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In this paper, we aim to establish a new approach that involves characterizing the commutativity of a quotient ring
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L/PB with homoderivations of L satisfying some algebraic identities involving the prime ideal . In addition, some
well-known results regarding the commutativity of prime rings have been developed for homoderivations of the
rings. Some of the results obtained in this context are as follows: Let £ be a ring, 8 a prime ideal of £ and & a nonzero

homoderivation of L. If any one of the following holds then (L) € B or £L/B is commutative integral domain: i)

E(lun, 1)) € B, i) E(uiopy) € B, i) E([uy, u2]) — [pa, 2] €B, V) E(iop,) —pi0p,€ B

v) §(pups) —

§(1)E(uy) € B, Vi) E(uapy) —E(uz) E(a) € B, vil) E(uy) E(u2) —[pa, uz1€ B, Vi) (1) §(2) —p101,€ B, for all

H1, 1o € L
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1. Introduction

Throughout, let £ denote an associative ring and write
Z(L) for its center. A proper ideal B of L is called prime
if forany py, pu, € L, the condition p; Lu, € Bimplies y; €
B or u, € P. The ring L itself is prime if and only if the
zero ideal (0) is a prime ideal. For any pu,, u, € L, the
symbol [y, 1,] signifies the Lie commutator py i, — tyliy
and also the symbol p,ou, stands for the Jordan product
Mipp + Hopy.

An additive mapping 6: L — L is called a derivation if
8 (i) = 6(pudpz + 11 8(uz) holds for all g, u, € L.
The study of derivations in a prime ring was initiated by E.
C. Posner in [1]. Over the last several years, a number of
authors studied commutativity theorems for prime rings
admitting automorphisms or derivations on appropriate
subsets of L.

In 2000, El Sofy [2] defined a homoderivation on £ as an
additive mapping &: L - L satisfying  E(uip,) =
§(u)§ (k) + &y + i (uy) for all wy,pu, € L. An
example of such mappingisto let & (u,) = f(uy) — 14y, for
all pq, u, € L where f is an endomorphism of L. If S C
L, then a mapping &: L = L preserves S if f(S) € S. A
mapping &: L — Lis zero-power valued on S if £ preserves
S and if, for each a €S, there exists a positive integer n(a)
> 1 such that &M@ =0,

In [3], Daif and Bell proved that £ is semiprime ring, I is a
nonzero ideal of £ and § is a derivation of £ such that
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6 ([, o)) = £luq, ] forall py, p, €1, then L contains
a nonzero central ideal. In addition, Hongan [4] extended
this theorem in the following manner: Let £ be a 2-torsion
free semiprime ring and I a nonzero ideal of L and § a
derivation of L. If §([uq, uz]) * [p1, pz] € Z, for all
Ui, Uy €E1,then] C Z.

Let £ be aringand 6: L — L a derivation. We say that §
acts as an endomorphism on L (resp. as an anti-
endomorphism) if  §(uipz2) = 6(u1) 6(uz) (resp.
81 p2) = 8(uz) 6(pa)) for all py,pp € L. Bell and
Kappe showed that if a derivation § of a semiprime ring £
acts as a homomorphism or an anti-homomorphism on
some nonzero right ideal of £, then § = 0 [5]. Ali et al.
[6] extended this to Lie ideals: if a derivation § acts as an
endomorphism or an anti-endomorphism on a nonzero
Lie ideal U of a prime ring £, then either § = Oor U C
Z(L).

Building on the above, we study differential identities
associated with a prime ideal without assuming that the
ring is prime. This perspective allows us to generalize the
earlier results.
this
computations involving the Lie and Jordan products,

Throughout paper, we perform numerous

frequently relying on the following identities:

(i1, tatts] = palpg, us] + [y, Holus
(1pz, 3] = (g, uslps + pa[ug, ps]

350


http://csj.cumhuriyet.edu.tr/
https://orcid.org/0009-0007-3142-8797
https://orcid.org/0000-0002-4346-2331

Cumhuriyet Sci. J., 47(2) (2026) 350-355

w10(Uapz) = (Uyopp) s — po[py, 3] = pa(uaops) + (1, polus
(Uapz)ops = py (Uz0us) — [, H3liy = (Uouz)iy + py iy, 1s].

2. Results

Remark. Let £ be a ring and & a nonzero homoderivation of L. For all p,, 1, € L, the following identity holds:

§([ua, 2]) = [E(ua), ()] + [E(ua), pa] + [ua, E(2)]-

Proof. Forall u,,u, € L, we get
$([ny p2]) = ety — papn) = E(Hakz) — $(Uatt)

=§(u1)E () + &y + uaé(uz) — ()& () — )iy — € (1)
= [§(u1), EQu)] + [§(ua), 2] + (11, € (u2)]-

Lemma 1. [7, Lemma 1.2] Let £ be a ring, B a prime ideal of L. If [u,, ;] € B for every py, 1, € L or u,ou, € P for
every [y, U, € L, then L/ is commutative.

Theorem 1. Let £ be a ring, B a prime ideal of £ and ¢ a nonzero homoderivation of L. If € ([, t,]) € Bforall uy,u, €
L then £(L) € B or L/P is commutative.

Proof. By the hypothesis, we have

§([uy 12]) € (1)
Writing u, 1, instead of u, in (1), we have

E([1, uaDEua) + & (e, 2Dy + g, 21 (uy) € B for all py, u, € L.

Using the hypothesis, we get

[p1, 121 (uy) € P forall py,pu, € L. (2)

Substituting u,r for u,, r € L in this relation and using this, we arrive at

[p1, 1€ (uy) € B forall py, pp, 7 € L (3)

and so
(i1, u21L8 (1) € P forall py,p, € L.

Since ‘B is a prime ideal, the last relation implies that

(i1, 2] € Por §(uy) € Bforany u, € L.
Letusset K; = {u; € L1&(uy) € BYand K, = {u; € L][1q, 1] € B for all u, € L}. Clearly each of K; and K, is additive

subgroup of £ such that £ = K; U K,. But, a group can not be the set-theoretic union of its two proper subgroups. This
follows that either K; = L or K, = L. In the former case, £(u;) € B for all u; € L. Thatis §(L) S P. In the latter case,
we have [uq, 4,] € Bforall py, u, € L. By Lemma 1, we get L/PB commutative. This completes the proof.

Theorem 2. Let £ be a ring, B a prime ideal of £ and & a nonzero homoderivation of L. If E(u;0u,) € B forall u,, u, €
L then £(L) € P or L/PB is commutative.

Proof. By the hypothesis, we have

§(uiouy) € Pforall py,u, € L. (4)

Replacing u, by p,p, in (4) and using this, we arrive at

§(urop)€(uy) + §(uyop)puy + (Myop)é () € B

Using the hypothesis, we have

(ur012)¢ (1y) € Pforall py,u, € L. (5)

Writing u,r for u,, r € L in this relation and using it, we obtain
(1, o1& (uy) € P forall wy, u, € L.
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This expression is same as (3) in the proof of Theorem 1. Employing the same arguments used in the proof of Theorem
1 yields the desired conclusion.
Theorem 3. Let £ be a ring, B a prime ideal of £, L/B 2-torsion free ring and & a nonzero homoderivation of L. If

E([uq, uz) — [uq, uz) € B forall py, 1, € Lthen E(L) € P or L/P is commutative.
Proof. By the hypothesis, we have

E([py, uz]) — (11, 2] €B (6)

Replacing u,u, instead of u, in (6), we have

§([uy, w2 DEuy) + E([pg, oDty + (11, w218 (ua) — (14, 12]uy € B forall g, p, € L.

Using the hypothesis, we get

§(lug, w2 (e) + [1g, 216 (py) € Pforall py,p, € L.

By adding and subtracting [y, 4,]¢ (111) from the last expression, we obtain that

E([me, D€ o) + [ua, 121€ (uy) + g, 218 (y) — (11, u21E () € P forall py, p, € L.

Using the hypothesis again, we have

2[py, 4218 (uy) € Pforall py,p, € L.

Since L/ 2-torsion free, we get

(i1, 121§ (uy) € B forall py, u, € L.

This expression is same as (2) in the proof of Theorem 1. Employing the same arguments used in the proof of Theorem
1 yields the desired conclusion.
Theorem 4. Let L be a ring, B a prime ideal of £, L/SB 2-torsion free ring and ¢ a nonzero homoderivation of L. If

E(u ouy) — pyou, € Pforall py, u, € Lthen (L) S P or L/P is commutative.
Proof. By the hypothesis, we have

§(uyopz) — pyop, € Pforall py,pu, € L. (7)

Substituting p, by u,p, in (7) and using this, we arrive at

E(uopz)E(uy) + E(ueop)uy + (uaop)é(uy) — (uyop)uy € P

Using the hypothesis, we have

E(uouz)é(uy) + (uyopz)é(uy) € Pforall ug,u, € L.

After the necessary adjustments, using the hypothesis

2(ug0p2)¢(py) € Bforall py,u, € L.

Since L/ 2-torsion free, we get

(ur012)¢ (1y) € Pforall py,u, € L.
This expression is same as (5) in the proof of Theorem 2. When we continue with a similar approach, the desired result

is achieved.
Theorem 5. Let £ be a ring, B a prime ideal of £ and & a nonzero homoderivation which is zero-power valued of L. If

EQuqty) — E(u)é(uy) € Pforall py,u, € Lthen (L) € P or L/P is commutative.
Proof. For all puy,u, € L, we have

$uapz) —$(u)é () €B (8)
Replacing u, by u,p, in this relation, we get

E(uapapy) — §(uy)€E(uapy) € B, forall py, uy € L.

Since ¢ is a homoderivation, we have

§(u)& (apn) + Euuaty + ua & (uapy) — §(We)$ (apy) forall pyg, u, € L.
and so
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§(udpapy + 11§ (papy) € Pforall py,puy € L.
Again since ¢ is a homoderivation, we get

S papy + 11 ()€ (y) + u Euad iy + pypx€(uy) € P forall ug, uy € L.

If this expression is rearranged, we obtain that

(§mmz + pe8 () )y + a8 ()€ (py) + mapa§ (1) € Borall g, pi, € L. (9)
On the other hand, from the definition of homoderivation &, we get

$(uapz) — §(u)é(uz) = § (g + wa§(uz) forall py, iy € L.

Now by the hypothesis, we obtain that

§(udpz + 118 (p2) € Pforall py,puy € L. (10)
Using (10) in expression (9), we get

p1§ (2§ (e) + pyp2§ () € Bforall py, p, € L.

and so

p1 (§(uz) + 1z)é(uy) € Pforall uy,u, € L. (11)

Since ¢ is zero-power valued on L, there exist an integer n > 1 such that §™(u,) = O forall u, € L.
Replacing u, by up — &(uy) + £2(uy) + - + (—1)™" "1™ 1(u,) in this expression, we find

2§ (pq) € Pforall py,u, € L. (12)
Left multiplication by us, ys € Lin (12), we have

Ustitz§ (py) € Bforall py, py, us € L. (13)
Replacing u, by usu, in (12), we get

Mastz§ (py) € B forall py, py, us € L. (14)
Combining (13) and (14), we get

(i1, usuzé (ue) € B forall py, pp, pz € L.

which implies that

(i1, u51 L8 () € P forall g, uz € L.

This expression is same as (3) in the Theorem 1. When we continue with a similar approach, the desired result is
achieved.
Theorem 6. Let £ be a ring, B a prime ideal of £ and ¢ a nonzero homoderivation which is zero-power valued of L. If

E(uipz) — E(uy)é(uy) € Poorall py, u, € Lthen E(L) S P or L/P is commutative.
Proof. By the hypothesis, we have

&) — E(up)é(puy) € Bforall py,py € L. (15)

Replacing u, by p,u, in this relation, we get

§(uypypz) — E(uapz)é (uy) € B, forall py,u, € L.

Since ¢ is a homoderivation, we get

§(u)E (uapz) + Eupapy + u & (uapz) — &) ()8 (e) — ()€ () — 11§ () (uy) € P

and using the hypothesis, we find that

§(upypy — E(uuzé (uy) € B, forall py, u, € L. (16)
Writing u, by u,t, t € Lin (16), we get
§(uppgpat — E(uuxté(uy) € B, forall uy, u, € L. (17)
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By adding and subtracting the term &(u)u,& (uy)t from the last expression, we obtain

()t — §(uuaté (uy) — § (& (u)t + E(uuaé (uyt
EQuppz — &8 ()t — E(u)paté (uy) + E(uuaé (uyt

Using (16) in last expression, we get

§(uy)pz8 (gt — E(uy)paté(uy) € B, forall py, py € L. (18)

And so

§(up2[§ (), t] € B, forall py, u, € L.
that is

§(uL[E(uy), t] € B, forall py,u, € L.

In light of primeness of B, the last relation implies that & (u;) € B or [E(uy),t] € B, for all uy,t € L. Let us set K; =
{u, € LIE(uy) € Bland K, = {u; € L|[E(uy),t] € B forallt € L}. Clearly each of K;and K, is additive subgroup of £
such that £ = K; U K,. But, a group can not be the set-theoretic union of its two proper subgroups. This follows that
either L = K; or L = K,. Suppose that £ = K;, then £(u,) € B, for all u; € L, thatis £(£L) € B. In the second case,
we have [é(u,), t] € B forall u; € L. If we put t=£(u,) in last relation, we find that

()€ (uz) — E(uz)é(uy) € B, for all py, u, € L. (19)

Now by the hypothesis

()& (up) — EQuatz) + §(uypn) — E(u2)é(uy) € B, forall uy, uy € L.

Using the (15), we obtain

§(u1)é(z) — E(upy) € B, forall py, u, € L.

This result is the same as the hypothesis of Theorem 5. By following the method in the proof of Theorem 5, we arrive at
the targeted result.
Theorem 7. Let £ be a ring, B a prime ideal of £ and & a nonzero homoderivation which is zero-power valued of L. If

§(u)§(uy) — (g, 2] € B forall py, py € Lthen §(L) S P.
Proof. By the hypothesis, we have

§(u)E(u2) — [ua, o] € Borall py, p, € L. (20)
Writing 4 U5 instead of yy in (21), we have

§(uap3)é (uz) — [Maps, 2] € B, forall wy, py, p3 € L.

Since & is a homoderivation, we have

§ ()¢ (W) (u2) + (s () + pa§ ()€ (12) — pals, o] = [ua, w2lus € B, for all py, pa, p3 € L.

Using (20), we get

§(u)§ (us)$ (12) + §(u)psé (u2) — e, Halus € B, forall py, py, ps € L. (21)
Replacing u, by p, in (21), we obtain
§(u) (€ (u3) + uz)é(uy) € B, forall py, uz € L. (22)

Since ¢ is zero-power valued on L, there exist an integer n > 1 such that ™ (u3;) = 0 for all u; € L.
Replacing usz by us — &(u3) + £2(us) + -+ + (—1)"" 1™ 1(u3) in this expression, we find

§(u) s () € P, forall py, ps € L.

which implies that

§(u)LE(uy) € B, forall puy € L.

Since P is a prime ideal, we arrive at the conclusion §(L£) € PB. With this result, the proof is complete.
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Theorem 8. Let £ be a ring, B a prime ideal of £ and ¢ a nonzero homoderivation which is zero-power valued of L. If

§(u)&(uy) — pyop, € Pforall py, uy € Lthen §(L) S P.
Proof. By the hypothesis, we have

§(u)§(uz) — pyop, € Bforall py,pu, € L. (23)
Writing pq U5 instead of py in (23), we have

§(uap3)§ (pz) — (Haps)op, € B, forall py, py, pis € L.

If this expression is expanded, we get

E(up)E (U3¢ (p) + & usé (up) + 1y € (ua)é (uz) — py (uzopy) + [ug, pzlus € B
Using (23), we obtain

E(1)E (u3)é () + E(ua)usé () + [ug, w2z € B, forall uy, py, p3 € L.

Taking u, by y; in last expression, we get

&(uy) (€ (u3) + uz)é(uy) € B, forall py, py, u3 € L.

Last expression is same as (22) in the proof of Theorem 7. By proceeding in parallel with the arguments applied in
Theorem 7, we obtain the desired result.

Example: Suppose the ring L = {(? Z) |a, b, c,d € R}. Define maps &: L = L as follows: & ((cl Z) = (8 g) . Let
a b

B = {(0 d) |a,b,d € R}. Itis obvious that ¥ is not a prime ideal. Then it is easy to verify that ¢ is a homoderivation
of L and P is a nonzero right ideal of £ and ([, 1)) € B for all uy, u, € L. However, L/P is not commutative.
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