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Abstract 

This paper presents a comparative demonstration of variable selection based on the Akaike Information Criterion 

(AIC), the Bayesian Information Criterion (BIC), and deviance for identifying the best-fitting two-level model 

using Early Grade Mathematics Assessment (EGMA) data collected in Zambia. A model that included all available 

predictor variables as fixed effects with random intercepts was run in R using the nlme package, followed by an 

input model for comparison using a custom R function introduced by Nimon (2018). The analysis generated 108 

models: 99 valid and nine invalid. The study determined a final model (model 102) as the best fitting based on the 

principle of parsimony. The final model revealed that fixed effects of students' group-mean-centred reading ability, 

home reading status, gender, school reading average score, and number of pupils, and the random effect of group-

mean-centred reading ability predicted early-grade mathematics ability. The results from the retained model, 

compared with the null model, showed substantial improvements in model fit indices with a pseudo-R² value of 

0.309. Overall, this study provides an empirical demonstration of how to select predictors among numerous 

variables for multilevel models, a crucial practical issue common in educational research due to the increasing 

availability of large datasets.  
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Introduction 

Model selection is a crucial step in multilevel modelling (MLM) (Buscemi & Plaia, 2020; Preacher & 

Yaremych, 2023), particularly when balancing model complexity with explanatory power. Gelman and 

Hill (2007) and Snijders and Bosker (2012) emphasized the importance of choosing the simplest model 

that best fits the observed data. Luke (2020, p. 34) stated that choosing the simplest model in a multilevel 

setting is not as simple as in ordinary least squares regression, where the process involves examining 

the relationship between the number of predictors and the resulting R² or adjusted R². However, in the 

context of multilevel modelling, the selection process becomes more intricate, as it must also account 

for variable levels and random-effects structures (Gelman & Hill, 2007; Luke, 2020; Snijders & Bosker, 

2012). One of the primary objectives in regression is to identify the most parsimonious model that 

adequately describes the data (Luke, 2020). The step involves not only selecting which variables to 

include but also determining whether lower-level variables should be modelled as random effects or 

fixed effects, depending on the nature of the research question and the data structure (West et al., 2022). 

In multilevel modelling, this decision is crucial because it determines how variability across upper-level 

units (e.g., schools) is accounted for. Modelling lower-level predictors as random effects enables their 

effects to vary across higher-level units, capturing more complex patterns and potentially enhancing 

model fit (West et al., 2022; Snijders & Bosker, 2012). 

MLM is appropriate for data collected in clusters or at multiple levels of a hierarchy (Gelman & Hill, 

2007; Snijders & Bosker, 2012). A typical MLM dataset generally includes level 1 units (e.g., students) 

nested within level 2 units (e.g., schools). Although three, four, and even five-level structures are 

possible, model complexity and interpretability become increasingly challenging with each additional 

level (Aydın, 2016; Gelman & Hill, 2007). When fitting a multilevel model, one must select a set of 
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candidate models, a statistical modelling technique, and a tool to identify a working model that 

approximates the unknown truth among competing alternatives (Gelman & Hill, 2007). As noted by 

Aho et al. (2014), Kuha (2004), and Nimon (2018), the debate has focused on the proper model selection 

strategy for comparing the adequacy of different models, rather than simply evaluating the fit of a single 

model in isolation. 

Goldstein (2011) suggests that researchers should outline the theoretical model(s) that are relevant to a 

specific phenomenon before fitting multilevel models. These ideas should initially be articulated as 

verbal hypotheses, followed by the formulation of mathematical equations that detail how the data will 

be collected. Once this is done, a model-comparison approach is used to assess the extent to which the 

data supports the selected model and its associated hypotheses (Goldstein, 2011). Additionally, it is 

important to note that the null-hypothesis testing method has traditionally been used in the model-

building process. Traditional null hypothesis significance testing (NHST) has been the cornerstone of 

statistical inference (Vallejo et al., 2014). However, its application in hierarchically structured studies 

is limited due to its focus on nested model comparisons and reliance on p-values, which may not 

adequately account for model complexity or the hierarchical nature of the data (Ortega & Navarrete, 

2017).  

Ortega and Navarrete (2017) claimed that the proper model-building process in multilevel modelling 

requires the incorporation of information criteria (IC) such as the Akaike Information Criterion (AIC) 

and Bayesian Information Criterion (BIC), alongside traditional tools like deviance statistics, such as −2 

Log-Likelihood, hereafter −2LL (Buscemi & Plaia, 2020). These non-Bayesian approaches are well-

regarded for their efficiency in handling the complexities of multilevel data (Johnson & Omland, 2004). 

AIC and BIC, for instance, not only assess model fit but also penalize for the number of parameters, 

thus preventing overfitting (Buscemi & Plaia, 2020). The stepwise regression technique, although 

sometimes criticized for its algorithmic nature, is also valuable for iterative model building and refining 

(Silhavy et al., 2017). These methodologies help identify the best-fitting two-level model by balancing 

model simplicity and predictive power (Stylianou et al., 2013; Vallejo et al., 2014). Nimon (2018) and 

Vallejo et al. (2014) suggested using these criteria in model selection for clustered data structures. 

Although multilevel modelling has traditionally been framed within theory-driven hierarchical model-

building strategies (Raudenbush & Bryk, 2002), the present study adopts a complementary perspective 

focused on predictive adequacy and parsimony. Rather than testing a single theoretical model, our study 

provides an empirical demonstration of how competing multilevel specifications can be systematically 

compared using information criteria. From a predictive standpoint, model selection aims to identify the 

specification that best balances goodness of fit and complexity, thereby improving generalizability and 

reducing overfitting. In this sense, the study contributes not only to applied educational research but also 

to the methodological discussion on model comparison in hierarchical data contexts. 

Furthermore, in sociological and educational research, where data often reflect clustered structures, 

careful multilevel model selection is essential for robust inference and strong predictive performance 

(Johnson & Omland, 2004). For instance, in the context of the Early Grade Mathematics Assessment 

(EGMA) data from Zambia, employing these strategies demonstrates the intricate process of model 

selection and its impact on understanding educational outcomes in low-resource settings. On the other 

hand, the R programming environment with packages such as lme4 (Bates et al., 2015), nlme (Nimon, 

2018), and lmerTest (Kuznetsova et al., 2017), have made these sophisticated methodologies more 

accessible, allowing researchers to conduct comprehensive analyses and derive meaningful conclusions 

from their data (Luke, 2020; Nimon, 2018). 

This study presents a comparative demonstration of non-Bayesian variable selection strategies, 

including the AIC and the BIC, as well as stepwise regression, for identifying the best-fitting two-level 

model using EGMA data collected in Zambia. The goal was to choose a model that captures the essential 

structure of the data without unnecessary complexity, thereby enhancing methodological transparency 

and rigour in educational assessment practices. By doing this, the present study makes three primary 

contributions to multilevel modelling literature. First, it provides a transparent empirical illustration of 

systematic model comparison using an all-possible-subsets framework in a two-level educational 

dataset. Second, it demonstrates how information criteria (AIC and BIC) and deviance statistics can be 
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jointly used to evaluate predictive adequacy and parsimony in hierarchical models. Third, by applying 

these procedures to large-scale assessment data (EGMA), the study offers practical guidance for applied 

researchers working with clustered educational data in low-resource settings. In doing so, the paper 

bridges methodological discussions of model selection with concrete applied demonstration, thereby 

clarifying how competing multilevel specifications can be compared in practice. 

Rationale for Using a Multilevel Model with EGMA Data 

The EGMA is a study designed to measure early mathematics skills, with an emphasis on numbers and 

operations. It consists of six subtests that capture children's fundamental mathematics competencies in 

early-grade mathematics (RTI International, 2014). EGMA is a large-scale learning study conducted in 

several African countries, including Zambia (Gove et al., 2013), where student performance data are 

often nested within higher-level units, typically schools (Platas et al., 2016). In this type of data, where 

students within the same school share standard instructional settings, infrastructure, and school 

leadership, it is inappropriate to assume independence among observations. This nested structure 

introduces intra-class correlation (ICC), meaning that students within the same school are more likely 

to perform similarly than students from different schools. At the same time, using traditional regression 

models that assume independence of observations with such data can lead to biased standard errors, 

inflated Type I error rates, and misleading inferences (Gelman & Hill, 2007). In contrast, multilevel 

models (also known as hierarchical linear models or mixed-effects models) explicitly account for such 

data hierarchies by incorporating both fixed effects and random effects (Gelman & Hill, 2007; Luke, 

2020; Nimon, 2018; Snijders & Bosker, 2011), thus providing more accurate parameter estimates and 

model interpretations. 

In this study, multilevel modelling is used to examine predictors of early-grade mathematics abilities in 

the EGMA dataset, where level 1 units are students and level 2 units are schools. Because the objective 

was to demonstrate variable selection strategies, the study compared different methods for selecting the 

best-fitting multilevel model. Specifically, the study employs non-Bayesian approaches, including 

−2LL, AIC, and BIC, as well as stepwise regression techniques.  

These model selection methods are implemented using the R programming environment, which provides 

flexible and powerful tools for fitting and evaluating multilevel models. Steps and procedures using the 

apsl2lme and plot.apsl2lme functions, developed by Nimon (2018) and recently utilized by Baskin 

(2023), are followed. By applying these strategies to real-world education data, this study provides a 

practical guide for researchers and practitioners on selecting appropriate multilevel models that balance 

parsimony and predictive accuracy. Ultimately, the rationale for using multilevel models in this context 

lies not only in properly accounting for the data structure but also in contributing to methodological 

discussions of variable selection strategies in multilevel modelling. 

Model Selection Procedures in Multilevel Analysis 

Model selection is a critical component in multilevel modelling (Aho et al., 2014; Johnson & Omland, 

2004; Preacher & Yaremych, 2023). The two frequently employed model selection procedures are 

likelihood ratio tests (LRTs) and information criteria (Vallejo et al., 2014). Other available tools, such 

as model averaging, graphical techniques, and predictive methods, are not frequently used in the 

multilevel field (Luke, 2020). Johnson and Omland (2004, p. 103) stated that LRTs are often used 

hierarchically, like forward selection (or backwards elimination) in multiple regression, where the 

analyst starts with an empty (or full) model and adds (or removes) terms as LRTs indicate a significant 

improvement in fit. However, this approach has three primary drawbacks. First, the LRT statistic is 

typically restricted to comparing pairs of nested models within the candidate set, limiting its applicability 

in broader contexts (Hamaker et al., 2015). Second, it might lead to selecting different models depending 

on the order in which they are compared, introducing potential biases and inconsistencies (Hamaker et 

al., 2015). Third, it cannot be used to evaluate the data support for each model examined, a significant 

limitation when assessing model suitability (Hamaker et al., 2015).   

Furthermore, recent studies have highlighted additional limitations of LRTs (Diego et al., 2023; 

Hamaker, 2023; Sweller et al., 2024). For instance, Sweller et al. (2024) noted that LRTs may not 

perform well with small sample sizes, as the chi-squared approximation to the test statistic distribution 
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may be invalid. This limitation is critical in educational and sociological research where sample sizes 

are often limited. Additionally, Diego et al. (2023) emphasize that LRTs do not directly account for 

model complexity, which can lead to overfitting, especially when models with many parameters are 

used. To address these limitations, deviance- and IC-based model selection tools have been 

recommended (Buscemi & Plaia, 2020), as have stepwise regression techniques (Hamaker, 2023). These 

newer methodologies offer enhanced accuracy and reliability, particularly in complex, multilevel 

modelling scenarios common in educational and sociological research.  

Deviance Statistic 

The deviance statistic is one of the model-fit statistics based on maximum likelihood (Vallejo et al., 

2014). A transformation of the likelihood, called the deviance, is obtained by multiplying the natural 

log of the likelihood by −2 (Nimon, 2018). Deviance is a measure of the discrepancy between the data 

and the model. Simply put, the deviance statistic is a transformation of the likelihood used in statistical 

modelling, especially in generalized linear models (GLMs) and multilevel models, to assess how well a 

model fits the data (Buscemi & Plaia, 2020). Deviance is a measure of the lack of fit between the data 

and the model, where lower deviance indicates a better-fitting model (Luke, 2020). The deviance for 

any one model cannot be interpreted directly. However, it can be used to compare multiple models 

(Hamaker et al., 2015). This model comparison can be performed between two models fitted to the same 

dataset, where one is a subset of the other and therefore has fewer parameters. For many hypotheses and 

with large samples, the difference in deviance between models follows a χ² distribution with degrees of 

freedom equal to the difference in the number of parameters estimated between the two models (Nimon, 

2018). 

One limitation of the −2LL is that, when fitting models to the same dataset, adding more parameters 

generally reduces deviance or at least does not increase it, because the model can capture more of the 

observed variation (Gelman & Hill, 2007, p. 200; Snijders & Bosker, 2012, p. 96). While lower deviance 

indicates better fit, it does not account for model complexity. Parsimonious models are usually preferred 

(Buscemi & Plaia, 2020). To address this, information-criterion-based measures such as the AIC 

(Akaike, 1974) and the BIC (Schwarz, 1978) were developed, both of which incorporate penalties for 

model complexity. 

AIC and BIC 

Buscemi and Plaia (2020, p. 531) stated that the AIC and BIC indices are also referred to as estimators 

of parsimony. While deviance is not an information criterion, it plays a central role in calculating 

information criteria like AIC and BIC (Luke, 2020). The two fit indices are based on deviance but 

incorporate penalties for a greater number of parameters (Buscemi & Plaia, 2020). Most mixed-effects 

modelling packages report the AIC or BIC during model estimation, and these values can be calculated 

easily using the equations below. 

AIC = −2LL + 2p 

BIC = −2LL + p ln(N) 

where p is the number of parameters in the model, and N is the sample size. The BIC was not developed 

with multilevel models in mind, so it is unclear which sample size to use (Lorah & Womack, 2019). 

Vrieze (2012) notes that one advantage that AIC and BIC have is that they can be used to compare two 

non-nested models. AIC and BIC are often introduced in textbooks together as alternative measures of 

parsimony (Aho et al., 2014). For instance, a systematic review of publications that implemented formal 

methods for multimodel inference found that 84% used AIC, 14% used BIC, and only 2% used another 

approach (Harrison et al., 2018).  

These methods, including the deviance statistics and IC, effectively balance model fit and complexity, 

offering a more robust approach to model selection (Gelman et al., 2020). Deviance statistics, for 

example, provide a measure of the lack of fit between the data and the model, allowing for a direct 

comparison of nested models (Gelman et al., 2020). While both AIC and BIC build upon the concept of 

deviance, they incorporate penalties for model complexity (Buscemi & Plaia, 2020): AIC for the number 
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of parameters and BIC for the sample size, thus enhancing model selection reliability (Preacher & 

Yaremych, 2023). 

 

Method 

Dataset and Sample Size 

The study used the EGMA survey data for Zambia for analysis, as explained earlier. The participants in 

this instrument were primary school students in grade 2 who completed the EGMA in 2018 across 

different provinces in Zambia. The sample for this study was drawn from an area that was evenly 

distributed across most of Zambia's geographic regions. The total sample consisted of 4698 individuals 

from 476 schools, with an average of 9.87 students per school. 

Variables 

During data screening and model specification, some variables were modified or removed to resolve 

coding issues and improve reliability. School location and school type were excluded due to 

categorization issues. The home reading status variable was recoded into a binary indicator, with non-

readers coded as 0 and readers as 1, to facilitate interpretation and ensure adequate sample sizes. These 

changes improved data consistency, model stability, and interpretability. The refined dataset was used 

to estimate the model with student- and school-level predictors. 

Descriptive Statistics 

Tables 1 and 2 display the descriptive statistics for both Level 1 (within-group) and Level 2 (between-

group) variables. The analytic sample consisted of 4,698 students (50.94% female, 49.06% male). 

Regarding home reading practices, 45.66% of students reported reading at home, whereas 54.34% did 

not. The average mathematics-ability score was 59.76 (SD = 20.40) on a 0–100 scale, reflecting 

moderate performance with a slightly left-skewed distribution (skew = −0.59). Reading-ability scores 

were group-mean-centred (GMC), yielding an overall mean of 0.00 and a standard deviation of 13.43, 

confirming the effectiveness of the centering procedure in isolating within-school variability. The 

distribution of reading-ability scores showed skewness of 0.58 and kurtosis of 1.00, indicating that most 

students performed near the school average, with some performing notably higher. 

At Level 2, data from 476 schools were analyzed. The mean reading-ability score at the school level 

was 39.64 (SD = 16.03), with scores ranging from 6.30 to 83.70, demonstrating considerable variability 

between schools. The distribution was nearly symmetric, with a skewness of 0.02 and a kurtosis of 

−0.64. The average number of pupils in the same grade per school was 44.66 (SD = 11.94), with a range 

of 14 to 59 students. The slight negative skewness of −1.00 indicates that a small number of schools had 

class sizes well below the average. 

 

Table 1 

Descriptive statistics for level 1 variables 
Variable n M SD Min Max Skew Kurtosis % 

Continuous Variables        

Math ability 4698 59.76 20.40 0 100 −0.59 −0.17  

GMC Reading ability 4698 0.00 13.43 −56.27 66.70 0.58 1.00  

Categories Variables        

Gender (Male) 2305       49.06 

Gender (Female) 2393       50.94 

Home reading (No) 2553       54.34 

Home reading (Yes) 2145       45.66 

Note. Reading ability was group-mean-centred around classroom means to isolate within-classroom effects. 
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Table 2 

Descriptive statistics for level 2 variables 
Variable n M SD Min Max Skew Kurtosis 

School codeᵃ 476   1 476   

School reading ability 476 39.64 16.03 6.30 83.70 0.02 −0.64 

Number of pupils per class 476 44.66 11.94 14.00 59.00 −1.00 0.37 

 

Data Analysis 

Data analysis was conducted using R (R Core Team, 2023) and the nlme package (Nimon, 2018). The 

analysis employed two custom functions (apsl2lme and plot.apsl2lme) developed by Nimon to perform 

a multilevel analysis in R. The apsl2lme function processes output from the lme function. It performs a 

series of multilevel analyses based on the variables identified in the lme output (Nimon, 2018). 

Specifically, the apsl2lme function evaluates all possible combinations of fixed effects and random 

effects for each permutation of fixed effects (Baskin, 2023). 

Simply put, the apsl2lme function includes all potential random effects, regardless of their identification 

in the original function. Consequently, this function aids in model building by supporting both the top-

down strategy and step-up strategy (Nimon, 2018). For each derived model, the apsl2lme function 

invokes the lme function and records the resulting model summary statistics. 

The plot.apsl2lme function, on the other hand, receives output from the apsl2lme object and plots model 

identifiers (Nimon, 2018). These plots illustrate differences in fit indices and variance components by 

degrees of freedom. The resulting plots show −2LL, AIC, and BIC, illustrating their relationships with 

degrees of freedom. Additionally, the function generates two additional plots that show the relationships 

between the variance components (intercept and residual variance) and the degrees of freedom (Baskin, 

2023). 

The analysis was conducted through the following steps by Nimon (2018): (a) loading the necessary 

packages (e.g., nlme, graphics, and foreign), (b) using the lme function with a well-specified model, (c) 

utilizing the apsl2lme function on the output from the lme function, and (d) employing the plot.apsl2lme 

function with the results obtained from the apsl2lme function. To illustrate the use of these functions 

and steps above, a random-intercept model incorporating all relevant predictors at both levels was 

constructed to analyze predictors of early-grade mathematics ability. The model included Level 1 

(student-level) predictors (group-mean-centred reading ability, home reading status, and gender) and 

Level 2 (school-level) predictors (average reading ability and number of pupils per school). All 

predictors were specified as fixed effects, and the model allowed the intercept to vary randomly across 

schools. 

In addition to the random intercept, random slopes for selected Level 1 predictors were evaluated to 

assess whether their effects varied across schools. Group-mean-centered reading ability demonstrated 

meaningful between-school variability and improved model fit (as indicated by AIC, BIC, and 

likelihood-ratio comparisons). Other Level 1 predictors did not substantially improve fit when specified 

as random slopes. Consequently, the final selected model (Model 102) retained only the random slope 

for reading ability to preserve parsimony while capturing substantively meaningful cross-level variation. 

The model equation is expressed as follows: 

𝑀𝑎𝑡ℎ_𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑖𝑗 = 𝛾00 + 𝛾10(𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑖𝑗 − 𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) +  𝛾11(ℎ𝑜𝑚e_𝑟𝑒𝑎𝑑𝑖𝑗) +  𝛾12(𝑔𝑒𝑛𝑑𝑒𝑟𝑖𝑗)

+ 𝛾01(𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  + 𝛾02(𝑛𝑢𝑚𝑏𝑒𝑟_𝑝𝑢𝑝𝑖𝑙𝑠𝑗) + 𝑢0𝑗 + 𝜀𝑖𝑗 

It is important to note that the present study is designed as a methodological demonstration rather than 

a confirmatory theory-testing exercise. The selected predictors represent plausible, commonly available 

student- and school-level variables used in large-scale educational assessments. They were chosen to 

reflect realistic modelling scenarios encountered by applied researchers, rather than to test a specific 

theoretical framework. Accordingly, the focus of the analysis is on illustrating model-comparison 

procedures and evaluating predictive adequacy, rather than on establishing causal or theoretically 

definitive relationships. 
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Results 

The analysis started with the lme function from the nlme package (Nimon, 2018) to create a null model, 

followed by an input model for comparison using the apsl2lme function (Nimon, 2018) in R. The process 

identified models, and the most parsimonious one was selected for further analysis. 

Null model 

The null model was run without predictor variables to analyze within- and between-school variances, 

determine the ICC, and establish the baseline model for MLM. The analysis indicated an ICC of 0.36, 

calculated in R by dividing the intercept variance by the sum of the intercept and residual variances 

(147.8127 / (147.8127 + 267.8736)) = 0.36. This result supports the use of MLM, as an ICC greater than 

0.05 generally indicates that MLM is appropriate (Gelman & Hill, 2007, p. 253). An ICC of 0.36 implied 

that 36% of the variation in students' early-grade mathematics abilities could be attributed to differences 

at the school level. In comparison, 64% of the variation was due to individual differences among students 

within the schools. 

All Possible Subsets 

A model that included all the predictor variables (e.g., group-mean centered reading ability, home 

reading status, and gender, as level 1 variables and average school reading ability and number of pupils 

per school as level 2 variables) as fixed effects with random intercepts was run using the lme function, 

and the output of the function was the input for the apsl2lme function (Baskin, 2023), which created 108 

models, of which nine were invalid due to estimation failure under more complex specifications (see 

Table A1 in the appendices), representing all possible subsets of the variables. In the present study, "all 

possible models" refers to all theoretically plausible combinations of the candidate fixed-effect 

predictors while maintaining a consistent two-level structure (students nested within schools). The 

random intercept for schools was retained across all specifications, and the random slope for reading 

was evaluated separately. Thus, differences between competing models arise from (a) the inclusion or 

exclusion of specific Level 1 and Level 2 predictors, and (b) whether random slope variance is allowed. 

By systematically varying predictor combinations while holding the hierarchical structure constant, the 

analysis follows an information-theoretic model-comparison framework in which competing 

specifications are evaluated based on relative fit and parsimony (Johnson & Omland, 2004). For 

example, one model may include only student gender and home reading practices. 

In contrast, another may include grade size or teacher characteristics at Level 2. This procedure isolates 

the contribution of each predictor configuration to overall model fit and predictive adequacy. Hence, 

using the model comparison chart and the fit table with global fit statistics generated by the apsl2lme 

function, the best model was chosen. The 99 valid models, according to both AIC and BIC, are provided 

in the appendices (see Tables A2 and A3). Besides, the presence of invalid models also illustrates a 

practical issue in applied multilevel modelling: as model complexity increases, especially in random-

effects specification, some candidate models may become difficult to estimate reliably. 

Model Selection 

The Level 1 variables of students' group-mean centred reading ability, home reading status, and gender, 

and the level 2 variable of school reading average and number of pupils were fixed effects in at least 

one or more of the top 99 valid models, suggesting that these variables affected the dependent variable 

of student performance in early grade mathematics abilities. When examining Table A3, one can see in 

row 1 that Model ID 102 was the best-fitting model based on the AIC (38969.06) and BIC (39033.61), 

with 10 degrees of freedom. Results from Figure 1 also support this selection, as Model 102 was the 

best-fitting model with 10 degrees of freedom. 

The retained Model 102 included students' group-mean-centred reading ability, home reading status, 

and gender, as well as the Level 2 variables of school reading average score and number of pupils, as 

fixed effects. The Level 1 (students' group-mean-centred reading ability) variable was specified as a 

random effect. The retained model is given below as follows: 
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𝑚𝑎𝑡ℎ_𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑖𝑗 = 𝛾00 + 𝛾10(𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑖𝑗 − 𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) +  𝛾11(ℎ𝑜𝑚e_𝑟𝑒𝑎𝑑𝑖𝑗) + 𝛾12(𝑔𝑒𝑛𝑑𝑒𝑟𝑖𝑗)

+ 𝛾01(𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  + 𝛾02(𝑛𝑢𝑚𝑏𝑒𝑟_𝑝𝑢𝑝𝑖𝑙𝑠𝑗) + 𝑢0𝑗 + 𝑢1𝑗(𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑖𝑗 − 𝑟𝑒𝑎𝑑𝑖𝑛𝑔𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) + 𝜀𝑖𝑗 

 

Figure 1 

Model comparisons of relationships between degrees of freedom (df) and BIC (upper left), AIC (upper 

right), level 2 intercept variance (lower left), and level 1 residual variance (lower right) 

 
Model Comparisons 

Once it was determined that Model 102 was the most parsimonious model representing the data, the 

model was examined to assess the impact of student- and school-level variables on early-grade 

mathematics abilities. The MLM model summaries are presented in Table 3, which details the impact 

of the model variables on early-grade mathematics abilities. The data from the retained model, compared 

with the same data from the null model, showed significant improvements in the fit indices: an AIC of 

40486.85 for the null model and 38969.06 for the retained model, and a BIC of 40506.21 for the null 

model and 39033.61 for the retained model. Although Model 102 yielded the lowest BIC, several closely 

competing models had comparable AIC values. For instance, Model 103, which differed only in the 

specification of the random-slope structure, produced similar improvements in deviance but required 

additional parameters. Likewise, Model 105, which included an expanded random-effects structure, 

yielded only marginal gains in log-likelihood. However, BIC favored Model 102 due to its greater 

parsimony, penalizing unnecessary complexity. This comparison illustrates how small changes in the 

predictor or random-effects configuration influence model selection when balancing fit and complexity 

within an information-criterion framework. 

Table 3 

Multilevel Model Results for Null and Final Model 
Panel A. Fixed Effects 

Predictor Estimate SE df t p 

Null Model 

Intercept 59.77 0.61 4222 98.43  < .001 

Final Model 

Intercept 49.90 1.91 4219 26.10 < .001 

readGMC 0.61 0.02 4219 30.39 < .001 

home_read 2.67 0.48 4219 5.55 < .001 

gender -2.18 0.41 4219 -5.30 < .001 

readSCH 0.40 0.03 473 13.24 < .001 

Number_pupils -0.13 0.04 473 -3.35 < .001 

 

Panel B. Random Effects (Variance Components) 
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Component Null Model Final Model 

Intercept variance 147.81 97.78 

Residual variance 267.87 189.27 

Random slope variance (readGMC) — 0.07 

Panel C. Model Fit Indices 

Fit Index Null Model Final Model 

AIC 40486.85 38969.06 

BIC 40506.21 39033.61 

-2LL -20240.42 -19474.53 

pseudo-R²  0.309 

Notes. Model comparison using the anova() function indicated a significant improvement in fit for the final model relative to 

the null model (F (3, 10) = 1531.79, p < .001; pseudo-R² = .309). 

Table 3 above presents the comparative results of the null model and the final model (i.e., Model 102). 

The results demonstrate clear improvements in model fit and explanatory power when incorporating 

relevant student- and school-level predictors. The pseudo-R², computed from total variances (Snijders 

& Bosker, 2012), was 0.309, indicating a 30.9% proportional reduction in residual variance relative to 

the null model. It is important to note that this statistic reflects variance reduction compared to the 

baseline model rather than explained variance in the traditional OLS sense. 

Model Fit 

Model 102 showed substantial reductions in AIC and BIC compared to the null model, indicating a 

better balance between fit and parsimony. The deviance statistic (−2LL) improved markedly from –

20240.42 in the null model to –19474.53 in Model 102, further confirming the superior performance of 

the more complex model. A nested model comparison using the anova() function provided strong 

statistical evidence that including the predictors significantly improved the model fit relative to the null 

model (F(3, 10) = 1531.79, p < .001). 

Fixed Effects 

At the student level, higher reading-ability scores relative to classroom averages were associated with 

improved mathematics performance (β = 0.61, p < .001). Since reading ability was group-mean-

centered, this coefficient represents a within-school effect, indicating that students scoring 1 unit above 

their class mean in reading attain, on average, 0.61 points higher in mathematics when controlling for 

other predictors. This result demonstrates an association between literacy and numeracy skills. Home 

reading frequency also mattered: students who reported reading at home scored 2.67 points higher on 

math (β = 2.67, p < .001), emphasizing the benefits of home reading practices. Furthermore, the results 

indicate a statistically significant difference in mathematics performance by gender, with girls scoring 

2.18 points lower on math (β = −2.18, p < .001). This observed difference reflects patterns within the 

specific sample and context examined and should be interpreted as descriptive rather than implying 

inherent differences in ability. School-level factors also played a role. From the results above, average 

school reading ability scores were positively associated with mean mathematics performance (β = 0.40, 

p < .001). This result suggests that schools with higher average reading skills tend to have students with 

better math scores; specifically, a one-point increase in average reading ability above the grand mean 

predicts a 0.40-point increase in math scores. The effect reflects differences between schools relative to 

the sample mean and highlights the connection between collective literacy and numeracy outcomes. On 

the other hand, a larger number of students per school in the same class was associated with lower 

mathematics scores (β = −0.13, p < .001), consistent with the notion that overcrowding may negatively 

affect learning. 

Random Effects 

The variance of the intercept decreased from 147.81 in the null model to 97.78 in the final model, 

indicating that incorporating both student- and school-level predictors accounted for some of the 

between-school variability in mathematics performance. However, the remaining intercept variance 

indicates that significant differences among schools persist, suggesting the influence of additional, 

unmeasured school-level factors on student achievement. 
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Similarly, the residual variance dropped from 267.87 to 189.27, showing that the inclusion of predictors 

improved the model's ability to account for individual-level variation in math outcomes. The random-

slope variance for group-mean-centred reading indicates that the strength of the within-school 

relationship between students' reading ability and mathematics performance varies across schools. This 

finding suggests that the relationship between literacy and numeracy is context dependent. 

Overall, reductions in both between- and within-school variance, along with notable improvements in 

model fit indices, indicate that adding cross-level predictors in Model 102 significantly improves the 

explanation of early-grade mathematics performance. The continued presence of random intercept and 

slope variance highlights the importance of modelling both fixed and random effects when analyzing 

student achievement, as literacy development, home environment, and school-level contexts collectively 

influence mathematical learning outcomes. 

 

Discussion and Conclusion 

A primary aim in multilevel modelling is to identify the simplest model that explains the data and aligns 

with theoretical expectations (Gelman & Hill, 2007; Luke, 2020; Snijders & Bosker, 2012). In this study, 

comparing models using deviance, AIC, and BIC led to the selection of a final model that demonstrated 

a substantially improved fit compared to the null model. The significant reductions in AIC and BIC 

values, along with improvements in −2LL, provided compelling evidence that including both student- 

and school-level predictors provided a stronger explanation of early-grade mathematics performance 

than the baseline model. These findings are consistent with previous arguments that model selection 

should be guided by both theoretical considerations and empirical fit indices (Buscemi & Plaia, 2020; 

Johnson & Omland, 2004). 

The retained model underscored the importance of literacy-related factors in predicting mathematics 

achievement. Reading ability emerged as a strong and significant predictor in both fixed- and random-

effects models, highlighting the close relationship between literacy and numeracy development. This 

finding aligns with the educational literature, which emphasizes the foundational role of reading in 

shaping broader academic outcomes (Gove et al., 2013; Platas et al., 2016). The significant variability 

in the slope of the relationship between reading ability and numeracy across schools further suggests 

that literacy's effect on numeracy is context-dependent, varying with school-level factors such as 

resources, pedagogy, and leadership. This reinforces the argument by West et al. (2022) that modelling 

lower-level variables as random effects is crucial for capturing complex patterns in hierarchical data. 

Home reading status was also a significant predictor: students who reported reading at home performed 

better in mathematics. This finding is consistent with prior research demonstrating that home literacy 

practices meaningfully contribute to academic achievement by reinforcing foundational skills outside 

school environments (RTI International, 2014). At the school level, average reading performance was 

positively associated with mathematics performance, suggesting that schools that foster stronger literacy 

skills also perform better in numeracy. Conversely, larger classroom sizes, measured by the number of 

pupils, were negatively associated with math scores, consistent with evidence that higher class sizes can 

impede individualized instruction and student outcomes (Blatchford et al., 2011). In addition, a 

statistically significant gender difference was observed in this sample. However, this finding should be 

interpreted cautiously. The observed gender effect is descriptive and reflects patterns within the specific 

educational and contextual setting examined, rather than implying inherent or universal differences in 

mathematical ability. Such differences may be influenced by social, instructional, or contextual factors 

that warrant further investigation. 

The results from this study illustrate the value of employing multiple information criteria to evaluate 

competing multilevel models. As Preacher and Yaremych (2023) emphasize, reliance on a single 

criterion can lead to biased conclusions. In contrast, a combination of deviance, AIC, and BIC provides 

a more comprehensive evaluation. In this case, both AIC and BIC converged on Model 102, 

strengthening confidence in its suitability. This outcome aligns with the arguments of Buscemi and Plaia 

(2020), who emphasize the benefits of information-criterion-based approaches for balancing model fit 

with parsimony, particularly in contexts with complex hierarchical structures. 
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A closer comparison between Model 102 and competing specifications further underscores the 

importance of balancing predictive adequacy and parsimony. While alternative models produced similar 

improvements in deviance and AIC, the additional parameters did not yield sufficiently large gains in 

model fit to justify their increased complexity under BIC. This demonstrates how information criteria 

facilitate principled decision-making when multiple plausible multilevel specifications provide 

comparable explanatory performance. Rather than relying on a single "best" statistic, this approach 

highlights the importance of examining competing models within a structured comparative framework. 

Moreover, the use of all-possible-subsets modelling via the apsl2lme function (Nimon, 2018) provided 

a systematic and exhaustive comparison of candidate models, reducing the risk of prematurely 

discarding potentially important predictors. This approach addresses concerns raised by Goldstein 

(2011), who argued that model-building should not only be rooted in theoretical hypotheses but also 

validated through empirical testing. The ability to test hundreds of candidate models in a structured way 

highlights the utility of modern statistical tools in advancing methodological rigour. 

Despite the robustness of the findings, several limitations warrant consideration. First, the analysis was 

limited to two hierarchical levels (students within schools). While this is a standard and frequent 

structure for educational datasets, further extensions could include additional layers, such as districts or 

provinces, to capture broader systemic influences (Snijders & Bosker, 2012). Secondly, although the 

EGMA dataset provided a large, representative sample, its cross-sectional design limits causal inference. 

Longitudinal data would allow for the exploration of growth trajectories in early-grade mathematics and 

the dynamic effects of literacy practices over time (Gelman & Hill, 2007). 

A third limitation relates to the unexplained variance at the school level. Even after including the key 

predictors, substantial variability in the intercepts remained, suggesting that important contextual 

factors, such as teacher quality, resource allocation, or curriculum implementation, were not accounted 

for. This aligns with Vallejo et al. (2014), who caution that multilevel model selection must balance 

statistical indicators with the recognition of potentially omitted variables that could explain variance at 

higher levels. Future research should, therefore, integrate additional school-level measures to provide a 

more complete understanding of the determinants of mathematics performance. 

Another practical limitation concerns the nine models that were classified as invalid during the all-

possible-subsets procedure. These models mostly involved more complex random-effects structures, 

especially combinations with multiple random slopes, which likely contributed to estimation difficulties. 

In multilevel modelling, such problems may arise when models are over-parameterized, when some 

variance components are very small, or when the data do not support highly complex random-effects 

specifications (Snijders & Bosker, 2012; McNeish & Stapleton, 2016; McNeish, 2017). These models 

were therefore excluded from the final comparison because they did not yield stable and interpretable 

estimates. This highlights an important practical point: although systematic model comparison can be 

informative, more complex random-effects structures may reduce estimation stability and should be 

handled cautiously. 

Overall, this study confirms that rigorous model selection strategies substantially enhance the 

explanatory power of multilevel models in educational research. By demonstrating the predictive value 

of both student-level and school-level variables, the retained model highlights critical domains for policy 

and practice, including literacy development, home learning environments, gender equity, class sizes, 

and rural–urban disparities. Beyond the substantive findings, the study illustrates the methodological 

benefits of combining deviance, AIC, and BIC in evaluating competing models. It reinforces the call for 

systematic, theory-informed, and empirically validated approaches to multilevel modelling (Buscemi & 

Plaia, 2020; Johnson & Omland, 2004; Preacher & Yaremych, 2023). These insights not only advance 

methodological discussions but also provide practical guidance for designing interventions to improve 

early-grade mathematics outcomes in Zambia. Overall, our study provided a practical demonstration of 

how to select predictors from a large set of variables for multilevel models, which is an important issue 

in educational research given the growing availability of large datasets. Our study provides applied and 

theoretical researchers with a demonstration of a technical framework for prioritizing hypothesis 

generation over hypothesis testing, a distinction discussed by methodologists such as Fokkema et al. 

(2017). The dataset and R syntax used in this study are publicly available on the Open Science 

Framework (OSF) at: https://osf.io/agdpw/files/7evrc. 
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Appendix  

Appendix 1  

Invalid model from all possible subset process 
# Fixed Effects Random Effects 

41 math_ability ~ readGMC + home_read + gender                           ~home_read + gender | school_code 

42 math_ability ~ readGMC + home_read + gender                           ~readGMC + home_read + gender | school_code 

54 math_ability ~ readGMC + gender + readSCH                              ~readGMC + gender | school_code 

78 math_ability ~ readGMC + home_read + gender + readSCH                 ~readGMC + gender | school_code 

87 math_ability ~ readGMC + home_read + gender + number_pupils           ~home_read + gender | school_code 

88 math_ability ~ readGMC + home_read + gender + number_pupils           ~readGMC + home_read + gender | school_code 

96 math_ability ~ readGMC + gender + readSCH + number_pupils              ~readGMC + gender | school_code 

106 math_ability ~ readGMC + home_read + gender + readSCH + number_pupils  ~readGMC + gender | school_code 

108 math_ability ~ readGMC + home_read + gender + readSCH + number_pupils ~readGMC + home_read + gender | school_code 

Notes. # = model number, math_ability = math performance score; read_ability = reading performance score; home_read = 

reading at home; readGMC = read mean centered; school_code = school code; readSCH = reading school average score; 

number_pupils = pupil grade count   

 

 

Appendix 2 

Valid model fit comparisons 
# Fixed Effects Random Effects df logLik AIC BIC Var(Res) Var(Intr) 

1 math_ability ~ 1                                                       ~1 | school_code 3 -20240.42 40486.85 40506.21 267.87 147.81 

2 math_ability ~ readGMC                                                 ~1 | school_code 4 -19648.88 39305.76 39331.58 202.43 154.44 

3 math_ability ~ readGMC                                                  ~readGMC | school_code 6 -19575.03 39162.05 39200.78 189.97 155.72 

4 math_ability ~ home_read                                              ~1 | school_code 4 -20192.89 40393.78 40419.40 263.93 136.65 

5 math_ability ~ home_read                                              ~home_read | school_code 6 -20189.63 40391.25 40429.98 259.45 144.93 

6 math_ability ~ gender                                                 ~1 | school_code 4 -20231.58 40471.16 40496.98 266.71 148.21 

7 math_ability ~ gender                                                 ~gender | school_code 6 -20230.31 40472.62 40511.35 263.35 150.83 

8 math_ability ~ readSCH                                                ~1 | school_code 4 -20157.37 40322.74 40348.55 267.99 95.64 

9 math_ability ~ number_pupils                                           ~1 | school_code 4 -20240.41 40488.81 40514.63 267.87 147.8 

10 math_ability ~ readGMC + 

home_read                                    

 ~1 | school_code 5 -19629.76 39269.52 39301.79 201.54 147.46 

11 math_ability ~ readGMC + 

home_read                                    

~readGMC | school_code 7 -19557.66 39129.33 39174.51 189.48 149.15 

12 math_ability ~ readGMC + 

home_read                                    

~home_read | school_code 7 -19628.56 39271.12 39316.30 200.48 155.58 

13 math_ability ~ readGMC + 

home_read                                    

~readGMC + home_read | 

school_code 

10 -19555.94 39131.89 39196.44 187.94 151.28 

14 math_ability ~ readGMC + gender                                        ~1 | school_code 5 -19635.28 39280.57 39312.84 201.09 154.88 

15 math_ability ~ readGMC + gender                                        ~readGMC | school_code 7 -19561.71 39137.43 39182.61 188.88 156.13 

16 math_ability ~ readGMC + gender                                          ~gender | school_code 7 -19634.75 39283.50 39328.68 199.46 156.63 

17 math_ability ~ readGMC + gender                                        ~readGMC + gender | 

school_code 

10 -19561.71 39143.42 39207.97 188.87 156.13 

18 math_ability ~ readGMC + readSCH                                       ~1 | school_code 5 -19566.08 39142.15 39174.43 202.51 102.45 
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19 math_ability ~ readGMC + readSCH                                       ~readGMC | school_code 7 -19508.28 39030.57 39075.75 190.85 105.17 

20 math_ability ~ readGMC + 

number_pupils                                

~1 | school_code 5 -19648.86 39307.72 39339.10 202.43 154.43 

21 math_ability ~ readGMC + 

number_pupils                                

~readGMC | school_code 7 -19574.54 39163.07 39208.26 189.97 156.11 

22 math_ability ~ home_read + gender                                      ~1 | school_code 5 -20184.02 40378.04 40410.32 262.78 137.02 

23 math_ability ~ home_read + gender                                      ~home_read | school_code 7 -20180.65 40375.31 40420.49 258.21 145.1 

24 math_ability ~ home_read + gender                                      ~gender | school_code 7 -20182.71 40379.41 40424.60 259.42 139.46 

25 math_ability ~ home_read + gender                                     ~home_read + gender | 

school_code 

10 -20179.57 40379.13 40443.68 255.39 147.03 

26 math_ability ~ home_read + 

readSCH                                    

 ~1 | school_code 5 -20117.30 40244.59 40276.87 263.95 91.97 

27 math_ability ~ home_read + 

readSCH                                    

~home_read | school_code 7 -20114.62 40243.24 40288.43 259.75 96 

28 math_ability ~ home_read + 

number_pupils                              

 ~1 | school_code 5 -20192.48 40394.97 40427.24 263.94 136.33 

29 math_ability ~ home_read + 

number_pupils                              

 ~home_read | school_code 7 -20189.24 40392.48 40437.67 259.45 144.42 

30 math_ability ~ gender + readSCH                                        ~1 | school_code 5 -20148.38 40306.77 40339.04 266.83 95.88 

31 math_ability ~ gender + readSCH                                       ~gender | school_code 7 -20146.42 40306.84 40352.03 263.45 105.98 

32 math_ability ~ gender + 

number_pupils                                 

 ~1 | school_code 5 -20231.57 40473.14 40505.41 266.71 148.2 

33 math_ability ~ gender + 

number_pupils                                 

 ~gender | school_code 7 -20230.29 40474.59 40519.77 263.34 150.73 

34 math_ability ~ readSCH + 

number_pupils                                

~1 | school_code 5 -20147.92 40305.85 40338.12 267.97 90.94 

35 math_ability ~ readGMC + 

home_read + gender                           

~1 | school_code 6 -19616.24 39244.48 39283.23 200.21 147.9 

36 math_ability ~ readGMC + 

home_read + gender                           

 ~readGMC | school_code 8 -19544.33 39104.66 39156.30 188.38 149.55 

37 math_ability ~ readGMC + 

home_read + gender                           

~home_read | school_code 8 -19615.11 39246.22 39297.86 199.22 155.78 

38 math_ability ~ readGMC + 

home_read + gender                           

~gender | school_code 8 -19615.80 39247.61 39299.25 198.75 149.36 

39 math_ability ~ readGMC + 

home_read + gender                           

~readGMC + home_read | 

school_code 

11 -19542.58 39107.16 39178.16 186.83 151.52 

40 math_ability ~ readGMC + 

home_read + gender                           

 ~readGMC + gender | 

school_code 

11 -19544.33 39110.66 39181.67 188.38 149.55 

43 math_ability ~ readGMC + 

home_read + readSCH                          

 ~1 | school_code 6 -19550.84 39113.68 39152.41 201.55 99.89 

44 math_ability ~ readGMC + 

home_read + readSCH                          

~readGMC | school_code 8 -19494.07 39004.15 39055.79 190.29 102.63 

45 math_ability ~ readGMC + 

home_read + readSCH                          

~home_read | school_code 8 -19550.23 39116.47 39168.11 200.47 103.88 

46 math_ability ~ readGMC + 

home_read + readSCH                          

~readGMC + home_read | 

school_code 

11 -19492.73 39007.46 39078.46 188.61 103.36 

47 math_ability ~ readGMC + 

home_read + number_pupils                    

~1 | school_code 6 -19629.59 39271.18 39309.91 201.54 147.31 

48 math_ability ~ readGMC + 

home_read + number_pupils                    

~readGMC | school_code 8 -19557.49 39130.99 39182.62 189.47 149.48 

49 math_ability ~ readGMC + 

home_read + number_pupils                    

~home_read | school_code 8 -19628.42 39272.84 39324.48 200.48 155.32 

50 math_ability ~ readGMC + 

home_read + number_pupils                    

~readGMC + home_read | 

school_code 

11 -19555.77 39133.54 39204.54 187.93 151.75 

51 math_ability ~ readGMC + gender + 

readSCH                             

  ~1 | school_code 6 -19552.33 39116.67 39155.40 201.17 102.72 

52 math_ability ~ readGMC + gender + 

readSCH                             

~readGMC | school_code 8 -19494.08 39004.14 39055.77 189.75 105.37 

53 math_ability ~ readGMC + gender + 

readSCH                             

~gender | school_code 8 -19551.52 39119.03 39170.67 199.5 107.9 

55 math_ability ~ readGMC + gender + 

number_pupils                       

~1 | school_code 6 -19635.27 39282.54 39321.27 201.09 154.87 

56 math_ability ~ readGMC + gender + 

number_pupils                       

 ~readGMC | school_code 8 -19561.14 39138.28 39189.91 188.87 156.57 

57 math_ability ~ readGMC + gender + 

number_pupils                       

  ~gender | school_code 8 -19634.73 39285.47 39337.11 199.46 156.58 

58 math_ability ~ readGMC + gender + 

number_pupils                       

~readGMC + gender | 

school_code 

11 -19561.14 39144.28 39215.28 188.87 156.57 

59 math_ability ~ readGMC + readSCH 

+ number_pupils                      

 ~1 | school_code 6 -19556.59 39125.19 39163.91 202.5 97.7 

60 math_ability ~ readGMC + readSCH 

+ number_pupils                      

 ~readGMC | school_code 8 -19503.84 39023.69 39075.33 190.91 100.78 

61 math_ability ~ home_read + gender + 

readSCH                           

 ~1 | school_code 6 -20108.26 40228.52 40267.25 262.8 92.19 

62 math_ability ~ home_read + gender + 

readSCH                           

~home_read | school_code 8 -20105.48 40226.97 40278.60 258.52 95.96 

63 math_ability ~ home_read + gender + 

readSCH                           

~gender | school_code 8 -20106.36 40228.71 40280.35 259.45 101.75 

64 math_ability ~ home_read + gender + 

readSCH                           

~home_read + gender | 

school_code 

11 -20103.87 40229.74 40300.74 255.74 104.99 
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65 math_ability ~ home_read + gender + 

number_pupils                     

~1 | school_code 6 -20183.63 40379.26 40417.99 262.79 136.71 

66 math_ability ~ home_read + gender + 

number_pupils                     

~home_read | school_code 8 -20180.28 40376.56 40428.20 258.21 144.59 

67 math_ability ~ home_read + gender + 

number_pupils                     

 ~gender | school_code 8 -20182.30 40380.59 40432.23 259.42 138.71 

68 math_ability ~ home_read + gender + 

number_pupils                     

 ~home_read + gender | 

school_code 

11 -20179.17 40380.35 40451.35 255.38 146.06 

69 math_ability ~ home_read + 

readSCH + number_pupils                    

 ~1 | school_code 6 -20105.02 40222.05 40260.78 263.96 85.98 

70 math_ability ~ home_read + 

readSCH + number_pupils                    

~home_read | school_code 8 -20102.34 40220.69 40272.33 259.75 88.28 

71 math_ability ~ gender + readSCH + 

number_pupils                       

~1 | school_code 6 -20139.00 40290.01 40328.73 266.8 91.2 

72 math_ability ~ gender + readSCH + 

number_pupils                       

~gender | school_code 8 -20137.24 40290.47 40342.11 263.37 99.93 

73 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~1 | school_code 7 -19537.14 39088.29 39133.47 200.22 100.16 

74 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~readGMC | school_code 9 -19479.83 38977.67 39035.76 189.18 102.82 

75 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~home_read | school_code 9 -19536.68 39091.24 39149.33 199.22 103.82 

76 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~gender | school_code 9 -19536.43 39090.86 39148.95 198.72 105.08 

77 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~readGMC + home_read | 

school_code 

12 -19478.48 38980.96 39058.42 187.5 103.28 

79 math_ability ~ readGMC + 

home_read + gender + readSCH                 

 ~home_read + gender | 

school_code 

12 -19535.38 39094.76 39172.22 197.93 110.14 

80 math_ability ~ readGMC + 

home_read + gender + readSCH                 

~readGMC + home_read + 

gender | school_code 

16 -19477.19 38986.38 39089.66 186.84 109.59 

81 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

 ~1 | school_code 7 -19616.08 39246.15 39291.33 200.21 147.76 

82 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

~readGMC | school_code 9 -19544.11 39106.27 39164.31 188.37 149.94 

83 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

 ~home_read | school_code 9 -19614.98 39247.96 39306.06 199.22 155.52 

84 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

~gender | school_code 9 -19615.64 39249.28 39307.37 198.75 149.07 

85 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

 ~readGMC + home_read | 

school_code 

12 -19542.35 39108.70 39186.16 186.82 152.09 

86 math_ability ~ readGMC + 

home_read + gender + 

number_pupils           

~readGMC + gender | 

school_code 

12 -19544.11 39112.22 39189.68 188.37 149.94 

89 math_ability ~ readGMC + 

home_read + readSCH + 

number_pupils          

 ~1 | school_code 7 -19539.81 39093.63 39138.81 201.56 94.37 

90 math_ability ~ readGMC + 

home_read + readSCH + 

number_pupils          

 ~readGMC | school_code 9 -19488.54 38995.08 39053.17 190.38 97.5 

91 math_ability ~ readGMC + 

home_read + readSCH + 

number_pupils          

~home_read | school_code 9 -19539.41 39096.82 39154.91 200.48 96.75 

92 math_ability ~ readGMC + 

home_read + readSCH + 

number_pupils          

 ~readGMC + home_read | 

school_code 

12 -19487.16 38998.31 39075.77 188.72 97.28 

93 math_ability ~ readGMC + gender + 

readSCH + number_pupils             

~1 | school_code 7 -19542.92 39099.84 39145.02 201.16 97.99 

94 math_ability ~ readGMC + gender + 

readSCH + number_pupils             

~readGMC | school_code 9 -19489.83 38997.67 39055.76 189.81 101.06 

95 math_ability ~ readGMC + gender + 

readSCH + number_pupils             

~gender | school_code 9 -19542.18 39102.36 39160.45 199.47 102.43 

97 math_ability ~ home_read + gender + 

readSCH + number_pupils           

~1 | school_code 7 -20096.06 40206.13 40251.31 262.81 86.22 

98 math_ability ~ home_read + gender + 

readSCH + number_pupils           

~home_read | school_code 9 -20093.25 40204.50 40262.60 258.52 88.19 

99 math_ability ~ home_read + gender + 

readSCH + number_pupils           

 ~gender | school_code 9 -20094.33 40206.66 40264.75 259.39 94.43 

100 math_ability ~ home_read + gender + 

readSCH + number_pupils           

~home_read + gender | 

school_code 

12 -20091.80 40207.61 40285.07 255.68 95.88 

101 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

 ~1 | school_code 8 -19526.20 39068.39 39120.03 200.23 94.66 

102 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

~readGMC | school_code 10 -19474.53 38969.06 39033.61 189.27 97.78 

103 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

 ~home_read | school_code 10 -19525.86 39071.71 39136.26 199.22 96.63 
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104 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

~gender | school_code 10 -19525.56 39071.12 39135.66 198.71 98.89 

105 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

~readGMC + home_read | 

school_code 

13 -19473.12 38972.24 39056.15 187.6 97.25 

107 math_ability ~ readGMC + 

home_read + gender + readSCH + 

number_pupils 

~home_read + gender | 

school_code 

13 -19524.66 39075.33 39159.24 197.93 102.33 

Notes. # = model number, math_ability = math performance score; read_ability = reading performance score; home_read = 

reading at home; readGMC = read mean centered; school_code = school code; readSCH = reading school average score; 

number_pupils = pupil grade count. 

 

Appendix 3 

Model fit: Sorted by global fit indices and variance components 
Order logLik AIC BIC Var.Res. Var.Intr. 

1 1 102 102 85 16 

2 9 105 74 39 57 

3 6 74 90 80 56 

4 32 77 94 77 58 

5 7 80 52 105 15 

6 33 90 44 50 17 

7 4 94 105 13 21 

8 28 92 77 82 37 

9 5 52 60 86 3 

10 29 44 19 36 12 

11 22 46 92 40 83 

12 65 60 46 46 49 

13 24 19 80 92 14 

14 67 101 101 17 55 

15 23 104 73 56 2 

16 66 103 104 58 20 

17 25 107 103 15 85 

18 68 73 89 74 50 

19 8 76 93 102 39 

20 30 75 76 48 13 

21 34 89 75 11 7 

22 31 79 43 52 33 

23 71 91 91 94 82 

24 72 93 51 3 86 

25 26 95 36 21 36 

26 27 36 107 44 40 

27 61 82 95 90 48 

28 63 39 59 19 38 

29 62 85 82 60 11 

30 69 40 45 79 84 

31 64 86 53 107 6 

32 70 43 79 104 32 

33 97 45 18 76 35 

34 99 51 11 38 1 

35 98 53 39 84 9 
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36 100 59 40 37 81 

37 2 11 15 75 10 

38 20 48 48 83 47 

39 14 13 85 103 25 

40 55 50 86 16 68 

41 16 15 56 57 23 

42 57 56 13 95 5 

43 10 18 3 53 66 

44 47 17 50 35 29 

45 12 58 17 81 24 

46 49 3 21 73 67 

47 35 21 58 101 22 

48 81 35 35 45 65 

49 38 81 81 12 4 

50 84 37 37 49 28 

51 37 38 38 91 79 

52 83 83 10 14 80 

53 3 84 83 55 53 

54 21 10 84 93 31 

55 18 12 47 51 52 

56 15 47 14 10 19 

57 17 49 12 47 76 

58 56 14 55 43 64 

59 58 55 49 89 45 

60 11 16 16 2 75 

61 48 57 2 20 46 

62 59 2 57 59 77 

63 13 20 20 18 74 

64 50 98 97 68 51 

65 51 97 69 25 44 

66 53 99 98 100 18 

67 43 100 99 64 95 

68 45 70 61 23 107 

69 36 69 70 66 63 

70 40 62 26 62 94 

71 82 61 62 98 60 

72 86 63 63 99 73 

73 93 64 100 24 72 

74 39 27 27 67 43 

75 85 26 64 5 104 

76 95 71 71 29 93 

77 89 72 34 63 102 

78 91 34 30 27 59 

79 73 30 72 70 90 

80 75 31 8 22 92 

81 76 8 31 65 105 
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82 79 23 22 61 91 

83 101 66 65 97 103 

84 103 22 4 33 27 

85 104 25 23 7 62 

86 107 65 24 72 30 

87 19 24 28 31 100 

88 60 68 66 4 8 

89 44 67 5 28 101 

90 52 5 67 26 99 

91 46 29 29 69 89 

92 94 4 25 6 61 

93 90 28 68 32 26 

94 92 6 6 71 71 

95 74 7 32 30 34 

96 77 32 1 1 70 

97 80 33 7 9 98 

98 102 1 9 34 97 

99 105 9 33 8 69 

Notes. Indices and components are sorted from lowest to highest, except Var(Intr). 

 

R Syntax 

# An Empirical Demonstration of Selecting Predictors for Multilevel Models 

# R code 

 

#Loading packages 

library("nlme") 

library("psych") 

library("foreign") 

library("graphics") 

library("yhat") 

library("multilevel") 

library("psychometric") 

library("robumeta") 

library("magrittr") 

library("dplyr") 

library("car") 

source("http://profnimon.com/cc/apsl2lme.r") 

 

#Read data 

dataEGMA=read.csv("EGMA_EPOD_MLM_data_supplement.csv") 

head(dataEGMA) 

str(dataEGMA) 

 

#Separate reading scores into L1 and L2 

## add group mean 

library(plyr) 

dataEGMA=ddply(dataEGMA, "school_code", transform,  readSCH= mean(read_ability)) 

dataEGMA$readGMC=with(dataEGMA,read_ability-readSCH) 

dataEGMA$read_ability=NULL 

 

#descriptives 

L1=dataEGMA[,c("gender","math_ability", "readGMC","home_read")] 

L2=dataEGMA[,c("school_code","readSCH","number_pupils")] 
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library(psych) 

describe(L1) 

#library(writexl) 

#desc_output <- describe(L1) 

#write_xlsx(as.data.frame(desc_output), "describe_L1_output.xlsx") 

table(L1$gender) 

table(L1$home_read) 

 

str(L2) 

L2=aggregate(. ~ school_code, data = L2, FUN=mean, na.rm=TRUE) 

head(L2) 

describe(L2) 

#desc_output <- describe(L2) 

#write_xlsx(as.data.frame(desc_output), "describe_L2_output.xlsx") 

table(L2$number_pupils) 

###m0: Run the Null Model 

ctrl <- lmeControl(opt='optim') 

m0<-lme(math_ability~1,random=~1|school_code,data=dataEGMA,control=ctrl,method="ML") 

summary(m0) 

nrow(dataEGMA) 

VarCorr(m0) 

 

#ICC calculation 

147.8127/(147.8127 + 267.8736) 

 

# All possible predictors as fixed effects 

dataEGMA$gender=as.factor(dataEGMA$gender) 

dataEGMA$home_read=as.factor(dataEGMA$home_read) 

lme.out<- lme(data=dataEGMA,math_ability~readGMC+home_read+gender+readSCH+number_pupils,  

              control=ctrl,random = ~1|school_code,method='ML') 

summary(lme.out) 

# Applying the apps12lme function the object lme.out for model comparisons 

apsOut<-apsl2lme(lme.out) 

apsOut$InvalidModels 

INM <-apsOut$InvalidModels 

#write.csv(INM,"invalidmodels1.csv") 

MC<-apsOut$ModelComparison 

write.csv(MC,"aout13_1.csv") 

MC <- read.csv("aout13_1.csv",header=TRUE, sep=",", na.strings="NA", dec=".", 

strip.white=TRUE,row.names=1) 

mcdev<-MC[order(MC$logLik),] 

mcaic<-MC[order(MC$AIC),] 

mcbic<-MC[order(MC$BIC),] 

mcres<-MC[order(MC$Var.Res.),] 

mcint<-MC[order(MC$Var.Intr.,decreasing=T),] 

 

fit<-cbind(rownames(mcdev),rownames(mcaic),rownames(mcbic),rownames(mcres),rownames(mcint)) 

colnames(fit)<-colnames(MC)[4:8] 

#write.csv(fit,"fit133.csv") 

apsOut$ModelSummary[[102]] 

plot.apsl2lme(MC) 

par(mar = c(5, 4, 4, 2))  # Bottom, left, top, right margins 

plot.apsl2lme(MC) 

m0<-lme(math_ability~1,random=~1|school_code,data=dataEGMA,control=ctrl,method="ML") 

VarCorr(m0) 

summary(m0) 

m1<-lme(data=dataEGMA,math_ability~readGMC+home_read+gender+readSCH+number_pupils,  

        random = ~1 + readGMC|school_code,method='ML') 

VarCorr(m1) 

summary(m1) 
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# R2_pseudo calculation 

#R2_pseudo <- ((tau_null + sig_null) - (tau_model + sig_model)) / 

#  (tau_null + sig_null) 

R2_pseudo <- ((147.8127 + 267.8736) - (97.78062306 + 189.27341144)) / 

  (147.8127 + 267.8736) 

R2_pseudo 

#Model comparison 

anova(m0,m1) 


