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COEFFICIENT ESTIMATES FOR CERTAIN SUBCLASS OF
MEROMORPHIC AND BI-UNIVALENT FUNCTIONS

SAIDEH HAJIPARVANEH AND AHMAD ZIREH

ABSTRACT. In this paper, we introduce and investigate an interesting subclass
of meromorphic and bi-univalent functions on A = {z € C : 1 < |z] < oo}
Furthermore, for functions belonging to this class, estimates on the initial
coefficients are obtained. The results presented in this paper would generalize
and improve some recent works of several earlier authors.

1. INTRODUCTION

Let X be the family of meromorphic functions f of the form
0o bn
f(2) :z+zz7, (1.1)
n=0

that are univalent in the domain A = {z € C: 1 < |z| < o0}.
Since f € ¥ is univalent, it has an inverse f~! that satisfies

FHfR) =2 (€ D),
and
fFHw) =w (M < |w| <oo,M >0).

Furthermore, the inverse function f~! has a series expansion of the form
(oo}
B
-1 o Dn
n=0

where M < |w| < occ.
A simple calculation shows that

2 2 2
g(w):w—bo—%—b2+b0b1 b3 + 20by + byby + b1 M.

w? w3
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A function f € ¥ is said to be meromorphic bi-univalent if both f and f~!
are meromorphic univalent in A. We denote by ¥, the class of all meromorphic
bi-univalent functions in A given by (L.1)).

The coefficient problem was investigated for various interesting subclasses of the
meromorphic univalent functions. Estimates on the coefficients of meromorphic
univalent functions were widely investigated in the literature; for example, Schiffer
[5] obtained the estimate |bs| < 2 for meromorphic univalent functions f € ¥ with
|bo| = 0 and Duren [I] proved that |b,| < (nQTU for f € ¥ with by =0,1 <k < 3.

For the coefficients of inverses of meromorphic univalent functions, Springer [7]
proved that

1 1
|Bs| <1 and | B3 + §B§| <3
and conjectured that
(2n — 2)!

Boy_ 1| £ ——+
B2 1|_n!(n—1)!

(n=1,2,..).

In 1977, Kubota [3] proved that the Springer conjecture is true for n = 3,4,5
and subsequently Schober [6] obtained a sharp bounds for the coefficients Ba,_1,
1<n<T7.

Recently Orhan and Magash [4] introduced the following two subclasses of the
meromorphic bi-univalent function class ¥ and found estimates on the coefficients
|bo| and |b1| for functions in the each of these subclasses.

Definition 1.1. (see [4]) Let 0 <a <1, A>1, p >0, A > p, a function f(z)
given by 1) is said to be in the class X%, (o, u, A) if the following conditions are

satisfied:
f e and |arg l(l ~\) (f(;))“ FAf(2) <f(;)>#1 < % (z € A),
and
arg l(l -3 (22) 4w (giu“”)] <2 wea)

where ¢ is given by ((1.2).
Theorem 1.2. (see [4]) Let f(z) given by (1.1) be in the class X%, (v, u, \). Then

2c
bo| < ,
|bol py—

and

N T
=2 W?Amz o
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Definition 1.3. (see [4]) Let 0 < 8 <1, A>1, p >0, A > u, a function f(z)
given by (1.1 is said to be in the class ¥3,(8, i, A) if the following conditions are
satisfied:

f € 3 and Re [(1 -\) (f(;))u + A f(2) (ﬂj)y—l] > 6 (2 € A),

and

e [(1 - (22) 4w (g(w“’)) > B (weA),

where the function g is given by (1.2).
Theorem 1.4. (see [4]) Let f(z) given by (L.1) be in the class ¥3,(8, p, X). Then

2(1-5)
|b0| S ﬁa
and
L (-pPa-pp

The purpose of this paper is to investigate the meromorphic bi-univalent function
class ng (t, A) introduced in Definition and estimates for the coefficients |b]
and |b1| of functions in the newly introduced subclass are obtained. Our results for
the meromorphic bi-univalent function class f € %% (u, A) would generalize and
improve some recent results obtained in [2] [].

2. THE SUBCLASS X0 (i, \)

In this section, we introduce and investigate the general subclass Z}X/’[p (1, A).

Definition 2.1. Let the functions h,p : A — C be analytic functions and

hi | he | hs P1 D2 | D3
W) =14 L2 8, VI < T 1 AT
()=1+—+ S5+ 5+, ple)=1+—+ 75+ 5+,
such that
min{Re (h(z)),Re (p(z))} >0, z € A.
A function f given by 1) is said to be in the class 27\/’[’)(”, A) if the following
conditions are satisfied:

f €S and (1—N) <f(;)>ﬂ FAS(2) (ﬂj))ul ehA), (21
and
1 () g (22) <) (2:2)
where A > 1,A > i, 41 > 0 and the function g is defined by (T2).
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Remark 2.2. There are many choices of i and p which would provide interesting
subclasses of class E}&p(u, A).

(1) If we take

141\ 2a | 202
h(z):p(z):<1_§> :1+7a+%+...(0<a§1,zeA),

it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses
of Definition 2.1} If f € S (1, 1), then

s (P2 v (1)
and

arg [(1 Y (“j”) T g/ (w) (g(;”))]

Therefore in this case, the class 27\/}17(#7 A) reduce to class ih(a,u, A) in
Definition L1

<%(Z€A),

f € Xy and 5

<a§(w€A).

(2) If we take

1-28 - _
h(z)zp(z)zlj_i :1+2(1Z B)+2(1Z26)+“_ 0<B <1,2€A),

then the functions h(z) and p(z) satisfy the hypotheses of Definition[2.1]} If
fe Eﬁ/’[p(p,)\), then

eSy amd Re [(14)(“2))”“]“@) (())] > B (zen),
and

Re l(l - ) (g(w))“ + Mg (w) (g(w))“ll > 03 (w e A).

w w

Therefore in this case, the class 27\/’[’)(”, A) reduce to class 4,(5, u, A) in
Definition [[3]

2.1. Coefficient Estimates. Now, we obtain the estimates on the coefficients |bg|
and |b1| for subclass ZK/’IP (11, A) which generalize and improve several well-known
conventional results that recently published.

Theorem 2.3. Let f(z) given by 1 ) be in the class E P(u, N). Then

|7 |® + [pa]? |ha| + [p2|
bo| < min , , 2.3
ol {\/ 20— p)? TV 22 = )|l — 4l (23)




658 SAIDEH HAJIPARVANEH AND AHMAD ZIREH

and

ho|? 2 1— p)?
N gmin{| 2| + |p2] \/| 2 +\p2| ( 1) 4(|h1|2+|p1|2)2}- (2.4)

202\ — p) 2(2X\ — p)? 16()\ — 1)
Proof. From definition and . we have

(1-)) (f(;)) +Af(2) (ﬂj))” 1: h(z) (z € A), (2.5)
and

03 (L) g (22) iy e ), 26)

where functions h and p satisfy the conditions of Definition 2.1} Also, the functions
h and p have the following forms:

h1 hQ hg
hz) =1+ —+ —+ —+--- 2.7
(Z) > 22 23 ’ ( )
and
b1 D2 D3
1 2.8
p(w) = —|—w—|—w2+w3+ (2.8)

Now, upon substituting from (2.7)) and ( into (| . ) and (| ., respectively, and
equating the coefficients, we get

(k= A)bo = ha, (2.9)
(1= 22)(br + (= 1)) = b, (2.10)
—(p = A)bo = p1, (2.11)
and
b2
@A =)o = (n=1)3)) = pa. (2.12)
From and (| -7 we get
—— (2.13)
and
2\ — p)%b3 = h? + p2. (2.14)
Adding ([2.10]) and ( -, we get
(M - 1)(# —20)b5 = ha + pa. (2.15)
Therefore, from ([2.14)) and ( , we have
B = M (2.16)

2(A = p)*’
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and
ha + p2
b= — = 2.17
I Ty 217
respectively. Therefore, we find from the equations (2.16)) and (2.17] - that
2
|b0|2 < |h1| +|pl| ,
2(A — p)?
and
‘bQ‘Q |h2|+|p2|
1= pl(2X = )’

respectively. So we get the desired estimate on the coefficient |bg| as asserted in

(2.3).
Next, in order to find the bound on the coefficient b, by subtracting (2.12)) from

(2.10), we get

( —2)\)by = ha = pa. (2.18)
By squaring and adding ([2.10)) and ( -, using (2.14]) in the computation leads
to
h2 + p2 1— )2
LR S G O L) (2.19)

2(2X — p)? 16(/\ — )
Therefore, we find from the equations (2.18]) and ( - ) that

\h2\ + |P2|
b < ———= 2.20
and
\h2\2+\p2\2 (1*/02
bi] < hi)? 2)2, 2.21
So we obtaln from ([2:20) and ( - ) the desired estimate on the coefficient |b |
as asserted in Thls Completes the proof. O
3. CONCLUSIONS
If we take

1+ 1\ 20 | 2a?
h(Z)=p(z)=<1_i> =1+ =+ 5+ (0<a<l zed),

in Theorem we conclude the following result.

Corollary 3.1. Let the function f(z) given by (L.1) be in the class X%, (a, i, \).

Then
. 2 2a
|bo| < min , ,
A= /11— pl2A — p)
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_ 202 1 (1 — p)?
< — 2a? :
'bl'—mm{wu’ “ \/mu)”(xw

Remark 3.2. Corollary is an improvement of estimates obtained by Orhan in
Theorem [1.2] Because it is easy to see, for the coefficient |bg|, if 0 < p < 1,1 <

A<1++I— g, then

and

2 < 2
A=)l —p)  A=p

andif p > 1,0 <A< (2u—1)++/2u2 —3u+ 1, then

2a < 2a
VRN =1) T An
Also for the coefficient |b;|, we have
202 1 (1—p)?
<2 + .
(22— p) \/(2/\ -w? (A=-p)?

If we take = 0, A = 1 in Corollary we obtain the following result which is
an improvement of estimates obtained by Halim et. al. [2] Theorem 2].

Corollary 3.3. Let the function f(z) given by 1) be in the class fl*;v[(a) Then

lbo| < V2e,
and
|b1] < a?.
By setting
he) = ple) = 1;r1—125 :1+2(1Z—B) +2(1Z;ﬁ) b (0<B<1, z€A),

in Theorem [2.3] we deduce the following result.

Corollary 3.4. Let the function f(z) given by (1.1) be in the class Z3,(8, p, A).
Then

fp [ B
'b°'<mm{<x—u>’2 Il—ul(%—u)}’
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Remark 3.5. It is easy to see that

_1-B _ o O=w?
2y 0S8 <1-

‘bO‘ < 2(1 — ﬁ) 2
(A—p)
A—pn)’ 1 [1—ul(2X—p) <B <1

and

2(1-p) B 1 (1 —p)*(1—B)?
2\ — p =21-h) @—n? =t

which, in conjunction with Corollary [3:4] would obviously yield an improvement of
Theorem [[4

If we take p = 0, = 1 in Corollary [3:4] we obtain the following result which is
an improvement of estimates obtained by Halim et. al. [2 Theorem 1]

Corollary 3.6. Let the function f(z) given by (1.1) be in the class £%5,(B). Then

20-p8), 0<B <3

bl <3 90_p), 1<8 <1

and
1] <1 - 5.
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