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Some New Integral Inequalities Related to Convex Functions

Cetin YILDIZ!, Mustafa GURBUZ?

ABSTRACT: We gathered several new integral inequalities with the help of a kernel and using functions which are
convex. The proofs are made with quite basic analysis and stated on Holder and Power mean inequalities.
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Konveks Fonksiyonlarla Ilgili Baz1 Yeni integral Esitsizlikler

OZET: Konveks fonksiyonlar1 kullanarak, bir cekirdek yardimiyla bazi yeni integral esitsizlikler elde ettik.
Ispatlarda kullanilan analiz oldukca elementer olup Hélder ve Power mean esitsizligi iizerine kurguland.
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INTRODUCTION

Convexity, with very old background, has many
application areas such as probability theory, graph
theory, functional analysis and also nonlinear
analysis.

Inequalities have application areas

not only in mathematics but also in physics and

+b 1 b fla)+f(b)
F(557) S35 L Feodx < BE2

holds where a,b € I € R with a is less than or
equal to b. That is, image of midpoint of bounds of
domain is always less than or equal to mean value of
function and mean value of function is less than or
equal to midpoint of images of bounds of domain.
Many papers

including Hermite-Hadamard,

Ostrowski, Simpson etc. type results valid for

MATERIAL AND METHOD

engineering. Hermite-Hadamard inequality is
very significant inequality in the literature which
was published in Mathesis 3 in 1883. This famous
inequality says if /' is a convex mapping defined

from 7 to R then

(1

different types of convex functions classes have
been published. Some of those inequalities have
been put together in a monograph in Dragomir and
Pearce (2000) which is very useful for interested
readers. On the other hand, there are many
generalizations of this inequality with fractional

integral types.

In 1984, Toader introduced the m —convexity definition (1984, as cited in Dragomir and

Pearce, 2000) as noted below:

Definition 2.1. “The function f:[0,b] - R is said to be m —convex, where m € [0,1], if

forevery x,y € [0,b] and t € [0,1] we have:

ftx +m(1 =t)y) < tf(x) + m(1 - f ().

(2)

Denote by K,,(b) the set of the m —convex functions on [0,b] for which f(0) <0”

(p.293).

For m = 1, definition of m —convex functions reduces to definition of classical convex
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functions and also for m = 0 definition of m —convex functions reduces to definition of
starshaped functions defined on same domain with m —convex function. Also some new
results has been proved by Lara et al. (2017).

Example 2.1. Let x € [0,7] with r > 0, f defined from [0,7] to R be a linear function
described as f(x) = mx +n (m,n € R) with a # 0. If n < 0, then we have f € K,,(r)
(Giirbiiz, 2013).

Besides, Mihesan (1993) introduced (a, m) —convexity (1993, as cited in Dragomir and
Pearce, 2000) as noted below:

Definition 2.2. “The function f:[0,b] - R is said to be (a, m) —convex, where (a,m) €
[0,1]2, if for every x,y € [0,b] and t € [0,1] we have

flx+m(1—-0)y) <t*f(x) + m(1 - t*)f(y). 3)
Note that for (@, m) € {(0,0), (a,0), (1,0), (1,m), (1,1), (a, 1)}, one obtains the following
classes of functions: increasing, a — starshaped, starshaped, m — convex, convex and
a —convex. Denote by K% (b) the set of the (@, m) —convex functions on [0, b] for which
f(0) <07 (p.299).

In our main results we came across with Euler’s integral of the first kind which is also well

known as Beta function which is defined as:

1

Blxy) = f £(1— )Y lde

0

for x,y > 0 (Chaudhry, 1997).

To find more information about convexity in the mean of partial ordering, one can see the
references of Bakula et al., 2008; Ozdemir et al., 2010; Ozdemir et al., 2011; Alomari et al.,
2012; Iscan, 2013; Yildiz et al. 2013; Set et al., 2017.

We used the following lemma gathered by Yildiz (2018) for evidence of our theorems:
Lemma 2.1. “Let f:[a,b] » R be n —times differentiable function. If f™ € L[a, b], then
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b _ on-1 f(k)(a)+(_1)kf(k)(b) b-a k+1
Jo F@®de = ¥iso (k+1)! ( 2 )

(b _ a)n+1

+(=1D" on+1y]

{fol (t—1Dnf™ (tasz+ (1- t)a) dt

+[ @—prfm (t“zi’+ (1 —t)b) dt} 4)
where n is a naturel number with n > 17 (p.2)
The primary aim of the current study is to handle some new and original inequalities handled
by using (a, m) —convex functions. Results are associated with the thousands of times cited

integral inequality by name Hermite-Hadamard. We will typify the notation R instead of

(k) _1k (k) _\k+1
“<f:f(t)dt X R (a)zié))'f ®) (bz—a) )” throughout the paper.

RESULTS AND DISCUSSIONS

In present part, we handled some new results for (&, m) —convex function by using Holder
and Power-mean inequalities. Also with special selections of @ and m, some new results are
revealed.

Theorem 3.1. Let f defined from [0, b] to R be n —times differentiable (a, m) —convex

function. If f™ € L[a, b] with0 < a < b then

%{23(1 +n,1+a) | (29

2

IR <

e G ©)

where (a,m) € [0,1] X [0,1], n naturel number, n > 1 and S(.,.) is used to specify

m (ﬁ —B(1+n1+ a)) [|f(") (%)

Euler’s integral of the first kind.

Proof. By means of Lemma 2.1. and features of absolute value we get

_ 1+n 1
|§R|Su{f (1—t)n
0

b+a a
m( bta _aa
21y fr (t ;—tma t)m)|dt

b+a
2

+ fol (1-¢t)" |f(") (t +m(1—1t) %)| dt}. (6)
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With the help of (@, m) —convexity of |f (”)| we note that

< S22 1 o0 ()] 4 ms -0 ()]
+lo = on e (5) +ma e |0 (3] ae) ™
_(b—a)1+n
21+np)

x {5(1 +a1+m [fo (b - %))+ m <%—ﬁ(1 +n 1+ a)) r@ ()

B+ a1+m |0 (220 +m (% C B 4n+ a)) [ (%)H ®)

= O R +n 1+ @) [ F™ (29)

+m (L ~B(l+n1+ 00) 17 ()

e G ©)

So, the proof is done.
Corollary 3.1. In Theorem 3.1., if we elect « = m = 1, we attain

1+n)b—-a)tt

IR < 2141 (2 + n)! {|f(")(a)| 1+ n) |f(n)( )’ * |f(”)(a)|}. (10)

Theorem 3.2. Let f defined from [0, b] to R be n —times differentiable (a, m) —convex

function. If f™ € L[a, b] with0 < a < b then

1

(b — a)n*t < ™ b+ a\|? ) (& Q>5
IR| < 1 I |f + f
2141 (1 + np)P (1 + )4 | < 2 >| o | (m)|

o) rano @] an

where (a,m) € [0,1] X [0,1], n naturel number, n > 1 for p > 1 and %+$ =1.

Proof. Under necessary stipulations of Theorem 3.2., by using features of absolute value
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and Holder inequality in Lemma 2.1. we note that
%< C2L @ —or | (e22 4 (1 - Da)| de
+; @=0"[f® (e + (1 - 0)b)| dtf (12)

1
(b_a)1+n

a5 o (1 (22 a0 )

+ ( [y - t)"Pdt)% ( IN | £ (¢ ( CALIC I t)b)|q dt)%}. (13)

With simple calculation and using (&, m) —convexity of | fm |q on [0,b] we note that
(b )1+n 1 1 1
—a P
G2l ([
21+l 1+np 0
= q
1 P a (n) b+a
+(mm) (o (<] (59

1

(Y - (@) )

+m - [r™ (D)) dt)g} (14)
1 1
- (bzzjl)n! (1 -I—lnp)p <1 +a |f(n) (b -; a>|q m <1 1 -Il- a) |f(n) (%)r)q

) b ) en (- @I} o

With rearranging the last step, the proof is completed.

S

Corollary 3.2. By electing « =m =1 in Theorem 3.2., we handle the inequality for

convex functions given below

(b a)1+n
R < —F——=

T
1+—+n =
2 n!(1+np)P

iy

Theorem 3.3. Let f defined from [0,b] to R be n— times differentiable

_|_|f(n)(a)|q) (|f(n) (’”“) +|f(")(b)|q)a (16)

(a, m) —convex function. If f™ € L[a, b] with0 < a < b then
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(b_a)1+n

R < ———=

-1
214 nn1(1+n)” 4

q

B(1l+n1+a) |f(”) (ﬂ)

2

e )

X Zi:a,b

(17)

where (a,m) € [0,1] X [0,1], n naturel number, n > 1 and g real number, q > 1.
Proof. Under the conditions of Theorem 3.3. by using properties of absolute value and Power

mean inequality in Lemma 2.1. we handle

IR| < “;fi:n {; a=or|f® (e22+ (1 - va)|dt

+a-on |f(”) (tb—;'“ +(1- t)b)l dt} (18)

(b_a)1+n

— 21+np)

1

X <f01 (1 —t)ndt)l_% (fol (1— o |fm <tb+Ta+ (1 —t)a>|th>a
1 1-2 1 :
+<f (1—t)ndt> q(f a-on

q q
dt) . (19
Calculating some expressions and using | @ |q as (a, m) —convex function we note that

£ (t? +(1- t)b)

(b_a)1+n

21+np1

|R| <

"ar)

1

Trm - o (D) ar)" 20

) amor e

T rm - [fo ()

H(E) T a-on (e (22

( . .
(b-a)tm !( 1 )1—3 B(L+n1+a)|f®(22) a
= —— X
21+ L 1+n +m <_1in - f(1+n1+ a)) |f(n) (%) q
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1 (B +n1+a) |f(n) (b+a)

1

q 5\
1
+(=) . L 21)
1+n 1 n) (b
+m<1+n ,8(1+n,1+a))|f” (m>| J
With editing the last step, desired result is gathered.
Corollary 3.3. In Theorem 3.3., by electing @ = m = 1, then we achieve
(b—a)**™ ) (bra)|? 7Y | £ ()
|93| = 2141 (14n)! [(2+n) |f ( ) (2+n) f (a)l]
(n) (bta 1+n (n)
[l ) ) ool 22)
CONCLUSION Interested readers can find new results by using the

In conclusion, Hermite-Hadamard type new
inequalities related to convex functions have been
establihed. Then some new corollaries have been
obtained by choosing some particular selections of
o and m.” Our results include integral form and

discrete form of sum of function values together.
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