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ABSTRACT. In this paper, we identify a large class of hyponormal block Toeplitz operators whose self-commutators
are of finite rank. Recall that an operator Tφ is hyponormal and [T ∗

φ, Tφ] is a finite rank operator if and only if there
exists a finite Blaschke product b in E(φ), where

E(φ) := {k ∈ H∞(T) : ∥k∥∞ ≤ 1 and φ− k · φ̄ ∈ H∞(T)}.
An analogous set E(Φ) can be defined for a matrix-valued symbol Φ. In the block Toeplitz operator case, we first
establish that if a symbol Φ is in L∞(T,Mn) and if E(Φ) contains a constant unitary matrix U , then TΦ is normal.
We then obtain a suitable converse, under a mild assumption on the symbol. Next, we provide a partial answer to
a conjecture recently posed by R.E. Curto, I.S. Hwang and W.Y. Lee [10, Conjecture 6.1]. Concretely, assume that
Φ ∈ H∞(T,Mn) is such that Φ∗ is of bounded type and TΦ is hyponormal. Then [T ∗

Φ, TΦ] is a finite rank operator if
and only if there exists a finite Blaschke–Potapov product in E(Φ̃), where Φ̃ := Φ̆∗ and Φ̆(eiθ) := Φ(e−iθ).
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1. INTRODUCTION

In the setting of a Hilbert space H, we denote by B(H) the algebra of all bounded linear
operators on H. An operator T ∈ B(H) is said to be self-adjoint if it satisfies T = T ∗, where
T ∗ is its adjoint. The self-commutator of T is given by [T ∗, T ] := T ∗T − TT ∗. An operator T
is called normal if [T ∗, T ] = 0, whereas it is called hyponormal if [T ∗, T ] ≥ 0. A particularly
notable subclass of hyponormal operators is the class of subnormal operators, which are those
that can be extended to normal operators. Specifically, T ∈ B(H) is called subnormal if there
exists a Hilbert space K ⊇ H and a normal operator N on B(K) such that N |H = T and
NH ⊆ H. The class of subnormal operators, introduced by P.R. Halmos [17], has been the focus
of extensive research over many decades, providing deep insights into functional analysis and
operator theory.

Research on normal and hyponormal operators has an extensive range of applications across
various fields including mathematics, mathematical physics and machine learning (see [21],
for instance). The theory of subnormal operators has found extensive applications in var-
ious fields, including analytic function theory, differential geometry, approximation theory
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and quantum mechanics [20, 26]. In particular, subnormal operators with finite rank self-
commutator have been one of the interesting topics in functional analysis and operator the-
ory. The finite rank condition suggests that the operator is nearly normal, thereby simplifying
the spectral analysis. In 1973, B.B. Morrel [23] established that any subnormal operator whose
self-commutator is of rank one can be written as a linear combination of the unilateral shift
operator and the identity operator. Later in 1987, D. Xia [27, 28] made an attempt to classify all
subnormal operators with finite rank self-commutator. In 1998, J.B. Conway and L. Yang [14]
posed the following open problem:

Classify all subnormal operators whose self-commutator has finite rank.
In the major part of this work, we address this question in the framework of block Toeplitz

operators in conjunction with a conjecture recently posed by R.E. Curto, I.S. Hwang and W.Y.
Lee [10, Conjecture 6.1].

Let T denote the unit circle in the complex plane. Let L2(T) and L∞(T) denote the Hilbert
space of all absolutely square–integrable functions and the space of all essentially bounded
measurable functions, respectively, defined on T with respect to the normalized-Lebesgue mea-
sure. ByH2(T) we mean the Hardy space corresponds toL2(T) andH∞(T) := L∞(T)

⋂
H2(T).

A function θ ∈ H∞(T) is called inner if |θ| = 1 a.e. on T. A function ϕ ∈ L∞ is of bounded type
if ϕ = ϕ1

ϕ2
for ϕ1, ϕ2 ∈ H∞(T). If ϕ ∈ L∞(T), then the Toeplitz operator with symbol ϕ on the

Hardy space H2(T) is denoted as Tϕ and is defined by

Tϕf := P (ϕf),

where f ∈ H2(T) and P is the orthogonal projection of L2(T) onto H2(T). A Toeplitz operator
Tϕ is called analytic if ϕ ∈ H∞(T) and coanalytic if ϕ ∈ H∞(T).

The characterization of classes of Toeplitz operators based on the properties of their symbols
is an interesting and exciting problem in operator theory. Normality of Toeplitz operators was
characterized by A. Brown and P.R. Halmos [5], while C. Cowen [8] gave a characterization for
their hyponormality.

On the other hand, it seems quite difficult to determine the subnormality of Toeplitz op-
erators based on the properties of their symbols. Moreover, P.R. Halmos [18, 19] posed the
following problem:

“Is every subnormal Toeplitz operator either normal or analytic?"
In 1984, C. Cowen and J. Long [9] gave an example of a subnormal Toeplitz operator which is
neither normal nor analytic and answered this problem negatively. Yet, a complete characteri-
zation of subnormal Toeplitz operators by the properties of their symbols still remains an open
problem. This naturally gives rise to the following problems:

“Which Toeplitz operators are subnormal?"
“Which subnormal Toeplitz operators are either normal or analytic?"

There are some partial answers to Halmos’ problem as follows:

Theorem 1.1 (Abrahamse’s Theorem [3, Theorem]). Let φ ∈ L∞ such that φ or φ is of bounded
type. If Tφ is hyponormal and ker[T ∗

φ, Tφ] is invariant under Tφ, then Tφ is normal or analytic. In
particular, if Tφ is a subnormal operator then Tφ is either normal or analytic.

Theorem 1.2 (Nakazi-Takahashi Theorem [24, Theorem 15]). If Tφ is subnormal and φ = qφ,
where q is a finite Blaschke product, then Tφ is either normal or analytic.

Theorem 1.3 (Extension of Nakazi-Takahashi Theorem [2, Theorem 4.2]). Let Tφ be subnormal
and assume that φ = qφ + g ∈ L∞(T), where q is finite Blaschke product and g ∈ H∞(T). If
gH2 ⊆ Ran Tφ, then Tφ is normal or analytic.
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In 1993, T. Nakazi and K. Takahashi characterized hyponormal Toeplitz operators with finite
rank self-commutator as follows:

Theorem 1.4 (Hyponormal Toeplitz operators with finite rank self-commutator [24, Theorem
10]). An operator Tφ is hyponormal and [T ∗

φ, Tφ] is a finite rank operator if and only if there exists a
finite Blaschke product b in E(φ), where

E(φ) := {k ∈ H∞(T) : ∥k∥∞ ≤ 1 and φ− k · φ̄ ∈ H∞(T)}.

We can then choose b such that the degree of b = rank [T ∗
φ, Tφ].

In this paper, we discuss the validity of the above theorem in the block Toeplitz operator
setting, which is related to a conjecture recently posed by R.E. Curto, I.S. Hwang and W.Y. Lee
[10]. In the case of block Toeplitz operators, the appropriate generalization of E(φ) is

E(Φ) := {K ∈ H∞(T,Mn) : ∥K∥∞ ≤ 1 and Φ−KΦ∗ ∈ H∞(T,Mn)}.

Let In be the n×n identity matrix,Mn×m denote the set of all n×m complex matrices andMn ≡
Mn×n. As denote by L2(T,Cn), H2(T,Cn) and L∞(T,Cn) the set of all Cn-valued Lebesgue
square integrable functions on T, the associated Hardy space and the set of all Mn-valued
essentially bounded functions on T, respectively. For a function Φ ∈ L∞(T,Cn), the block
Toeplitz operator TΦ with symbol Φ is defined by TΦf := Pn(Φf) for f ∈ H2(T,Cn), where Pn
is the orthogonal projection of L2(T,Cn) onto H2(T,Cn). Similarly, a block Hankel operator
HΦ with symbol Φ ∈ L∞(T,Cn) is defined by HΦf := JnP

⊥
n (Φf) for f ∈ H2(T,Cn), where P⊥

n

is the orthogonal projection of L2(T,Cn) onto (H2(T,Cn))⊥ ≡ L2(T,Cn)⊖H2(T,Cn) and Jn is
the unitary operator from L2(T,Cn) onto L2(T,Cn) defined by Jn(f)(eiθ) := e−iθInf(e

−iθ) for
f ∈ L2(T,Cn). If we write H2(T,Cn) = H2(T)⊕ · · · ⊕H2(T), then we can easily see that

TΦ =

Tϕ11
. . . Tϕ1n

...
Tϕn1

. . . Tϕnn

 and HΦ =

Hϕ11
. . . Hϕ1n

...
Hϕn1

. . . Hϕnn

 ,
where

Φ =

ϕ11 . . . ϕ1n
...

ϕn1 . . . ϕnn

 .
For a function Φ ∈ L∞(T,Mn×m), write

Φ̆(eiθ) := Φ(e−iθ) and Φ̃ := Φ̆∗.

A function Φ ∈ L∞(T,Mn×m) is of bounded type if each of its entries is of bounded type. A
function Θ ∈ H∞(T,Mn×m) is called an inner function if Θ∗Θ = Im a.e. on T. The following
basic properties for Toeplitz and Hankel operators are implicitly used in the sequel:

(1.1)

T ∗
Φ =TΦ∗ , H∗

Φ = HΦ̃ (Φ ∈ L∞(T,Cn));
TΦΨ − TΦTΨ =H∗

Φ∗HΨ (Φ,Ψ ∈ L∞(T,Cn));
HΦTΨ =HΦΨ, HΨΦ = T ∗

Ψ̃
HΦ (Φ ∈ L∞(T,Cn),Ψ ∈ H∞(T,Cn));

H∗
ΦHΦ −H∗

ΘΦHΘΦ =H∗
ΦHΘ∗H∗

Θ∗HΦ (Θ ∈ H∞(T,Cn)inner, Φ ∈ L∞(T,Cn)).

For a function Φ ∈ L2(T,Cn), we write

Φ+ := Pn(Φ) ∈ H2(T,Cn) and Φ− := [P⊥
n (Φ)]

∗ ∈ zH2(T,Cn),
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where Pn and P⊥
n denote the orthogonal projections formL2(T,Mn) ontoH2(T,Mn) and (H2(T,Mn))

⊥

≡ L2(T,Mn)⊖H2(T,Mn), respectively. Then we may write

Φ = Φ∗
− +Φ+.

For Φ ∈ L∞(T,Mn), the following identities hold:

PnJn = JnP
⊥
n , P⊥

n Jn = JnPn and JnMΦ =MΦ̆Jn.

An n× n matrix-valued function Q is called a finite Blaschke-Potapov product if Q is of the form

Q(z) = v
M∏
m=1

(bm(z)Rm + (I −Rm)),

where v is an n× n unitary constant matrix, bm is a Blaschke factor of the form

bm(z) =
z − αm
1− αmz

(αm ∈ D)

and Rm is an orthogonal projection in Cn.

2. HYPONORMALITY OF BLOCK TOEPLITZ OPERATORS WITH TRIGONOMETRIC POLYNOMIAL
SYMBOL

In this section, we examine certain properties of hyponormal block Toeplitz operators whose
symbols are trigonometric polynomials. In the case of scalar-valued symbols, it has been ob-
served that if the symbol φ ∈ L∞ of a Toeplitz operator Tφ is a trigonometric polynomial, then
the self-commutator [T ∗

φ, Tφ] is of finite rank. To see this, let φ(eiθ) =
∑m
n=−k ane

inθ ∈ L∞ be a
trigonometric polynomial, where k,m ∈ N ∪ {0}. Recall that for φ,ψ ∈ L∞, the identity

Tφψ − TφTψ = H∗
φHψ

holds. Using this, we obtain

T ∗
φTφ = Tφφ −H∗

φHφ and TφT
∗
φ = Tφφ −H∗

φHφ,

which shows that

[T ∗
φ, Tφ] = Tφφ − Tφφ +H∗

φHφ −H∗
φHφ = H∗

φHφ −H∗
φHφ.

Since φ is a trigonometric polynomial, the Hankel operators H∗
φ, Hφ, H

∗
φ, Hφ are all of finite

rank. Consequently, the self-commutator [T ∗
φ, Tφ] is a finite rank operator.

However, this result does not generally extend to the case of block Toeplitz operators. Con-
sider the matrix-valued trigonometric polynomial symbol

Φ(eiθ) :=

[
eiθ 1
0 e−iθ

]
∈ L∞(T,M2).

In this case, the self-commutator [T ∗
Φ, TΦ] of the block Toeplitz operator TΦ is infinite dimen-

sional. To illustrate this, observe the following calculation:

[T ∗
Φ, TΦ] =

[
Te−iθ 0
I Teiθ

] [
Teiθ I
0 Te−iθ

]
−
[
Teiθ I
0 Te−iθ

] [
Te−iθ 0
I Teiθ

]

=

[
−TeiθTe−iθ Te−iθ − Teiθ
Teiθ − Te−iθ TeiθTe−iθ

]
.

Therefore, the range of [T ∗
Φ, TΦ] is infinite dimensional.
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In general, the following identity holds for a trigonometric polynomial symbol Φ ∈ L∞(T,Mn) :

[T ∗
Φ, TΦ] = TΦ∗Φ−ΦΦ∗ +H∗

Φ∗HΦ∗ −H∗
ΦHΦ.

Hence, for a normal matrix-valued symbol Φ, we obtain

[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
ΦHΦ.

Since the Hankel operators H∗
Φ∗ , HΦ∗ , H∗

Φ, HΦ are of finite rank, it follows that for a normal
matrix-valued trigonometric polynomial Φ, the self-commutator [T ∗

Φ, TΦ] is a finite rank opera-
tor. In particular, if TΦ is hyponormal, with trigonometric polynomial symbol, then [T ∗

Φ, TΦ] is a
positive semi-definite finite rank operator. This observation motivates a detailed examination
of hyponormal block Toeplitz operators with trigonometric polynomial symbols.

C. Gu, J. Hendricks and D. Rutherford [16] gave a characterization for hyponormal block
Toeplitz operators. Also, they provided additional insights about the symbol of hyponormal
block Toeplitz operators when the symbol is a matrix trigonometric polynomial [16]. Here, we
add some more properties of hyponormal block Toeplitz operators with trigonometric polyno-
mial symbol by developing the methods of R.E. Curto and W.Y. Lee [13].

Theorem 2.5. For m,N ∈ N∪{0}, suppose that Φ ∈ L∞(T,Mn) is a trigonometric polynomial of the
form Φ(eiθ) =

∑N
j=−mAje

ijθIn, with AN is invertible. Then, the hyponormality of TΦ is independent
of the matrices A0, A1, . . . AN−m.

Proof. Since TΦ is hyponormal, it follows from [16, Corollary 5.2] that m ≤ N . Moreover, there
exists a function K ∈ H∞(T,Mn) with ∥K∥∞ ≤ 1 such that

Φ−KΦ∗ ∈ H∞(T,Mn).

Consequently, we obtain

(KΦ∗
+ − Φ∗

−)(e
iθ) = K

N∑
j=1

A∗
je

−ijθIn −
m∑
j=1

A−je
−ijθIn ∈ H∞(T,Mn).

Let K(eiθ) =
∑∞
j=0Kje

ijθIn. Then, we get

K0 = K1 = · · · = KN−m−1 = 0In and KN−m = A−m(A∗
N )−1.

Moreover, for n = N −m+ 1, N −m+ 2, . . . , N − 1, we have

Kn =

(
A−N+n −

n−1∑
j=N−m

KjA
∗
N−n+j

)
(A∗

N )
−1
.

To see this, observe that

Kje
ijθIn ·A∗

Ne
−iNθIn = KjA

∗
Ne

i(j−N)θIn.

If j < N − m, then Kj must be zero; otherwise, the term KjA
∗
Ne

i(j−N)θIn will appear in the
expansion of (KΦ∗

+ − Φ∗
−), which contradicts its analyticity. In the case where j = N −m, we

observe that

(KN−mA
∗
N −A−m)e−imθIn = 0 if and only if KN−m = A−m(A∗

N )−1.

For j > N −m, we obtain the recurrence relation

KjA
∗
N +

j−1∑
i=N−m

KiA
∗
N−j+i −A−N+j = 0.
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This relation is obtained by equating the corresponding Fourier coefficients in the expansion of
(KΦ∗

+ − Φ∗
−).

Since N − n+ j > N −m for n = N −m+ 1, N −m+ 2, . . . , N − 1 and N −m ≤ j ≤ n− 1,
the recurrence is well-defined and the proof is complete. □

Theorem 2.6. Suppose that Φ = F ∗ + G =
∑N
j=−mAje

ijθIn ∈ L∞(T,Mn), where F and G are
analytic polynomials of degree m and N , respectively and the leading coefficient AN is invertible. Now,
define Ψ = F ∗ + P(e−irθInG), where r ≤ N −m and P(A) denotes the analytic part of the matrix-
valued function A ∈ L∞(T,Mn). Then, TΨ is hyponormal if and only if TΦ is hyponormal.

Proof. Let G0(e
iθ) =

∑N
j=r Aje

ijθ and define Φ0 := F ∗ + G0. Consider the function H(eiθ) =

P(e−irθInG(eiθ)). Then, H(eiθ) = e−irθInG0(e
iθ) and Ψ = F ∗ + H . By Theorem 2.5, TΦ is

hyponormal if and only if TΦ0
is hyponormal.

Let us first assume that the operator TΦ is hyponormal. Since TΦ0
is also hyponormal, there

exists K ∈ H∞(T,Mn) such that

Φ0 −KΦ∗
0 ∈ H∞(T,Mn).

Equivalently, this condition can be expressed as

Φ0
∗
− −KΦ0

∗
+ = F ∗ −KG∗

0 ∈ H∞(T,Mn).

Furthermore, by Theorem 2.5, the function K admits a Fourier expansion of the form

K(eiθ) =

∞∑
j=N−m

Cje
ijθIn.

Since G∗
0(e

iθ) = e−irθInH
∗(eiθ), it follows that

F ∗ −Ke−irθInH
∗ ∈ H∞(T,Mn).

Under the assumption r ≤ N −m, we define K ′ := e−irθInK. Then, K ′ belongs to H∞(T,Mn)
and we see that

∥K ′∥∞ = ∥Ke−irθIn∥∞ ≤ ∥K∥∞ ≤ 1.

Hence,

F ∗ −K ′H∗ = Ψ∗
− −K ′Ψ∗

+ ∈ H∞(T,Mn),

which implies that

Ψ−K ′Ψ∗ ∈ H∞(T,Mn).

Therefore, TΨ is hyponormal.
Conversely, assume that TΨ is hyponormal. Then, there exists a matrix-valued function

K ′ ∈ H∞(T,Mn) with ∥K ′∥∞ ≤ 1 such that

Ψ−K ′Ψ∗ ∈ H∞(T,Mn).

Equivalently, since Ψ− = F and Ψ+ = H , it follows that

Ψ∗
− −K ′Ψ∗

+ = F ∗ −K ′H∗ ∈ H∞(T,Mn).(2.2)

Now, we define K = K ′eirθIn. Clearly, K ∈ H∞(T,Mn). Moreover, ∥eirθ∥∞ ≤ 1 implies that
∥K∥∞ ≤ 1. From Equation (2.2), it follows that

F ∗ −Ke−irθInH
∗ ∈ H∞(T,Mn).



Hyponormal block Toeplitz operators with finite rank self-commutators 25

Since G∗
0 = e−irθInH

∗, we immediately obtain F ∗ − KG∗
0 ∈ H∞(T,Mn). The representation

Φ0 = F ∗ +G0 implies that Φ0
∗
− −KΦ0

∗
+ ∈ H∞(T,Mn). Equivalently,

Φ0 −KΦ∗
0 ∈ H∞(T,Mn).

Hence TΦ0
is hyponormal and therefore, TΦ is hyponormal. □

3. HYPONORMAL AND SUBNORMAL BLOCK TOEPLITZ OPERATORS WITH FINITE RANK
SELF-COMMUTATORS

In this section, we identify certain hyponormal block Toeplitz operators with finite rank
self-commutator by analyzing the Cowen set of the symbol. T. Nakazi and K. Takahashi [24]
proved that if the set E(φ) contains at least two elements for some φ ∈ L∞(T), then φ must
be of bounded type. However, this result does not extend to the matrix-valued case, where
Φ ∈ L∞(T,Mn). For example, consider the matrix-valued function

Φ(eiθ) :=

[
(f + f)(eiθ) 0

0 eiθ

]
∈ L∞(T,M2),

where f is not of bounded type. Since

Φ(eiθ) =

[
1 0
0 eiθ

] [
(f + f)(eiθ) 0

0 e−iθ

]
+

[
0 0
0 eiθ − 1

]
and

Φ(eiθ) =

[
1 0
0 ei2θ

] [
(f + f)(eiθ) 0

0 e−iθ

]
,

it follows that

B(eiθ) =

[
1 0
0 eiθ

]
and B0(e

iθ) =

[
1 0
0 ei2θ

]
are elements of E(Φ). Nevertheless, Φ is not of bounded type.

We now turn our attention to the following Conjecture 3.1 formulated by R.E. Curto, I.S.
Hwang and W.Y. Lee [11], which plays an important role in the study of hyponormal block
Toeplitz operators with finite rank self-commutator.

Conjecture 3.1. [11, Conjecture 6.1] If Φ ∈ L∞(T,Mn) is such that TΦ is a hyponormal operator
whose self-commutator [T ∗

Φ, TΦ] is of finite rank, then there exists a finite Blaschke-Potapov product
B ∈ E(Φ) such that Rank [T ∗

Φ, TΦ] = deg (detB).

M. Abhinand, R.E. Curto, I.S. Hwang, W.Y. Lee and T. Prasad [1] proved that if E(Φ) contains
a finite Blaschke-Potapov product Q, for a normal symbol Φ ∈ L∞(T,Mn), then [T ∗

Φ, TΦ] is a
finite rank operator. At first, we check whether the conjecture is valid for normal block Toeplitz
operator. Recall the following characterization of normal block Toeplitz operators by C. Gu, J.
Hendricks and D. Rutherford [16]:

Lemma 3.1. [16, Theorem 4.3] Let G = G+′ + G0 + G∗
− ∈ L∞(T,Mn), where G0 is a constant

matrix and G+′ = G+ − G0. Suppose that detG+′ is not identically zero. Then TG is normal if and
only if the following two conditions are satisfied:

(i) G∗G = GG∗ almost everywhere on T and
(ii) there exists a constant unitary matrix U ∈Mn such that G+′ = G−U .

Next, we show that if E(Φ) contains a constant unitary matrix U , then TΦ is normal by
modifying the methods and techniques in [1].
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Theorem 3.7. If Φ ∈ L∞(T,Mn) and E(Φ) contains a constant unitary matrix U , then the block
Toeplitz operator TΦ is normal.

Proof. Suppose that U ∈ E(Φ) is a constant unitary matrix, i.e., U∗U = UU∗ = In. Then, it
follows that

[T ∗
Φ, TΦ] = H∗

Φ∗(I − TŨTŨ∗)HΦ∗ = 0.

This establishes the normality of TΦ and thus completes the proof. □

The following theorem addresses the converse direction of Theorem 3.7 by providing con-
ditions under which the normality of the block Toeplitz operator TΦ implies the existence of a
constant unitary matrix in E(Φ).

Theorem 3.8. Let Φ = Φ+′ + Φ0 + Φ∗
− ∈ L∞(T,Mn) be such that detΦ+′ is not identically zero. If

TΦ is normal, then E(Φ) contains a constant unitary matrix U ∈Mn.

Proof. Recall that every normal operator is hyponormal. Therefore, the normality of TΦ ensures
that it is hyponormal. This, in turn, guarantees the existence of a functionK ∈ H∞(T,Mn) with
∥K∥∞ ≤ 1 such that

Φ−KΦ∗ ∈ H∞(T,Mn).

Equivalently, this condition holds if and only if

Φ∗
− −KΦ∗

+ ∈ H∞(T,Mn).

By applying Lemma 3.1, we conclude that the normality of TΦ implies two conditions:

Φ∗Φ = ΦΦ∗ and Φ+′ = Φ−U

for some constant unitary matrix U ∈Mn. To verify that U ∈ E(Φ), observe that

Φ∗
− − UΦ∗

+ = Φ∗
− − U(Φ+′

∗ +Φ∗
0)

= Φ∗
− − U(U∗Φ∗

− +Φ∗
0)

= −UΦ∗
0,

where the last equality holds because U is unitary. Hence, Φ∗
− − UΦ∗

+ belongs to H∞(T,Mn),
which completes the proof. □

The following example shows that E(Φ) contains a constant unitary matrix even if detΦ+ =
0.

Example 3.1. Consider the function

Φ(eiθ) :=

[
eiθ + e−iθ eiθ + e−iθ

eiθ + e−iθ eiθ + e−iθ

]
∈ L∞(T,M2).

The associated block Toeplitz operator is given by

TΦ =

[
Teiθ+e−iθ Teiθ+e−iθ

Teiθ+e−iθ Teiθ+e−iθ

]
.

Note that TΦ is self-adjoint and hence normal. Observe that the symbol Φ satisfies the relation Φ = I2Φ
∗,

where I2 is the 2 × 2 identity matrix. Consequently, the constant unitary matrix U = I2 belongs to
E(Φ). However, a straightforward computation shows that

Φ+′ =

[
eiθ eiθ

eiθ eiθ

]
and hence detΦ+′ ≡ 0.

Now, we give a partial answer to Conjecture 3.1.
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Theorem 3.9. Let Φ ∈ L∞(T,Mn) be such that each row of Φ∗ contains at least one scalar-valued
function that is not of bounded type. If TΦ is hyponormal and has a self-commutator of finite rank, then
the set E(Φ) contains a finite Blaschke-Potapov product.

Proof. Assume that each row of Φ∗ contains at least one scalar-valued function that is not of
bounded type. Under this condition, it follows that the Hankel operator HΦ∗ has dense range.
Consequently, the adjoint operator H∗

Φ∗ is injective. Therefore by [1, Lemma 4.1], we obtain the
identity

Rank[T ∗
Φ, TΦ] = Rank(I − TK̃TK̃∗),

for some K ∈ E(Φ). Since the commutator [T ∗
Φ, TΦ] is assumed to be of finite rank, it follows

that the operator I−TK̃TK̃∗ is also of finite rank. This implies that K̃ must be a finite Blaschke-
Potapov product and hence so is K. This completes the proof. □

The following example shows that E(Φ) contains a finite Blaschke-Potapov product even if
Φ∗ has a row that doesn’t contain a function which is not of bounded type.

Example 3.2. Consider the matrix-valued function

Φ(eiθ) :=

[
(f + f)(eiθ) 0

0 eiθ

]
∈ L∞(T,M2),

where f ∈ H2. In this case, the block Toeplitz operator TΦ is hyponormal and the self-commutator is
given by

[T ∗
Φ, TΦ] =

[
0 0
0 [T ∗

eiθ , Teiθ ]

]
.

Since [T ∗
eiθ , Teiθ ] has rank one, it follows that the self-commutator [T ∗

Φ, TΦ] is a finite rank operator.
However, note that the second row of Φ does not contain a scalar-valued function that fails to be of
bounded type. Despite this, the matrix-valued function

B(eiθ) =

[
1 0
0 eiθ

]
∈ E(Φ).

Theorem 3.10. Let Φ ∈ H∞(T,Mn) be such that Φ∗ is of bounded type and TΦ is hyponormal. Then
[T ∗

Φ, TΦ] is a finite rank operator if and only if there exists a finite Blaschke–Potapov product in E(Φ̃).

Proof. Recall that
[T ∗

Φ, TΦ] = H∗
Φ∗HΦ∗ −H∗

ΦHΦ + T[Φ∗,Φ].

Since Φ is analytic, it follows that HΦ ≡ 0 and hence, H∗
ΦHΦ ≡ 0. Hyponormality of TΦ implies

that Φ(eiθ) is normal almost everywhere [16, Theorem 3.3]. That is, T[Φ∗,Φ] ≡ 0. Therefore, we
obtain

[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ .

At first, assume that [T ∗
Φ, TΦ] is a finite rank operator. Because Φ∗ is of bounded type, it follows

that
ker[T ∗

Φ, TΦ] = kerH∗
Φ∗HΦ∗ = kerHΦ∗ = ΘH2(T,Cn),

for some inner function Θ ∈ H∞(T,Mn) [16, Theorem 2.2]. Consequently,

0 = HΦ∗ΘH2(T,Cn) = HΦ∗TΘH
2(T,Cn) = HΦ∗ΘH

2(T,Cn),

which implies that Φ∗Θ ∈ H∞(T,Mn). Since Φ̃ and Θ̃Φ̃∗ are analytic, it follows that Φ̃− Θ̃Φ̃∗ ∈
H∞(T,Mn). Since ker[T ∗

Φ, TΦ] = ΘH2(T,Cn) and Ran[T ∗
Φ, TΦ] is finite dimensional, we obtain

H(Θ) = Ran[T ∗
Φ, TΦ] = Ran[T ∗

Φ, TΦ] <∞.
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By [10, Lemma 2.4], this forces Θ to be a finite Blaschke–Potapov product, and hence so is Θ̃.
Conversely, assume that there exists a finite Blaschke–Potapov product Θ̃ ∈ E(Φ̃). That is

Φ̃ − Θ̃Φ̃∗ ∈ H∞(T,Mn). Since Φ is analytic, Φ̃ is also analytic and so is Θ̃Φ̃∗. This implies that
Φ∗Θ ∈ H∞(T,Mn). Therefore, we observe that

0 = HΦ∗ΘH
2(T,Cn) = HΦ∗TΘH

2(T,Cn) = HΦ∗ΘH2(T,Cn).

Consequently, ΘH2(T,Cn) ⊆ kerHΦ∗ = kerH∗
Φ∗HΦ∗ = ker[T ∗

Φ, TΦ]. This implies that

(ker[T ∗
Φ, TΦ])

⊥ = Ran[T ∗
Φ, TΦ] ⊆ H(Θ).

Since Θ̃ is a finite Blaschke-Potapov product, it follows that Θ is also a finite Blaschke-Potapov
product. Consequently, dimH(Θ) <∞ [10, Lemma 2.4]. That is,

dimRan[T ∗
Φ, TΦ] ≤ dimRan[T ∗

Φ, TΦ] ≤ dimH(Θ) <∞.

□

Remark 3.1. A careful analysis of the second part of the Proof of Theorem 3.10 shows that if E( ˜̄Φ)
contains a finite Blaschke-Potapov product, for a symbol Φ ∈ H∞(T,Mn), then [T ∗

Φ, TΦ)] is a finite
rank operator.

4. OPEN PROBLEMS

In the context of Toeplitz operators, the hyponormal Toeplitz operators with finite rank self-
commutator were characterized by T. Nakazi and K. Takahashi [24]. Building upon this direc-
tion of research, R.E. Curto, I.S. Hwang and W.Y. Lee [11] examined the analogous question in
the framework of block Toeplitz operators and proposed Conjecture 3.1. Theorems 3.7, 3.8, 3.9
and [1, Lemma 4.3] provide partial progress towards solving this conjecture.

Despite these recent developments, a complete solution of Conjecture 3.1 remains open.
Thus, it is appropriate to re-frame the conjecture in light of our partial results. The following
problems are proposed as refined versions of the conjecture, whose answers would signifi-
cantly contribute to a complete characterization of block Toeplitz operators with finite rank
self-commutator.

Problem 4.1. Let Φ = Φ+′ + Φ0 + Φ∗
− ∈ L∞(T,Mn) be such that detΦ+′ ≡ 0 and TΦ is normal.

Does there exist a finite Blaschke-Potapov product B ∈ E(Φ) such that deg(detB) = 0?

Problem 4.2. Let Φ ∈ L∞(T,Mn) be a normal symbol and suppose that E(Φ) contains a finite
Blaschke-Potapov product B. Does it follow that

Rank[T ∗
Φ, TΦ] = deg(detB)?

Motivated by Example 3.2, we pose the following problem:

Problem 4.3. Suppose Φ∗ is not of bounded type such that there exists a row of Φ∗ that contains no
scalar-valued function which is not of bounded type. If TΦ is a hyponormal block Toeplitz operator with
finite rank self-commutator, does there exist a finite Blaschke-Potapov product B ∈ E(Φ) such that

deg(detB) = Rank[T ∗
Φ, TΦ]?

Problem 4.4. Suppose that Φ ∈ L∞(T,Mn) is such that TΦ is a hyponormal operator with finite rank
self-commutator [T ∗

Φ, TΦ]. If Φ∗ is of bounded type, does there exist a finite Blaschke-Potapov product
B ∈ E(Φ) such that

Rank[T ∗
Φ, TΦ] = deg(detB)?
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