
Eastern Anatolian Journal of Science 

Volume XI, Issue I-II, 2025, 32-38  Eastern Anatolian Journal of Science  

 

Fractional Hermite-Hadamard Inequalities for Different Convex Classes Based on  

𝝍-Hilfer-Atangana-Baleanu Operators  
 

Barış ÇELİK1* and Erhan SET2 

1Department of Mathematics, Faculty of Science, Marmara University, İstanbul, Türkiye, 

 baris.celik@marmara.edu.tr  
2Department of Mathematics, Faculty of Science and Arts, Ordu University, Ordu, Türkiye,  

erhanset@yahoo.com 

 

Abstract 

 

        Hermite-Hadamard type inequalities play a 

central role in the study of convexity and its 

generalizations, providing a fundamental tool for both 

theoretical analysis and applications. In recent years, 

fractional integral operators have been widely 

employed to establish new versions of these 

inequalities. Among them, the  𝜓-Hilfer-Atangana-

Baleanu (𝜓-HAB) fractional integral operators have 

attracted attention as a powerful extension of the 

Atangana-Baleanu and ABK operators, offering a 

flexible framework to explore generalized convexity 

classes. 

 

In this paper, with the help of the identities proved by 

Kermausor et al. in (Kermausuor et al. 2026), we 

obtain some new integral inequalities of Hermite-

Hadamard type for the quasi-convex functions and the  

𝑃-functions, respectively. 

 

Keywords: Hermite-Hadamard inequalities, quasi-

convex function, 𝑃-function, 𝜓-Hilfer-Atangana-

Baleanu fractional integral operators. 

 

1. Introduction 

The classical Hermite–Hadamard inequality, 

established for convex functions, has played a 

fundamental role in the development of mathematical 

analysis, optimization theory, and integral 

inequalities. 
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If RG ],[: ba  is a convex function, then the 

inequality  
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provides sharp bounds connecting the midpoint value 

and the integral mean of G . Over the past few 

decades, this classical result has contributed to the 

literature in terms of obtaining more general 

inequalities, particularly through the definition of new 

convexity classes and the introduction of fractional 

integral operators (Azzouz et al. 2025), (Butt et al. 

2025), (Coşkun et al. 2024), (Çelik et al. 2021), 

(Hezenci et al. 2023), (Munir et al. 2025), (Pachpatte 

2005), (Set and Çelik 2018), (Set et al. 2018), (Xi et 

al. 2012), (Yalçın el al. 2025).  

 

In the framework of convex analysis, several 

generalizations of classical convexity have been 

introduced to obtain more general versions of integral 

inequalities such as the Hermite–Hadamard 

inequality. Among them, the notions of quasi-

convexity (Ion 2007) and 𝑃-functions (Pearce and 

Rubinov 1999) play a crucial role, as they allow the 

extension of classical results to wider functional 

classes beyond standard convexity.  

 

In what follows, we will give two different classes of 

convexity, namely quasi-convex functions and 𝑃-

functions, which will play a key role in our main 

results. 

 

Definition 1.1 (Ion 2007) Let RRG I:  for 

all [0,1]  and all Iyx , , if the following 

inequality 

  )}(),({max)(1 yxyx GGG    

 holds, then G  is called a quasi-convex function on I.  

  
Definition 1.2 (Pearce and Rubinov 1999) A function 

RRG I:  is P-function or that G  belongs to 

the class of )(IP , if it is nonnegative and, for all 
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Iyx ,  and [0,1] , satisfies the following 

inequality;  

  ).()())(1( yxyx GGG                 (1.1) 

 

Parallel to these developments, fractional calculus has 

emerged as a powerful tool in inequality theory. 

Starting from the Riemann–Liouville and Caputo 

definitions, numerous fractional integral operators 

have been proposed to model memory effects in 

physics, engineering, and biological systems (Kilbas 

et al. 2006). Among them, the Atangana–Baleanu 

(AB) and Atangana–Baleanu in the Caputo sense 

(ABK) operators have attracted considerable interest 

due to their kernel involving the Mittag-Leffler 

function, offering non-local and non-singular 

behavior (Atangana and Baleanu 2016). These 

operators have not only refined classical bounds but 

also expanded the Hermite–Hadamard type 

inequalities to include nonlocal fractional structures 

and generalized convexity definitions (Akdemir et al. 

2021), (Avcı-Ardıç et al. 2023), (Budak et al. 2022), 

(Sarıkaya et al. 2013). 

 

More recently, the 𝜓-Hilfer and 𝜓-Hilfer–Atangana–

Baleanu (𝜓-HAB) fractional operators have been 

introduced as a flexible framework unifying several 

earlier approaches. In particular, Kermausuor et al. 

established key identities that enable the derivation of 

new integral inequalities via 𝜓-HAB operators 

(Kermausuor et al. 2026). 

 

Definition 1.3  Let R21,dd  with 
21 < dd  and let 

  be a strictly increasing and positive function on 

],[ 21 dd , having a continuous derivative 
'  on 

),( 21 dd . The left-sided and right-sided  -Hilfer-

Atangana-Baleanu (HAB) fractional integral 

operators of a real-valued function G  of order 

(0,1) , are defined as  
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 where 0>)(B  is a normalization function and 

satisfies the property 1=(1)=(0) BB .  

  

Remark 1.1 If tt =)(  in Definition 1.3, we have 

the Atangana-Baleanu fracitonal integral operators, 

and if 



t

t =)( , 0> , then we have the ABK-

fractional integral operators.  

 

Lemma 1.1 (Kermausuor et al. 2026) Let R ,  

with  <  and RG ],[:   be a function. If 

G  is differentiable and ]),([1 L' G , then the 

equality  
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 holds for all 0> .  

 

Lemma 1.2 (Kermausuor et al. 2026) Let R ,  

with  <  and RG ],[:   be a function. If 

G  is differentiable and ]),([1 L' G , then the 

equality  

 














 










 












 
))()(())()(( 1

)
2

(1

1

)
2

(1
 










  GG II HABHAB  

)])()([
)(

1
)(

)()(2

)(
(

21








 




GGG 






 

 BB

 





 








drrrrdrrrr
B

))(1(')(1))(1('
)()(

)(
=

1

1/2

1/2

0

1




 


GG

 

 holds for all 0> .  

 

The main aim of this paper is to establish new integral 

inequalities using 𝜓-Hilfer-Atangana-Baleanu 

integral operators for quasi-convex and 𝑃-function. In 

this paper, integration techniques, quasi-convex 

function and 𝑃-function definitions were used and 

new integral inequalities that produce different 

bounds were proved. 

 

2. Main Results 

In this part, we obtained some fractional integral 

inequalities for quasi-convex functions and P -

functions by using  -Hilfer-Atangana-Baleanu 

fractional integral operators as follows. 

 

Theorem 2.1 Let RG ],[:   be a differentiable 

function on ),(  , ]),([1 L' G , and  < . 
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If || 'G  is a quasi-convex function, then the 

inequality  
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 holds for (0,1)  and 1q .  

 

Proof. Using Lemma 1.1 and property of absolute 

value, we get  
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 By applying power mean inequality, we get  
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 By using quasi-convexity of || 'G , we obtain  
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 Here, we used the facts that  

 

.
2

1
1

1

2
=)(1

1

0











 




drrr  

 This completes the proof.  

 

Corollary 2.1 In Theorem 2.1, if we choose 1=q , 

we have  
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Theorem 2.2 Let RG ],[:   be a differentiable 

function on ),(  , ]),([1 L' G , and  < . 

If || 'G  is a P function, then the inequality  
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 holds for (0,1)  and 1q .  

 

Proof. By using Lemma 1.1, we have  
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By applying power mean inequality, we get  
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 Since || 'G  is a P function, we obtain  
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 and the proof is completed.  

 

Corollary 2.2 In Theorem 2.2, if we choose 1=q , 
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required inequality. The proof of Theorem 2.3 is 

complete.  
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Theorem 2.4 Let RG ],[:   be a differentiable 

function on ),(  , ]),([1 L' G , and  < . 

If || 'G  is a P  function, then the inequality  
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 This completes the proof.  
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Theorem 2.6 Let RG ],[:   be a differentiable 

function on ),(  , ]),([1 L' G , and  < . If 

|| 'G  is a P -function, then the inequality 
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 and the proof is completed.  

 

 

3. Conclusion 

In this paper, we have established new Hermite–

Hadamard type inequalities for quasi-convex and 𝑃-

functions within the framework of the 𝜓-Hilfer–

Atangana–Baleanu (𝜓-HAB) fractional operators. By 

utilizing key identities associated with 𝜓-HAB 

operators, together with Hölder’s inequality, the 

power-mean inequality, we derived upper and lower 

bounds that extend and unify several classical results 

in convex analysis. Our findings demonstrate that the 

𝜓-HAB approach offers a powerful generalization 

capable of capturing a broader class of fractional 

integral inequalities. 

 

The results presented in this study open several 

avenues for future research. One possible direction is 

the extension of these inequalities to other generalized 

convexity classes, such as ℎ-convex or 𝜑-convex 

functions. 
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