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1. Introduction The historical development of fractional derivatives

reveals that numerous distinct definitions have been
The concept of fractional derivatives dates back to proposed to address problem-specific requirements.
1695, when L Hospital raised the question of how a The seminal contributions of G. F. Bernhard Riemann
derivative of order 1/2 should be interpreted. This (Ross, 1974) inﬂuencied most of these deﬁqitiqns.
question  subsequently  motivated  numerous Notably, the  Griinwald-Letnikov  derivative
researchers to seek suitable definitions of fractional generalizes  the  Riemann-Liouville fractional
derivatives. derivative (Letnikov, 1868), while the Caputo

derivative (Caputo, 1967), commonly used in
applications, is also derived from the Riemann—
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Liouville formulation (Hilfer, 2000). Most fractional
derivatives currently available in the literature rely on
integral-based definitions, some of which present
notable drawbacks. These drawbacks, combined with
the complexity inherent in integral formulations,
hinder the analytical treatment of many fractional-
order problems. As a result, Khalil et al. (2014)
introduced a straightforward, efficient, and easily
interpretable definition of fractional differentiation
and integration that mirrors the structure of the
classical Newtonian derivative.

In recent years, the conformable fractional derivative
has been introduced as a new definition in the
literature (Khalil et al., 2014). Its growing use is
apparent from the many studies cited in Khalil et al.
(2014). This definition is particularly valuable
because it retains key properties of classical
differentiation, including product, quotient, and chain
rules, which were not fully satisfied by previous
fractional derivatives. Additionally, it enables the
extension of fundamental classical theorems such as
Rolle’s theorem, the mean value theorem, and
theorems connecting derivatives and continuity to
conformable fractional derivatives (Abdeljawad,
2015; Khalil et al., 2014).

The Padé¢ approximation has a history dating back to
the 18th century and was first introduced
academically by Henri Eugéne Padé. Since then, it
has been widely employed by numerous
mathematicians to address a variety of problems. The
approach constructs a rational approximation of a
function by rewriting its Taylor series as a quotient of
two polynomials and subsequently identifying the
coefficients of both the numerator and the
denominator (Wazwaz, 2002). The Padé
approximation has been extensively studied and
applied in various contexts. For example, Noor and
Mohyud-Din (2009) first solved the Thomas—Fermi
equation using the homotopy perturbation method
and later enhanced their solutions by applying the
Padé approximation. Masjuan and Sanz-Cillero
(2013) used the Padé method to determine the pole
mass and width of a resonance, whereas Borhanifar
and Valizadeh (2015) applied it to solve the
fractional-order diffusion equation in the Caputo
sense. Similarly, Cansu-Kurt and Ozkan (2018)
employed the differential transform method to obtain
approximate power series solutions for certain linear
and nonlinear partial differential equations and
further refined these semi-analytical solutions by
successively applying the Laplace transform and the
Padé approximation, thereby achieving enhanced
accuracy.

Among the most well-known semi-analytical solution
methods are the Adomian decomposition method
(ADM), the variational iteration method, the
differential transform method, and the homotopy
perturbation method. The contributions of these
methods to scientific research are significant and
widely recognized. Nevertheless, given ongoing
global technological advancements, the scientific
community continually seeks further improvements.
Consequently, although semi-analytical solutions are
widely used, improving their accuracy and
convergence continues to be a central topic of interest
in mathematics and related fields. Among various
approaches, the Padé approximation method holds a
particularly important position, as it has been long
recognized that incorporating the Padé method can
enhance existing semi-analytical solutions and extend
their convergence domains.

The use of the Padé method to improve solutions
obtained from semi-analytical methods for solving
differential equations has been widely adopted by
researchers. Although it is not possible to list all
studies, for example, Abassy et al. (2007)
demonstrated that the Burgers and Boussinesq
equations converge faster and yield more accurate
approximate solutions when the Padé method is
applied, compared to the ADM alone. Similarly,
Torabi Giklou et al. (2021) combined the variational
iteration method with the Padé technique to solve
nonlinear initial value problems and delayed
differential equations, comparing their results with
those obtained using the variational iteration method
alone and illustrating the advantages of this
combination. Based on the cited studies, it is evident
that applying the Padé method to semi-analytical
solutions of differential equations can significantly
extend the convergence range and improve solution
accuracy. These enhancements have provided
valuable contributions to various engineering fields.
Moreover, several recent studies have applied the
Padé approximation to solutions derived using the
conformable fractional derivative, further
highlighting its effectiveness (Akgiil et al., 2020;
Aliyu et al., 2019; Yousif et al., 2021).

However, it remains unclear whether the same
improvements apply to other semi-analytical methods
that utilize the conformable fractional derivative, and
to what extent the Padé approximation contributes to
enhancing these solutions. Therefore, the primary
focus of this study is to extend the convergence range
of semi-analytical solutions of conformable fractional
differential equations reported in the literature
through the application of the Padé approximation.
The contributions of the proposed approximation
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method to existing solutions are demonstrated and
supported with numerical results and graphical
illustrations.

2. Conformable Fractional Calculus

This part provides a brief overview of the main
principles and characteristic features of conformable
fractional calculus, based on the framework
introduced by Khalil et al. (2014).

Definition 2.1.

Given a function f:(0,0)— R . The conformable
fractional derivative of f order « is defined as

(1, /)0 = lim 2 D=0 (1)

for t>0, 0<a <1 (Khalil et al., 2014).
Theorem 2.1.

Let f,h be « -differentiable at a point >0 for
O<a<1.Then

T,(cf +dh)=c(T,f)+d(T,h) forall c,d eR,
T,")y=pt"*, forall peR,

T,(f(®)=0, for all constant functions f(:)=4,
T,(fh) = [T+ KT, f),

WT,f) = (TR

T(f/h)= P

(Khalil et al., 2014).

Theorem 2.2.

Consider a function f that possesses fractional
derivatives of every order o satisfying 0 <a <1 in
some neighborhood of the point ¢,. In such a case, f

can be expanded in the form of a fractional power
series as:

g

- , to<t<t0+R%’,R>0. 2)
s a'k!

Here (T;k) f )(to) denotes the application of the
fractional derivative for £ times (Abdeljawad, 2015).

3. Padé Approximation

This section introduces the Padé approximation and
recalls some essential points on numerical
computation (Abassy, et al., 2007, Baker et al., 1996,
George Jr, A., 1975; Gilewicz, J., 2006) Let /) be
a given function. Its N-th order truncated Taylor
expansion about zero is expressed as

F) O Mx) = chxk (3)

where ¢, denotes the Taylor coefficients. The Padé
approximation provides a more  accurate
representation of f(x)up to order O(x") compared to
the corresponding Taylor expansion. The Padé
approximation provides a rational representation of
f(x), constructed as the ratio of two polynomials,
which matches the truncated Taylor series up to order
O(x"), as shown in (5).

2 L
o+ X+ g, X +---+4q,x

S = Fo + x4+ 71X + -7, xM @)
= P, (x) =f[L/M](x)
O, (x) |

In this context, P (x) and O, (x) denote the

numerator and denominator polynomials of degrees
<L and <M , respectively, where the constant term
of Q,,(x) is normalized to unity (7, =1). A unique

Padé¢ approximant of type [L|M] can be defined for

each pair of degrees (L,M) satisfying N=L+M ,
assuming the approximation exists.

The coefficients {g,} and {}are obtained by

imposing that the Taylor expansion in (4) vanishes up
to order L+M +1. The difference between the
function f(x) and its Padé approximation is defined

by equation (5):
£ =M ()= O (5)

Throughout this study, £ () will be referred to as
the “[Z|M] Padé approximation” or the “[Z|M] Padé-

approximated function,” where appropriate,

The Padé approximation is employed as a post-
processing technique for solutions of differential
equations defined by conformable fractional
derivatives, which are obtained via semi-analytical
methods reported in the literature. This post-

203



Ozkan and Yesildag (2026). J Inno Sci Eng 10(2):201-207

processing approach enhances the accuracy of the
proposed method.

4. Numerical Results

Example 1. First, we examine the solution of the
conformable fractional-order logistic differential
equation under the given conditions (Giinerhan et al.,
2021):

T”’y(t)z%y(t)(l—y(t))t>0, 0<a<l
1 ©
Y (0)=3

Giinerhan et al. (2021) solved the problem (6) using a
semi-analytical approach known as the conformable
fractional differential transform method, obtaining
the solution as follows.

Vo) (e (e 7 (e 7
)=+ — || = | +—=|— | + — | +.. ( )
2 8la) 384 a 15360\ o 10321920\ o

The analytical solution of the given problem is also
known as (Giinerhan et al., 2021)

Exp(3)
y()=—= ®)

B ¢
1+ Exp(—
p(z)

First, we define the first five terms of the infinite
series solution (7), obtained using the method
proposed by Giinerhan et al. (2021), as

1o 1 (e
00=5+3( % sl e) )

As mentioned in the previous section, the Padé
approximations of (9) is obtained as

o) (Y

278l e ) 96l a
= : (10)
2 I

I+—| —
48 [ a j

When the analytical, semi-analytical, and Padé-
improved solutions are compared, it is clearly seen
from the graph below that the solution obtained after
applying the Padé approximation is closer to the
analytical one. This demonstrates the effectiveness of

the Padé approximation in extending the convergence
region of the solution.

Fgure 1: Variations of the functions y(t) > @, (t ) and @, (l‘ )F} for
2

a=1.

Figure 1 illustrates the variations of y(z), ¢,(7) and
o, (t)[ﬂ for a =1, while Figure 2 presents the changes

of the ¢, (t)ﬂ function for different values of « .
2

1

Figure 2: Variation of ¢, (I)F} fora=1, g==—,a=—, and
2

1
29

o = — . Hata! Belgede belirtilen stilde metne rastlanmadi.
4

Example 2. Let us consider the conformable
fractional nonlinear differential equation solved by
Eltayeb et al. (2020) using the power series method,
which satisfies the given initial condition

T u(t)+ 2o Tou (1) =1*%¢™" ,t>0,0<a <l (11)
u(O):O, T"’u(O):O

The semi-analytical solution of the initial value
problem (11) proposed by Eltayeb et al. (2020) is
given by.

w = [ L) ey (e, (12)
“6la) 120la) 1890\ &) 1632960\ o)
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The first five terms of the infinite series solution
given in equation (12) are denoted by

1(t* o t* !
@(l)j[;} —ﬁ(ﬂ (13)

The Padé approximations of the function can be
expressed as follows.

(14)

In Figure 3 below, for « =1, the solution of the
problem in (13) obtained using the method proposed
by Eltayeb et al. (2020) and the variation of the
function in (14) obtained using the method proposed
in this study are presented.

\ tos
Fo& !
\ to.e /

e e e ey

A ae aE oA 03 a3 ad 06 o

Figure 3: Variations of ¢, (t) and @, (t){g} for ¢ =1
2

Example 3. Eslami and Taleghani (2019) employed
the differential transformation method for
conformable fractional partial differential equations,
addressing, among others, the nonlinear time-
fractional Fokker—Planck equation. Their method
converts differential equations into algebraic
equations, from which semi-analytical solutions can
be derived. As an example, they examined the initial
value problem (15) below:is study aimed to observe
the impact of demographic factors such as age,
gender, and education level on consumers’ furniture
purchasing decisions and the influence of the eight
quality dimensions on consumer purchase decisions.

2

Zauz[—g(3u—§]+%(xu)}u x,t>0 ve 0<a<l, (15)

Using the conformable differential transform method,
Eslami and Taleghani (2019) derived the power series
solution of problem (15) as shown below.

a 2a 3a da Sa 6a
u(x,t):x[1+t—+t—+t—+t—+t—+t—+mj (16)

a a’2! &3 a'4! a’5! 6!

The first five terms of the infinite series solution
given in equation (16) are denoted by

(x,0)=x 1+£+ £ + £ + £ (17)
Pa\0t)= a a’2! &3 a'4l
We also define ¢, (x.¢) =x@, (1)
We also define as
B ta t201 t3a t4a
¢(t)4_1+;+a22!+a33!+a44! (18)

The Padé approximations of the function can be

expressed as
ta t2a
I+ — |+ =
2a 12

(p4(x,t)H :x¢4(t):x1_[faj ( e ] (19)

+ P
12a2

Example 4. In their work on the differential
transform method for conformable fractional partial
differential equations, Eslami and Taleghani (2019)
studied the following time-fractional Klein—Gordon
equation. The initial value problem they considered is
denoted as

ox

2 a a
Z”u—?—?%—uz:—xsin[t—}xzcosz[l—] x,t>0 ve 0<a<l. (20)
a a

u(x,O):x

Using the method proposed by Eslami and Taleghani
(2019), the first nine terms of the infinite series
solution (20) can be expressed as follows.
tZa t4a t6a t8a
o (x1) = x(l_ 221" a4l a6l a88!] 1)

We also define ¢ (x,1)=x@,(¢) as

t2:1 t4a téa tSa

- + - +
a2l a4l a®6! 8!

@ (1)=1 (22)

The Padé approximations of the @(¢), function can
be expressed as
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s a3 ()
L 252\ @) 15120\ & (23)

i m(eY 13 (<Y
It — | 4| —
252\ @ ) 15120\ @

Figure4: Variation of the function u (x,t ) = xcos(t )

It is known that, for the selected value of « =1 in the
problem under consideration (20), the exact solution
of the initial value problem is given by u/(x,7) = xcos¢

(Eslami & Taleghani, 2019). The graph showing the
variation of the function u(x,7) = xcos(¢) is presented

in Figure 4.

2.5 |

\\ / . / /
3\ / e \ !/
S . / . \)“,;,/

Figure 5: The variation of the functions u(x,t) = XCOS(Z‘) , Pg (-xzt)

and @ (x,t)[ﬂ fora=1,at x=1.

5. Conclusions

In this study, the Padé approximation technique was
successfully employed to improve the existing semi-
analytical solutions of conformable fractional
differential equations reported in the literature. The
results demonstrate that the proposed method is both
powerful and efficient in solving linear and nonlinear
fractional differential equations arising in science and
engineering. The obtained numerical solutions show
good agreement with the corresponding exact
solutions, and the corresponding results are presented
graphically. Overall, the Padé approximation proves
to be an effective and reliable approach for enhancing
semi-analytical solutions of conformable fractional
differential equations by extending their range of
convergence.The responses to the survey questions
showed that 69% of consumers preferred modern-
style furniture, with the remaining participants almost
equally distributed among retro, custom designs,
industrial designs, and other furniture styles.
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