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ABSTRACT. We prove a Voronovskaya-type inequality for the Kantorovich-type modification of Meyer-König and
Zeller operator

M̃n(f, x) =

∞∑
k=0

mn,k(x)
(n+ k + 1)(n+ k + 2)

n+ 1

∫ k+1
n+k+2

k
n+k+1

f(u)du,

where

mn,k(x) =
(n+ k

k

)
xk(1− x)n+1.
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1. INTRODUCTION

In order to approximate unbounded functions in [0, 1), Meyer-König and Zeller [5] intro-
duced a new operator Mn by the formula

(1.1) Mn(f, x) =

∞∑
k=0

mn,k(x)f

(
k

n+ k

)
,

where

(1.2) mn,k(x) =

(
n+ k

k

)
xk(1− x)n+1.

Since this operator is unbounded in Lp norm, it is needed to be modified one way or another.
There are many modifications of the operator Mn:

In [7], Totik investigated approximation of functions by the next Kantorovich-type modifi-
cation of (1.1)

M∗
n(f, x) =

∞∑
k=0

mn,k(x)
(n+ k)(n+ k + 1)

n

∫ k+1
n+k+1

k
n+k

f(u)du

and proved a direct and converse theorems of weak type for it. Although this definition looks
as the most natural one, the operator M∗

n is not a contraction, i.e., it is not very suitable for
approximating functions in Lp norm for p < ∞.
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In [6], Müller defined a Kantorovich-type modification of Meyer-König and Zeller (MKZ)
operator in a slightly different way:

(1.3) M̃n(f, x) =

∞∑
k=0

mn,k(x)
(n+ k + 1)(n+ k + 2)

n+ 1

∫ k+1
n+k+2

k
n+k+1

f(u)du

which is a contraction. The operator M̃n(f, x) could be written more compactly

M̃n(f, x) =
n+ 2

(1− x)2

∞∑
k=0

mn+2,k(x)

∫ k+1
n+k+2

k
n+k+1

f(u)du.

In [2], we studied the approximation of functions in Lp norm by the operator M̃n(f, x). By
defining a new K-functional we proved a direct inequality.

But first let us introduce the needed definitions and notations. By φ(x) = x(1 − x)2, we
denote the weight which is naturally connected with the second derivative of MKZ operator.
The first derivative operator is denoted by D = d

dx . Thus, Dg(x) = g′(x) and Dkg(x) = g(k)(x)

for every natural k. We define a differential operator D̃ by the formula

D̃ =
d

dx

(
φ(x)

d

dx

)
= DφD.

The space ACloc(0, 1) consists of the functions which are absolutely continuous in [a, b] for
every [a, b] ⊂ (0, 1). The spaces W̃p[0, 1) and Lp[0, 1) + W̃p[0, 1) are defined as follows:

W̃p[0, 1) ={f : f,Df ∈ ACloc(0, 1), D̃f ∈ Lp[0, 1), lim
x→0+

φ(x)Df(x) = 0},

Lp[0, 1) + W̃p[0, 1) =
{
f : f = f1 + f2, f1 ∈ Lp[0, 1), f2 ∈ W̃p[0, 1)

}
.

Also, we define the K-functional K̃(f, t)p by the formula

(1.4) K̃(f, t)p = inf

{
∥f − g∥p + t

∥∥∥D̃g
∥∥∥
p
: f − g ∈ Lp[0, 1), g ∈ W̃p[0, 1)

}
.

Recently we proved the following direct theorem for approximation of functions by the opera-
tor M̃n(f, x).

Theorem 1.1 ([2]). There exists an absolute constant C > 0 such that for every natural n, M̃n defined
by (1.3), the K-functional given by (1.4) and for every f ∈ Lp[0, 1)+ W̃p[0, 1) the next inequality holds

∥M̃nf − f∥p ≤ CK̃

(
f,

1

n

)
p

, 1 ≤ p ≤ ∞.

In this paper we continue the study of the approximation of functions by the operator
M̃n(f, x). We prove the next Voronovskaya-type inequality.

Theorem 1.2. For 1 < p < ∞ there exists a constant C such that for every natural n ≥ 5 and every
function f ∈ C3[0, 1) such that the right-hand side of the inequality is finite, we have∥∥∥∥M̃nf − f − 1

2n
D̃f

∥∥∥∥
p

≤ C

{∥∥φ3/2D3f
∥∥
p

n3/2
+

∥∥(1− ◦)2Df
∥∥
p

n2
+

∥∥(1− ◦)2D2f
∥∥
p

n2
+

∥∥(1− ◦)3D3f
∥∥
p

n3

}
.(1.5)
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For the rest of this paper the constant C will always be absolute constant, which means it
does not depend on f and n. Also, it may be different on each occurrence.

2. AUXILIARY RESULTS

In this section, we gather some properties of Mn, M̃n and mn,k, most of which can be found
in [1], [3] and [4]. Also, we prove some technical lemmas which we will need.

Lemma 2.1. The operators Mn and M̃n are linear, positive operators with:

∥Mnf∥∞ ≤ ∥f∥∞,

∥M̃nf∥p ≤ ∥f∥p for 1 ≤ p ≤ ∞,

Mn(1, x) = 1, Mn(t− x, x) = 0,

M̃n(1, x) = 1.

In [1, Lemma 2.1] it is proved the next estimate

(2.6)
φ(x)

n+ 1
≤ Mn

(
(t− x)2, x

)
≤ 2φ(x)

n+ 1
, n ≥ 3.

In [4, Lemma 2.1] it is proved

(2.7) Mn

(
(t− x)4, x

)
≤ C

φ2(x)

n2
, x ≥ 1

n+ 1
, n ≥ 5.

Lemma 2.2. For n ≥ 3 and M̃n defined by (1.3) the next estimation is true:

(2.8) M̃n(t− x, x) =
φ′(x)

2n
+ αn where αn = O

(
(1− x)2

n2

)
.

Proof. We have

M̃n(t, x) =
1

2

∞∑
k=0

mn,k(x)

(
k

n+ k + 1
+

k + 1

n+ k + 2

)

= 1− n+ 1

2

∞∑
k=0

mn,k(x)

(
1

n+ k + 1
+

1

n+ k + 2

)
.

Since
∞∑
k=0

mn,k(x) = 1,

∞∑
k=0

mn−2,k(x)

n+ k + 1
<

1− x

n− 2

∞∑
k=0

mn−3,k(x) =
1− x

n− 2

and
mn,k(x)

n+ k + 1
=

1− x

n
mn−1,k(x)−

(1− x)2

n(n− 1)
mn−2,k(x)

+
2(1− x)3

n(n− 1)(n− 2)
mn−3,k(x)−

6(1− x)3

n(n− 1)(n− 2)

mn−3,k(x)

n+ k + 1
,(2.9)

it follows that
∞∑
k=0

mn,k(x)

n+ k + 1
=

1− x

n
− (1− x)2

n(n− 1)
+

2(1− x)3

n(n− 1)(n− 2)
+O

(
(1− x)4

n4

)
=

1− x

n
− (1− x)2

n(n− 1)
+O

(
(1− x)3

n3

)
.
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Analogously

mn,k(x)

n+ k + 2
=

1− x

n
mn−1,k(x)−

2(1− x)2

n(n− 1)
mn−2,k(x)

+
6(1− x)3

n(n− 1)(n− 2)
mn−3,k(x)−

24(1− x)3

n(n− 1)(n− 2)

mn−3,k(x)

n+ k + 2
(2.10)

and
∞∑
k=0

mn,k(x)

n+ k + 2
=

1− x

n
− 2(1− x)2

n(n− 1)
+O

(
(1− x)3

n3

)
.

Consequently

(n+ 1)

∞∑
k=0

mn,k(x)

(
1

n+ k + 1
+

1

n+ k + 2

)
=
2(n+ 1)(1− x)

n
− 3(n+ 1)(1− x)2

n(n− 1)
+O

(
(1− x)3

n2

)
.(2.11)

Now (2.8) easily follows. □

Lemma 2.3. For every natural n ≥ 5 and for the operator M̃n defined by (1.3) the next estimation is
true:

(2.12) M̃n

(
(t− x)2, x

)
=

φ(x)

n
+ βn, where βn = O

(
(1− x)2

n2

)
.

Proof. Let us denote

∆k =

[
k

n+ k + 1
,

k + 1

n+ k + 2

]
, |∆k| =

n+ 1

(n+ k + 1)(n+ k + 2)
.

We have

M̃n(t
2, x) =

1

3

∞∑
k=0

mn,k(x)

|∆k|

[(
k + 1

n+ k + 2

)3

−
(

k

n+ k + 1

)3
]

=
1

3

∞∑
k=0

mn,k(x)

|∆k|

[(
1− n+ 1

n+ k + 2

)3

−
(
1− n+ 1

n+ k + 1

)3
]

= (n+ 1)

∞∑
k=0

mn,k(x)

|∆k|

[
1

n+ k + 1
− 1

n+ k + 2

]

− (n+ 1)2
∞∑
k=0

mn,k(x)

|∆k|

[(
1

n+ k + 1

)2

−
(

1

n+ k + 2

)2
]

+
(n+ 1)3

3

∞∑
k=0

mn,k(x)

|∆k|

[(
1

n+ k + 1

)3

−
(

1

n+ k + 2

)3
]
.

Now

(n+ 1)

∞∑
k=0

mn,k(x)

|∆k|

[
1

n+ k + 1
− 1

n+ k + 2

]
=

∞∑
k=0

mn,k(x) = 1.
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From (2.11) it follows that

(n+ 1)2
∞∑
k=0

mn,k(x)

|∆k|

[(
1

n+ k + 1

)2

−
(

1

n+ k + 2

)2
]

=(n+ 1)

∞∑
k=0

mn,k(x)

(
1

n+ k + 1
+

1

n+ k + 2

)
=
2(n+ 1)(1− x)

n
− 3(n+ 1)(1− x)2

n(n− 1)
+O

(
(1− x)3

n2

)
=
2(n+ 1)(1− x)

n
− 3(1− x)2

n
+O

(
(1− x)2

n2

)
.

Also,

(n+ 1)3
∞∑
k=0

mn,k(x)

|∆k|

[(
1

n+ k + 1

)3

−
(

1

n+ k + 2

)3
]

=(n+ 1)2
∞∑
k=0

mn,k(x)

[(
1

n+ k + 1

)2

+
1

(n+ k + 1)(n+ k + 2)
+

(
1

n+ k + 2

)2
]
.

Since

mn,k(x)

(n+ k + 1)2
=

(1− x)2mn−2,k(x)

n(n− 1)
− 3(1− x)3mn−3,k(x)

n(n− 1)(n− 2)

+
9(1− x)3mn−3,k(x)

n(n− 1)(n− 2)(n+ k + 1)
+

2(1− x)2mn−2,k(x)

n(n− 1)(n+ k + 1)2
,

it follows that

(n+ 1)2
∞∑
k=0

mn,k(x)

(n+ k + 1)2
=
(n+ 1)2(1− x)2

n(n− 1)
− 3(n+ 1)2(1− x)3

n(n− 1)(n− 2)

+
9(n+ 1)2(1− x)3

n(n− 1)(n− 2)

∞∑
k=0

mn−3,k(x)

n+ k + 1
− 2(n+ 1)2(1− x)2

n(n− 1)

∞∑
k=0

mn−2,k(x)

(n+ k + 1)2

=
(n+ 1)2(1− x)2

n(n− 1)
− 3(n+ 1)2(1− x)3

n(n− 1)(n− 2)
+O

(
(1− x)4

n2

)
.

From (2.9) and (2.10), we have

(n+ 1)2
∞∑
k=0

mn,k(x)

(n+ k + 1)(n+ k + 2)
=(n+ 1)2

∞∑
k=0

(
mn,k(x)

n+ k + 1
− mn,k(x)

n+ k + 2

)
=
(n+ 1)2(1− x)2

n(n− 1)
− 4(n+ 1)2(1− x)3

n(n− 1)(n− 2)
+O

(
(1− x)4

n2

)
,

mn,k(x)

(n+ k + 2)2
=
(1− x)2mn−2,k(x)

n(n− 1)
− 5(1− x)3mn−3,k(x)

n(n− 1)(n− 2)

+
20(1− x)3mn−3,k(x)

n(n− 1)(n− 2)(n+ k + 2)
+

6(1− x)2mn−2,k(x)

n(n− 1)(n+ k + 2)2
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and

(n+ 1)2
∞∑
k=0

mn,k(x)

(n+ k + 2)2

=
(n+ 1)2(1− x)2

n(n− 1)
− 5(n+ 1)2(1− x)3

n(n− 1)(n− 2)
+O

(
(1− x)4

n2

)
.

Then

(n+ 1)3

3

∞∑
k=0

mn,k(x)

|∆k|

[(
1

n+ k + 1

)3

−
(

1

n+ k + 2

)3
]

=
(n+ 1)2(1− x)2

n(n− 1)
− 4(n+ 1)2(1− x)3

n(n− 1)(n− 2)
+O

(
(1− x)4

n2

)
=

(n+ 2)(1− x)2

n− 1
− 4(1− x)3

n
+O

(
(1− x)2

n2

)
.

Consequently

M̃n(t
2, x) = 1− 2(n+ 1)(1− x)

n
+

3(1− x)2

n

+
(n+ 2)(1− x)2

n− 1
− 4(1− x)3

n
+O

(
(1− x)2

n2

)
and from Lemma 2.2, it follows that

M̃n((t− x)2, x) = M̃n(t
2, x)− 2xM̃n(t− x, x)− x2

= 1− 2(n+ 1)(1− x)

n
+

3(1− x)2

n
+

(n+ 2)(1− x)2

n− 1

− 4(1− x)3

n
+O

(
(1− x)2

n2

)
− 2x

(
(1− x)(1− 3x)

2n
+ αn

)
− x2

=
φ(x)

n
+O

(
(1− x)2

n2

)
.

The lemma is proved.
□

3. PROOF OF THE THEOREM 1.2

By Taylor’s formula

f(u) = f(x) + (u− x)Df(x) +
1

2
(u− x)2D2f(x) +

1

2

∫ u

x

(u− v)2D3f(v)dv.

Applying M̃n and using Lemma 2.2 and Lemma 2.3, we obtain:

M̃n(f, x) = f(x) +
φ′(x)

2n
Df(x) +Df(x)αn +

φ(x)

2n
D2f(x)

+D2f(x)βn +
1

2
M̃n

(∫ u

x

(u− v)2D3f(v)dv

)
= f(x) +

1

2n
D̃f(x) +Df(x)αn +D2f(x)βn + In,
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where

In =
1

2

∞∑
k=0

mn,k(x)|∆k|−1

∫
∆k

(∫ u

x

(u− v)2D3f(v)dv

)
du.

Now we estimate In. We consider two cases:
Case 1. x ≥ 1

n+1 . Let x ∈ ∆N . Then

2In =

N−1∑
k=0

mn,k(x)

|∆k|

∫
∆k

(∫ u

x

(u− v)2D3f(v)dv

)
du

+
mn,N (x)

|∆N |

∫
∆N

(∫ u

x

(u− v)2D3f(v)dv

)
du

+

∞∑
k=N+1

|mn,k(x)

|∆k|

∫
∆k

(∫ u

x

(u− v)2D3f(v)dv

)
du = I1n + I2n + I3n.

For I1n we have u < x and in this case for u ≤ v ≤ x:

(u− v)2

φ3/2(v)
≤

(
v − u

v

)3/2
(v − u)1/2

(1− x)3
≤

(
1− u

x

)3/2 (x− u)1/2

(1− x)3
=

(x− u)2

φ3/2(x)
.

Consequently

∣∣I1n∣∣ ≤ N−1∑
k=0

mn,k(x)

|∆k|

∫
∆k

(u− x)2

φ3/2(x)

(∫ x

u

φ3/2(v)
∣∣D3f(v)

∣∣ dv) du

=

N−1∑
k=0

mn,k(x)

|∆k|

∫
∆k

|u− x|3

φ3/2(x)

(
1

x− u

∫ x

u

φ3/2(v)
∣∣D3f(v)

∣∣ dv) du

≤ φ−3/2(x)M
(
φ3/2

∣∣D3f
∣∣ , x)N−1∑

k=0

mn,k(x)

|∆k|

∫
∆k

|u− x|3du

≤ Cφ−3/2(x)M
(
φ3/2

∣∣D3f
∣∣ , x)N−1∑

k=0

mn,k(x)

∣∣∣∣x− k

n+ k + 1

∣∣∣∣3
≤ Cφ−3/2(x)M

(
φ3/2

∣∣D3f
∣∣ , x) ∞∑

k=0

mn,k(x)

∣∣∣∣x− k

n+ k + 1

∣∣∣∣3
where

M(h, x) = sup
x∈∆

1

|∆|

∫
∆

|h(t)|dt

is the Hardy’s maximal function.
Now by using Cauchy’s inequality, (2.6) and (2.7) we obtain

∞∑
k=0

mn,k(x)

∣∣∣∣x− k

n+ k + 1

∣∣∣∣3

≤

{ ∞∑
k=0

mn,k(x)

(
x− k

n+ k + 1

)2
}1/2 { ∞∑

k=0

mn,k(x)

(
x− k

n+ k + 1

)4
}1/2

≤Cn−3/2φ3/2(x),
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i.e.,

I1n ≤ Cn−3/2M
(
φ3/2

∣∣D3f
∣∣ , x) .

For I2n we have φ(v) ∼ φ(x) ∼ Nn2

(n+N)3 , |∆N | ∼ n
(n+N)2 , and consequently

|I2n| =
mn,N (x)

|∆N |

∫
∆N

∣∣∣∣∫ u

x

(u− v)2D3f(v)dv

∣∣∣∣ du
≤ mn,N (x)

|∆N |

∫
∆N

|u− x|3

φ3/2(x)

∣∣∣∣ 1

x− u

∫ x

u

φ3/2(v)
∣∣D3f(v)

∣∣ dv∣∣∣∣ du
≤ mn,N (x)|∆N |3φ−3/2(x)M

(
φ3/2

∣∣D3f
∣∣ , x)

≤ Cn−3/2M
(
φ3/2

∣∣D3f
∣∣ , x) .

For I3n we have x < u and in this case for x ≤ v ≤ u:

(u− v)2

φ3/2(v)
≤ 1

x3/2

(
u− v

1− v

)2
1

1− u
≤ (u− x)2

x3/2(1− x)2
1

1− u
=

(u− x)2

φ3/2(x)

1− x

1− u
.

Then

∣∣I3n∣∣ = ∞∑
k=N+1

mn,k(x)

|∆k|

∫
∆k

(∫ u

x

(u− v)2

φ3/2(v)
φ3/2(v)

∣∣D3f(v)
∣∣ dv) du

≤ (1− x)

∞∑
k=N+1

mn,k(x)

|∆k|

∫
∆k

(u− x)2

φ3/2(x)

(∫ u

x

φ3/2(v)
∣∣D3f(v)

∣∣ dv) du

1− u

= (1− x)

∞∑
k=N+1

mn,k(x)

|∆k|

∫
∆k

|u− x|3

φ3/2(x)

(
1

u− x

∫ u

x

φ3/2(v)
∣∣D3f(v)

∣∣ dv) du

1− u

≤ (1− x)φ−3/2(x)M
(
φ3/2

∣∣D3f
∣∣ , x) ∞∑

k=N+1

mn,k(x)

|∆k|

∫
∆k

|u− x|3 du

1− u

≤ 1− x

φ3/2(x)
M

(
φ3/2

∣∣D3f
∣∣ , x) ∞∑

k=N+1

mn,k(x)
n+ k + 2

n+ 1

(
k + 1

n+ k + 2
− x

)3

≤ 1− x

φ3/2(x)
M

(
φ3/2

∣∣D3f
∣∣ , x) ∞∑

k=0

mn,k(x)
n+ k + 2

n+ 1

(
k + 1

n+ k + 2
− x

)3

≤ Cφ−3/2(x)M
(
φ3/2

∣∣D3f
∣∣ , x) ∞∑

k=0

mn+1,k(x)

(
k + 1

n+ k + 2
− x

)3

.

Analogously to the above estimation of I1n we have

∣∣I3n∣∣ ≤ Cn−3/2M
(
φ3/2

∣∣D3f
∣∣ , x) .
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Case 2. x < 1
n+1 . In this case we have 1− x ∼ 1.

We will estimate the terms in the sum of In separately for k = 0, 1, 2 and for k ≥ 3. For k = 0:

mn,0(x)

|∆0|

∫
∆0

(∫ u

x

(u− v)2
∣∣D3f(v)

∣∣ dv) du

≤(n+ 2)(1− x)n+1

∫ 1
n+2

0

|u− x|3
(

1

u− x

∫ u

x

∣∣D3f(v)
∣∣ dv) du

≤(n+ 2)(1− x)n+1M
(∣∣D3f

∣∣ , x) ∫ 1
n+2

0

|u− x|3du.

≤ (1− x)n+1

(n+ 1)3
M

(∣∣D3f
∣∣ , x) ≤ C

n3
M

(
(1− ◦)3

∣∣D3f
∣∣ , x) .

The estimations in the cases k = 1, 2 are similar. For k ≥ 3, we have

∞∑
k=3

mn,k(x)

|∆k|

∫
∆k

(∫ u

x

(u− v)2
∣∣D3f(v)

∣∣ dv) du

≤
∞∑
k=3

mn,k(x)

|∆k|

∫
∆k

|u− x|3
(

1

u− x

∫ u

x

∣∣D3f(v)
∣∣ dv) du

≤M
(∣∣D3f

∣∣ , x) ∞∑
k=3

mn,k(x)

|∆k|

∫
∆k

|u− x|3du.

Now for x < 1
n+1 and k ≥ 3, we have∫

∆k

|u− x|3du ≤ |∆k|
(

k + 1

n+ k + 2

)3

≤ C|∆k|
(

k

n+ k + 1

)3

.

Then
∞∑
k=3

mn,k(x)

|∆k|

∫
∆k

(∫ u

x

(u− v)2
∣∣D3f(v)

∣∣ dv) du

≤CM
(∣∣D3f

∣∣ , x) ∞∑
k=3

mn,k(x)

(
k

n+ k + 1

)3

≤CM
(∣∣D3f

∣∣ , x) ∞∑
k=3

(
n+ k

k

)(
k

n+ k

)3

xk(1− x)n+1

≤CM
(∣∣D3f

∣∣ , x)x3
∞∑
k=0

mn−3,k(x)

=CM
(∣∣D3f

∣∣ , x)x3 ≤ C

n3
M

(
(1− x)3

∣∣D3f
∣∣ , x) .

By applying the Hardy’s inequality about maximal function (for p > 1) we complete the proof
of the theorem.
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