğlu and Soylu (2026). J Inno Sci Eng 10(2):264-270 

270 

 

common in the literature by applying the method to 

the equation. To achieve this, efforts were made to 

include such terms in the differential equations 

constructed with the concept of an inverse problem. 

The CFDTM belongs to the class of semi-analytical 

techniques applicable to CF differential equations. 

According to the literature, although some numerical 

methods demand considerable computational effort, 

this approach yields the solution directly as a series 

representation and, in certain cases, reproduces even 

the series form of the exact solution. In this study, the 

results obtained also demonstrate that the method 

operates efficiently and quickly, even for complex 

equation systems. While achieving these results, the 

ability to code the iterative relation introduced by the 

method and the efficiency of these codes in operation 

stand out as the advantages of the method. In this 

regard, the method is an effective and efficient tool 

that can be used for semi-analytic solutions of similar 

problems.  
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