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EIGENVALUES AND SCATTERING PROPERTIES OF
DIFFERENCE OPERATORS WITH IMPULSIVE CONDITION

IBRAHIM ERDAL AND SEYHMUS YARDIMCI

ABSTRACT. In this work, we are concerned with difference operator of sec-
ond order with impulsive condition. By the help of a transfer matrix M, we
present scattering function of corresponding operator and examine the spectral
properties of this impulsive problem.

1. INTRODUCTION

Let us shortly give an overview on the existing literature of spectral theory of
Sturm—Liouville operators (SLO). Study of the spectral analysis of nonselfadjoint
SLO with continuous and discrete spectrum was begun by Naimark [I]. In [I], the
author proved that the spectrum of SLO consists of the continuous spectrum, the
eigenvalues and the spectral singularities. The spectral singularities are poles of
the kernel of the resolvent and are also embedded in the continuous spectrum, but
they are not eigenvalues. Then Marchenko investigated SLO in L3[0, 00) generated
by

—y" +q(@)y =Xy, 0<z<o0, (1)

with boundary condition
y(O) =0, (2)

where ¢ is a real-valued function and A is a spectral parameter [2]. He showed that
Jost function of (1) defined by

e(A\) =1+ /K(o,t)e“tdt, ANeCy={AeC:Im\ >0}
0
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has a finite number of simple zeros in open half complex plain and he also defined
scattering function of (1)-(2) by
e
S\ =y A€ (—00,0).

On the other hand, difference equations have become an interesting subject in this
field over the last century [3-5]. The modelling of certain problems from engi-
neering, economics, control theory and other areas of study has led to the rapid
development of the theory of the discrete equations. These developments gave rise
to the study of such equations. In recent years, some problems of spectral analysis
of non-selfadjoint difference operators with continuous and discrete spectrum have
been investigated by some authors [6],[7]. In []], it is proved by examples that
nonselfadjoint difference operators of second order have spectral singularities. Also
some problems of spectral analysis of difference and other types of operators with
spectral singularities have been thoroughly studied in [9-12].

All of the studies mentioned above are of general boundary condition with-
out discontinuities. The spectral theory of some operators with discontinuities, i.e,
impulsive operators were studied in [13-15]. Also spectral properties of difference
operators with impulsive condition especially scattering problem were investigated
n [16]. This study is the general form of the [I6], but the method used for deter-
mining the eigenvalues and spectral singularities is new and different from other
methods which are found in literature.

In this work, we are concerned with difference operator on the semi axis with
impulsive condition. We explore scattering theory of this problem and we give a
detailed example at the end of the paper.

Consider the following difference equation

An-1Yn—1 + bpYn + @nYni1 = Ayn, n €N, (3)

with boundary condition
Yo =0, (4)
where ) is a spectral parameter. Suppose that the real sequences {a,}, eNU{0} and

{bn}, ey satisfy the condition

%:Nn(|1—an|+\bn\)<oo. (5)

Under condition (5), equation (3) has the bounded solution satisfying the condition

lim e~"%¢, (2) = 1,
for A\ = 2cosz, where 2 € Cy. e, (2) is called the Jost solution of (3). It is
analytic with respect to z in Cy := {z € C:Imz > 0}, continuous in C; and
en(z +27) = e, (2) for all z in Cy. Also the function e, (z) has the representation
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[17]
en (2) = p, e (1 + > Anmeimz) , meN, (6)
m=1
where 4, and Ay, are expressed in terms of the sequences {an },, ey g0y and {bn}, ey
as
. -1
P = { [1 ak} ;
k=n
[e.e]
Anl - - Z bsa
k=n+1
A = > {(1—ai)+bk > bs},
k=n-+1 s=k+1
o0
An,m+2 = An+1,m + Z {(1 - az) Ak+1,m - bkAk,m+1} , M= ]-7 23 g€ N.
k=n-+1
Moreover A,,, satisfy
[Apml <e Y (11— k| + b)), (7)
k=n+[%]

where ¢ > 0 is a constant and [%2] is the integer part of .

2. SCATTERING FUNCTION OF CORRESPONDING OPERATOR

Let L denote the difference operator of second order generated in ¢2(N) by the
equation

An—1Yn—1 + bp¥n + anYnt1 = 2coszy,, n € N\{k— 1,k k+ 1} (8)

with the boundary condition
Yo =20 (9)
and the impulsive condition

Ye+1 | _ Yk—1 _(a B
(Aka) =5 (Vyk—l)  B= (’Y 5) ’ (10)

where «, 3,7, d are complex numbers, V denotes the backward difference operator
and A denotes the forward difference operator defined by Vy, := y, — y,—1 and
Ay = Yn+1 — Yn, respectively. Assume that the real sequences {an}nENU (0} and
{bn},cn satisfy the condition (5). Throughout the paper, we assume that a,, # 0,
for all n € NU {0}.
Furthermore, let us denote the solutions of equation (8) by v, and v, respec-
tively
Yy =yn(z), n=0,1,2,....k—1
{ y=yn(2), n=k+1,k+2, ...
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We shall define the semi-strip S := {z tz=n+1, —g <n< 37”,5 > 0} and
m™ 3T
S = SyU |: 2 2
It is known that, @, (z) and P,(z) are the fundamental solutions of (8) satisfying
1
Qo(z) = —, Qi(z)=0
ao
and
Po(z) = 07 Pl(z) =

forn=0,1,2,....k — 1 [18]. Since the Wronskian of two solutions y = {y, (%)} and
u = {u,(2)} of the difference equation (8) is defined by
W[yau] = an [y7l(z)un+1(z) - yn+1(z)un(z)]7
we have
WQn(2), Pu(2)] =1,

for all z € C. It is clear that @, (z) and P,(z) are entire functions of z.
On the other hand (8) admits another solution

€n (_Z) = ppe —inz (1+ Z Anme imz) 3 n:k+1,k+2, (11)

m=1

fulfilling the asymptotic condition

lim e™%e, (—2) = 1,

n—oo

where z € C_ :={z € C:Imz < 0}. Besides for all z € [—-%,2Z] \ {0,7},
W [en(2), en(—2)] = —2isin z.

Now let z € [—Z,2Z]\ {0, 7} . By the help of linearly independent solutions of (8),
we can express the general solution of (8)by

Y, (2)=A_Qun(z)+ B_P,(2), n=0,1,2,...,k—1
y;:(z) =Aien(2) + Bien(—2), n=k+1Lk+2, ..,

where Ay and By are constant coeflicients. By (6) and (11), we get yr11(2),
Ayr+1(2), yr—1(2) and Vyr_1(z). Next, from the impulsive condition (10), we

obtain

Ay A_

(5) =2 (5): (2
where

My Mo -1

M = = K "BT

(le M22>

such that

(v%ck 11 (2) Vpﬁk_lf?i»
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and
Ko < ent1(2)  ent1(—2) >
T \Aepyi(z) Aegii(—2) )
9
Since det K = —M, it is easy to obtain
k41
a
My (2) = —grto {=Aepi(2) [0Proa(2) + VP (2)]
+ ent1(2) [V Pe-1(2) + 6VPe1(2)]},  (13)
a
M (2) = —gr{Aeki(=2) [aPios(2) + VP (2)]

— et (=2) Y Pica(2) + VP ()]} (14)

We shall regard any two solutions of (8) denoting the coefficients AL and By by
AT and BT which are stated as

[ ATQ.(2) +BfP,(2), n=0,1,2,..,k—1
En(2) = { Ate,(2) + Blen(—2), n=k+1,k+2,.. (15)
and
_ AZQn(2)+ BZP,(2), n=0,1,2,....k —1
Fu(z) = { Alen(2)+ Bien(—2), n=k+1,k+2,.., (16)

where AT and Bf are complex coefficients. Let E, and F), are correlated with the
Jost solution of boundary value problem (8)-(10) and the boundary condition (9),
respectively. Then we find

AT =1, Bf=0, AZ=0, BZ=1. (17)
Furthermore considering the expression (12) and (15), we find
M. M.
+ _ 22 B+ _ 21 18
- detM’ - det M (18)

for the solution FE,. Similarly, for the solution F,,, considering (12) and (16), we
obtain

A7 = Mys, Bi = My, (19)
Clearly, inserting the coefficients A*, BT, Ai, B_t in (15) and coefficients A_,
BZ, AL, B in (16), we find the solutions E, and F, satisfying the following
asymptotics respectively

M. M.

%®:{mz%@mE&@ ne 0 (20)

en(2), n — 00

and
Fa(z) = { Misen(2) + Magen(—2), n— o0

Now by (20) and (21), we can give the following lemma.

(21)
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Lemma 1. The following equations hold for all z € [-7%,2F]\ {0, 7} .

() WIEE), Fal)] = 2o

(16) W [E,(2),Fn(2)] = —2iMagsinz, n — oo.

n — 0,

Moreover, by means of (5) and (7), it is understood that Msy has an analytic
3 3
—g, ;] to Sy and continuous up to [—ﬂ- W] . By Lemma 1,

continuation from ,
27 2
we have the following.

Corollary 2. A necessary and sufficient condition to investigate the eigenvalues
and spectral singularities of the difference operator L with impulsive condition is to
investigate the zeros of the function Mas.

Thus, from the definition of spectral singularities and eigenvalues [18], we can
introduce the sets of spectral singularities and eigenvalues of operator L,

0ss(L) = {)\ €eC:A=2cosz, z€ [—g, 3;} \{0, 7}, Maa(z) = 0}
and
oa(L)={Ae€C:A=2cosz, z€ Sy, Ma(z)=0},
respectively.

Theorem 3. Under the condition (5), the function Mao satisfy the following as-
ymptotics for & — 0o, where z =1+ i€,

() fa+B+y+6#£0,

k=2 -1
M= et (T an) [l 847+ 6) s +ol1)]. (22)
(ii) fa+B8+v+0=0,
 /k=3 -1
Moy = €52 ( ]:[1 an> [—ai 2y (@ + B) s — (B+6) prgr +o(1)] . (23)
Proof. From (13), we get
My = — it {ﬁek+2 (Z) Py (2) - (Ck + 5) Ck+2 (Z) P (z)

2isin z
+(a+B+7+0)ert1(2) Po—1(2) — (B4 6) entr (2) Pz (2)}.(24)
Also it is known that

en(2) = ™ [14+0(1)], neN, z=n+if, &— co. (25)
By (24) and (25), we obtain asymptotic equations of Msy. This completes the
proof. O

Theorem 4. Let o, 3,7,5 € R. For all z € [—;T, 327} \{0,7}, Mas(z) #0.
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Proof. Since E,, and F,, are the solutions of (8) — (10) impulsive boundary value
problem, it follows from (13), (14), (18) and (19) that

By = M (2) = M2 (2) = A, (26)

for z € [-%,32]\{0, 7} . Assume that, there exists a 29 € [~ 7, 32|\ {0, 7} such that
M3z (20) = 0. According to (26), we find A7 (20) = B} (20) = 0. Then the solution
F, (z0) is equal to zero identically. So, F), is a trivial solution of (8)-(10) which
gives a contradiction with our assumption, i.e., Mao (2) # 0 for all a, 8,7,0 € R

and z € [—Z,3Z]\ {0,7}. O
Corollary 5. Let a,f3,7,0 € R. The operator L has no spectral singularities.

Definition 6. Let o, 3,7, € R. Then the scattering function of the operator L is
defined by

E(0,—2)

E(0,z)

Since {an},enugoy and {bn}, ey are real sequences, it can be easily seen from (15)
that

S(z):=

En(z) = En(—2)
for all z € [—g, 37”] \ {0,7}. Then the scattering function transforms
S(z) _ E(O,Z) _ M22 (Z) _ M12 (Z)
E (0, Z) MQQ (Z) MQQ (Z) '

(27)

Theorem 7. Let a, (3,7, € R. For all z € [—2,2] \ {0,7}, the scattering

function satisfies

Proof. By (27), we obtain
M12 (72’)
S(—2) = —"F—.
Since Moy (—2) = Maz (z) and Myz (—2) = Mia (2) for all z € [—F, 27]\ {0, 7} and
«, B8,7,0 € R, we get

It completes the proof. O

3. AN EXAMPLE

Let us consider the difference operator Lo in ¢*(N) created by the following
difference equation

Yn—1 + Yn+1 = 2COSZyn7 N\ {17273} (28)

and boundary condition
Yo = 07 (29)
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with impulsive condition

(Ay;3> =0 (vy;/l)’ b= (: f) (30)

where «, 8,7, are complex numbers. Here, since a,, = 1 and b,, = 0 for all n € N.
We obtain directly from (13) and (14) that

3iz .
MQQ(Z)Z—%SinZ[—(oz+6)e”—|—oz+6+'y+5] (31)
and .
M12(Z):_2isinz [(a+B)e™™ +a+B—v—10] (32)

for kK = 2. In order to examine eigenvalues and spectral singularities of Lg, we
investigate zeros of Mss. For this purpose, we see

; é
e =1+ 27::__5
by (31). Using the last equation, we find
Zm =—tln|1+ H|+ Arg(1+ H) 4+ 2mn, m € Z, (33)
where H = lig Now we need to investigate some special cases.

Case 1: Let H = ¢ — 1, where 0 € R. Since Arg (1 + H) = 0, we get
Zm =0+ 2mm, m € Z.

In this case z,, € R. Thus, the numbers are spectral singularities of Lj in
T 3T

{zm:mEZ}ﬁ{[—TQ} \{0,77}}.

Case 2: Let D:={z€ C:|z+ 1| =1}. In this case, since |1 + H| = 1, we get

Zm =0+ 2mm, m € Z.

From (33) and this implies that spectral singularities of Ly are in {z,, : m € Z} N D.
Furthermore, let D, := {z € C: |z + 1| < 1}. Since |1 + H| < 1, then it is easy to
see that the eigenvalues of L are in Sy N D,.

Case 3: Let H € R. If —2 < H < 0, then the operator has eigenvalues.
Otherwise, the operator has no eigenvalues. Note that, the operator has spectral
singularities for H = —2.

Moreover, let «, 3,7,6 € R. Then using (27), (31) and (32), we get the scattering
function of impulsive boundary value problem (28)-(30) by

(a+pB) e+ (a+—~-90)

__—6iz
SE = v B v AT+

for z € [-Z,32]\ {0,7}.
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