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LM_valued equalities, L*-rough approximation
operators and M L-graded ditopologies
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Abstract

We introduce a certain many-valued generalization of the concept of
an L-valued equality called an L*-valued equality. Properties of L -
valued equalities are studied and a construction of an L*-valued equal-
ity from a pseudo-metric is presented. L*-valued equalities are ap-
plied to introduce upper and lower L™-rough approximation opera-
tors, which are essentially many-valued generalizations of Z. Pawlak’s
rough approximation operators and of their fuzzy counterparts. We
study properties of these operators and their mutual interrelations.
In its turn, L™-rough approximation operators are used to induce
topological-type structures, called here M L-graded ditopologies.

Keywords: LM-valued equalities, L™-rough approximation operators, M L-
graded ditopologies.
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1. Introduction

After the inseption of the concepts of an L-valued equality and an L-valued
set by U. Hohle [19], the study of the category of L-valued sets itself, as well
as of different mathematical structures, specifically topological and algebraic, on
L-valued sets attracted interest of many researchers, see e.g. [20], [21], [22], [24],
[45] just to mention a few of them. In Section 3 of this paper we introduce the
concept of an LM -valued set (Definition 3.1), where L is an iccl-monoid (Subsection
2.1.1) and M is an arbitrary infinitely distributive lattice. An L*-valued set is,
in a certain sense, a many-valued version of the concept of an L-valued set. We
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consider different special kinds of L -valued equalities, and study their properties
in Section 3 of this paper. Further, in Section 6, we construct an LM-valued
equality £, from an ordinary pseudo-metric p on a set X and investigate properties
of the obtained LM-valued set (X, E,). We consider this construction to be an
important source for creation many examples of LM -valued sets.

Aiming to define a precise mathematical tool which would be appropriate and
effective to deal with big data, Z. Pawlak [32] introduced in 1983 the concept of
a rough set. Pawlak’s work was followed by many other researches. In particular,
in 1991 D. Dubois and H. Prade [12] published a paper in which fuzzy rough
sets were defined. In this way Pawlak’s ideas, aimed specifically to deal with
the analysis of big data, were alloyed with L. Zadeh’ s vision [49] to develop a
precise mathematical tool, which would be appropriate to deal with unprecise
and vague objects. This combination gave rise to a new field of mathematical
reserach, the field interesting and important both from theoretical and practical
points of view. Namely, we mean the theory of upper and lower fuzzy rough
approximation operators. In this paper, basing on the concept of an LM -valued
set, we introduce a certain many-valued generalization of this theory. It is done
in Section 4 consisting of three subsection: Subsection 4.1 where we define and
study upper L™ -rough approximation operators induced by L*-valued equalities,
Subsection 4.2 dealing with lower L™-rough approximation operators induced by
LM _valued equalities, and Subsection 4.3 where some additional properties of these
operators, in particular their mutual interrelations, are considered.

Topological properties of upper and lower Pawlak’s rough approximation oper-
ators where first noticed in 1988 by A.Skowron [39] and A. Wiweger [47]. J. Korte-
lainen [26] was probably the first one to discover deep connections between fuzzy
upper and lower fuzzy rough approximation operators on one side and (Alexan-
droff) fuzzy topologies on the other. Later the link between fuzzy rough approx-
imation operators and topological L-fuzzy closure and L-fuzzy interior operators
was in the center of interest of different authors, see e.g. , [13], [18], [23], [30], [33],
[34], [44], [48].* Tn our paper, we use upper and lower L -approximation operators
in order to define M-graded L-fuzzy topologies, or M L-graded topologies for short
[6], on LM -valued sets. This is done in Section 5 under an additional assumption
that the lattice M is completely distributive.

2. Prerequisites: The context of the work

2.1. Lattices, iccl-monoids and residuated lattices. In this work the two
objects, lattices L and M, will play the fundamental role.

2.1.1. Lattices. By L=(L,<p,Ar,V5) we denote a complete lattice, that is a
lattice in which arbitrary suprema (joins) and infima (meets) exist. In particular,
the top 17, and the bottom 0y, elements in L exist and 0y, # 15,. A lattice (L, <,

iAlthough the authors of these papers speak about fuzzy topologies, in fact they are dealing
with fuzzy ditopologies [4], [5] since the families of fuzzy open and fuzzy closed sets obtained in
this way remain unrelated unless some additional assumptions are made, for example under the
assumption that the range L of fuzzy sets is an MV-algebra
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,AL, VL) is called infinitely distributive or a frame if A distributes over arbitrary
joins:
alg, (\/51) :\/'(Oé/\L,Bi) Va € L, V{ﬁZZGI}gL

In the sequel we usually omit the subscript L in notation of <, A,V when this
could not lead to misunderstanding.

2.1.2. iccl-monoids. Following e.g. [19, 20] by an integral commutative cl-monoid
(iccl-monoid for short) we call a tuple (L, <,A,V, ) where (L, <,A,V) is a com-
plete lattice and (L, *,1y) is a monoid such that:

(1cl) * is commutative: a* =« for all a, f € L;

(2cl) = is associative: (a* 8)xy=ax (Bx*~) for all o, 3,7 € L;

(3cl) * distributes over arbitrary joins: o x (V,c;8i) = Vies(o x B;) for all

acL, forall {8;|iel}CL,

(4cl) ax1p =aforall a € L.
It is known and easy to prove that « « 0y = 0p for every a € L and that x is
monotone:

a<f= axy< By

Note that an iccl-monoid can be characterized also as an integral commutative

quantale in the sense of K.I. Rosenthal [37].

2.1. Example. Among the most important examples of iccl-monois are the fol-
lowing three.
e Let L = [0,1] and * = A. In this case iccl-monoid (L, <,A,V,x*) just
reduces to the underlying lattice (L, <, A, V, A).
e Let L =10,1] and let a * 8 := - B be the product. Then we come to the
so called product t-norm.
e Let L = [0,1] and o * 8 = max(a + 8 — 1,0). Then * is the well-known
Fukasiewicz t-norm.
The monoidal operation * : [0,1] x [0,1] — [0, 1] in these cases is usually referred
to as a left semi-continuous ¢-norm, the term originating from the classic paper
by [29]. These and other ¢-norms were studied and used by many authors, see e.g.
fundamental monographs [38] and [25].

2.1.3. Residuated lattices. In an iccl-monoid a further binary operation —, resid-
uation, is defined:

aB=\{AeL|Axa<B}Va,B€ L
Residuation is connected with operation * by Galois connection, see [15]:
axf<y<=a<(8—).

An iccl-monoid (L, <, A, V, x) extended by +, that is the tuple (L, <, A, V, x, ),
is known also as a residuated lattice [31].

In the following proposition we collect well-known properties of the residium
which will be used in the main text:

2.2. Proposition. see e.g. [19], [20]
(1) (V, i) = =N\, (a; = B) forall {a; |i €1} C L, forall BeL;
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(2) a—= (N\; B:) = N\;(a ;) for all € L, for all {B; |i €I} CL,;
) Ip—~a=«foralacL;

(4) a— B =1y whenever a < f

(5) ax(a—p) < B forala,peL;

6) (a—B)*x(Br) <aw vy forala,B,yeL;

(7) a—= B< (axy— Bx) for all a, 3,7 € L.

(8) axf <aAp forany o, € L.

(10) (a*pB) =y =a— (B ) for any o, B,7 € L.

2.1.4. Lattice M. By M we denote a complete infinitely distributive lattice (M, <,
, A, Var), whose bottom and top elements are denoted by 0a7 and 1,7 respectively.
As different from the lattice L, we do not exclude here the trivial case, that is M
can be the one-element lattice ® and hence in this case 0py = 1;. Although in the
larger part of this work M can be an arbitrary infinitely distributive lattice, when
applying our results for constructing M-graded L-fuzzy ditopologies in Section 5,
we additionally assume that M is completely distributive. Actually we will use not
the original definition of complete distributivity, see e.g [15, Definition I-2-8], but
its characterization given by G.N. Raney [36]. Namely, given a complete lattice
M and 8, a € M following [36], see also [15, Excercise IV-3-31], we introduce the
so called "wedge below" relation <1 on M as follows:

B<a<:>(ingMandag\/KthenﬂveK,agw).

As shown by G.N. Raney [36], a lattice M is completely distributive if and only if
relation <1 has the approzimation property, that is

a:\/{BEM|B<1a}foreveryoz€M.

Moreover, relation < has the following nice properties (see [15, 36]) used in the
sequel:

(1) B < aimplies 3 < a;

(<12) v < B <a < implies v < 6;

(<1 3) B <« implies that there exists v € L such that 8 < v < «a.

2.2. Fuzzy sets. [49], [17] Recall that an L-fuzzy subset of a set X, where L is
a complete lattice, is a mapping A : X — L. Given a family {A; | ¢ € I} its union
V;A;i : X — L and intersection /\; A; : X — L are defined respectively by
(VoA -t (A4) 0 g Ao
2.3. L-relations, L-valued equalities and L-valued sets. $
Given sets X,Y and an iccl-monoid L, by an L-relation between X and Y we

call a mapping R: X xY — L. Incase X =Y, an L-relation £': X x X — L is
called an L-valued equality if it is

(1) reflexive, that is E(z,z) = 11, for every z € X;

(2) symmetric, that is E(z,y) = E(y,z) for all 2,y € X;

(3) tramsitive, that is E(z,y) * E(y,2) < E(z, 2) for all z,y,z € X.

$The concepts called here an L-relation and L-valued equivalence under different names and
with different degrees of generality appear in many papers, see e.g. [46], [50], [1], [2], etc.
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A pair (X, E), where £ : X x X — L is an L-valued equality on X, is called an
L-valued, or a many-valued, set.

When dealing with fuzzy subsets of L-valued sets, the property of extensionality
plays an important role. This property was considered by many authors, see e.g.
U. Hohle [19], [20], F. Klawon [24], etc:

A fuzzy set A in an L-valued set (X, F) is called extensional if

A(z) * E(z,2") < A(2') Vo, 2’ € X.

The smallest extensional fuzzy set A in (X, E) that is larger than or equal to A
(AL fl) is called the extensional hull of A. Explicitly the extensional hull of A
can be defined by
A@)="\/ (E(z,2") x A(z")),
r’'eX

see e.g. [19], [20], [24].

In particular, identifying an element xo with the characteristic function (..}
of the one-element set {z(}, we get the extensional hull of the point zg called a
fuzzy singleton:

Xzo = E(x0, ).

3. LM_valued equalities and LM-valued sets

3.1. LM-fuzzy sets. Let, as it was assumed, L = (L,<p,Ar,Vr,*) be an iccl-
monoid and M = (M, <us, Aa, Var) be a complete infinitely distributive lattice.
Then the powerset LM = {¢ | ¢ : M — L} becomes an iccl-monoid by point-wise
extension of operations <r,Ar,Vr,* from L to LM:

(e A)(a) = pla) Ap(a); (p Vi) (a) = p(a) Vi (a); (g p)(a) = p(a) « P(a)

for all p,v € L™ and every o € M.

Applying the standard definition of a fuzzy set to this situation, we say that
an LM-fuzzy subset A of a set X is just a mapping A : X — LM. However,
the special form of the range set L™ allows to interpret A either as a mapping
assigning to each x € X the mapping A(z) = ¢, : M — L, or as an L-fuzzy
subset A € LX*M of X x M, that is as a mapping A : X x M — L assigning to
a pair (z,a) € X x M the element A(z,a) = A(z)(«) € L. This interpretation of
an LM-fuzzy set A allows to represent it as the family {A% : o € M} of L-fuzzy
subsets A% € LX of X ordered by the elements of M, where the L-fuzzy sets A*
are defined by A% (z) = A(z, «).

3.2. LM._valued equalities: Definitions and basic properties. Adjusting
the defintion of an L-valued relation (see Definition 2.3) to our situation we get
the following;:

3.1. Definition. Given a set X, an L™ -valued equality on it is a mapping E :
X x X — L™ such that

(1ELM) E(z,z)(a) = 1y, for every z € X and every a € M;

(2ELM) E(z,y)(a) = E(y,z)(a) for all z,y € X and every a € M;

(BELM) E(z,y)(a)* E(y, 2)(a) < E(z,2)(a) for all z,y,2 € X, a € M.

L e
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(4ELM) E(z,y)(:) is not-increasing, that is
a<pf = E(z,y)(a) > E(z,y)(8) for all z,y € X, o, € M.

Sometimes we will speak about some special properties of an L™-valued rela-
tions collected in the next definition:

3.2. Definition. An LM-valued equality E will be called upper semi-continuous
if

(5ELM) E(z,y) (V,e1 ) = Nies E(@,y) (o) for all 2,y € X, {o; | i € I} C M.
An LM-valued equality E will be called lower semi-continuous if

(6ELM) E(z,y) (N;jer ) = Vies E(@,y) (o) for all 2,y € X, {o; | i € I} C M.
An LM-valued equality satisfying both properties (5ELM) and (6ELM) is called
continuous.
An LM valued equality E will be called global if it satisfies properties (7EL) and
(8EL™M) below:

(TELM) E(z,y)(0p) = 11 for all z,y € X,

(8ELM)

E(z,y)(1m) = { 0, otherwise.

Note that each one of the properties (5ELM) and (6 ELM) implies the property
(4ELM).
3.3. Remark. Sometimes we interpret an L™-equality £ : X x X — LM as a
mapping £ : X x X x M — L defined by E(z,y,a) = E(z,y)(a) satisfying corre-
sponding analogues of conditions (1ELM) - (8ELM) reformulated in an obvious
way. In what follows we will use both entries E(z,y)(e) and E(z,y, ) and inter-
pret E as a mapping F : X x X — L™ and as a mapping F: X x X x M — L,
when it is more convenient. Besides we usually write just E instead of E when it
cannot lead to misunderstanding.

The proof of the following proposition is straightforward:

3.4. Proposition. A mapping E: X x X x M — L is an L™ -valued equality on
a set X if and only if for every a € M the restriction E* of E to X x X x {«a} is
an L-valued equality on X and o < B = E® > EB. Thus an L™ - valued equality
on a set X can be represented as a non-increasing family of L-valued equalities on
this set ordered by the elements of the lattice M.

3.5. Example. Let (X, E) be an L-valued set and M be an arbitrary complete
lattice. Then setting E(x,y, a) = E(z,y) for every a € M we obtain a continuous
LM _valued equality E : X x X x M — L. In this way the L-valued set (X, E) can
be identified with the L™-valued set (X, E) In particular, in the role of M, one
can take here the one-element lattice M = e.

3.6. Definition. An LM-fuzzy set B is called extensional, if B(z, o) E(r,z'a) <
B(a2',a) for every z,2’ € X and for every o € M. By the L™-etensioanal hull of
an L-fuzzy set A € L we call the smallest extensional LM -fuzzy set B € (LM)X
which is larger than or equal to A, that is A(x) < B(z,«) for all x € X and for
all « € M.
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From the definitions one can straightforward get the following

3.7. Proposition. An LM -fuzzy set B is extensional if and only for each oo € M

the L-fuzzy set B* is extensional. Specifically, an L™ -fuzzy set B is the extensional
hull of the LM -fuzzy set A if an only for each a € M B® is the extensional hull
of A“,

4. LM_rough approximation operators on an L"-valued set

4.1. Upper LM-rough approximation operator on an L"-valued set. Let
E: X x X — LM be an LM-valued equality on a set X. Given an L-fuzzy set
A € LX we define an LM -fuzzy set up(A) € (LM)X as follows:

up(A)(z)() =\ ,_ (B(z,2")(a) * A@z")).

In such a way we obtaine an operator ug : LX —= (LM)X that, in an obvious
way, can be interpreted also as an operator up : LX — LMxX

4.1. Definition. Let (X, F) be an LM -valued set We call operator ug : LX —
(LM)YX the upper LM -fuzzy rough approximation operator induced on the LM-
valued set (X, E).

Such operator can be represented as a family of L-fuzzy rough approximation
operators {u% : LX — LX : o € M} defined by

u®(A)(x) = u(A)(z)(a) VA € LY, Vr € X.
This family is ordered by elements of the lattice M in such a way that
a < B = uk(A) > ub(A) VA e LK,

see Proposition 4.2 (5u).
We define the reduced composition up ® ug : LX — (LM)% for operator up by
setting

(up © up) (A)(@)(0) = up(up(A)(@)(@)(2)(a) VA € L¥, Va € X.

The most important properties of operator ug are collected in the following
proposition:

4.2. Proposition. Let (X, E) be an L™ -valued set and ug : LX — (L)X be the
induced upper LM -fuzzy rough approximation operator. Then ug : L — (LM)X
has the following properties:
(1u) ug(0x)(x,0p) = 0f for all x € X;
(2u) up(A)(z,a) > A(x) for every x € X, o € M.
(Bu) ug(V, A) V,;up(A;) V{A4; | i€ I} C L* in particular
( ) uE(A1 V AQ) = uE(Al) V U(AQ)VAl, A € LX
(4u) (up © up)(A) = up(A) VA € LX;
(5u) o < A= up(A)(,0) > up(A)(x,6) Vo € X;
(6u) If E is upper semicontinuous, then up(A)(z, \, i) =\, up(4)(z,a;) for
every set {a; |i € I} C M;
(Tu) If E is global, then up(A)(x,00) =V, cx A(2')
and ug(A)(x, 1) = A(z).
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Proof Statement (lu) is obvious. Statement (2u) follows easily taking into
account reflexivity of the LM -relation E.
We prove property (3u) as follows:

uE(\/ A)(x)(a) = \/m (,2,0") \/ Ai( \/xl(\/iE(xw’,a)*Ai(x’)) =
V V(B a )« Aa)) =/ (up(A)(@,0)) = (V (us(4)) (2, 0).

To prove property (4u) we fix « € M and € X and taking into account
transitivity of the LM-relation we have:

(up ® up)(A)(@)(a) = up(uf(A)(2) = \/ _(uf(4)(@) « B (z,a")) =

\/r”\/r’ ")« E*(x,2’) « E“(2',2")) <\/ A"y« E*(z,2") =
up(A)(2) = up(A)(z)(a)

Since the converse inequality follows from (2u), we get property (4u).

Property (5u) is clear from the definitions taking into account that the L-
valued equality E is non-increasing.

We prove property (6u) as follows. Let {a; | i € I} C M and let o = A
Then for every x € X we have:

up(A)(w,a) = up(4) (v, A\ i) =\ (V,_, (Bl 00) « A(a')) =
\/Zel\/ (2,2, ;) * A(2))) = \/ieIuE(A)(x,ai).

In case FE is global, we prove property (7u) as follows:
up(A)(@,00) = \/(B(x,2',00) x A(2")) = \/ (1 * Az \/A and

z’ x’

up(A)(@, 1) = \/ Bz, 2', 1ar) * A(x) = A(a).

x!

ier @

O

4.3. Corollary. L-fuzzy set up(A) € (LM)X is the L™ -extensional hull of the
L-fuzzy set A € LX,

The proof is straightforward from the definitions and taking into account prop-
erty (2u) in Proposition 4.2.

4.2. Lower LM-rough approximation operator on an L"-valued set. Let
E: X x X — LM be an LM-valued equality on a set X. Given an L-fuzzy set
A € LX we define the LM-fuzzy set Ip(A) € (LM)X as follows:

lp(A)@)(@) = \_,_, (Blz,2")(a) = A@")).

In such a way we obtain an operator Ig : LX — (LM)X. In an obvious way it can
be interpreted also as an operator lg : LX — LM*X

4.4. Definition. Let (X, E) be an LM-valued set. We call Ig : L* — (LM)X
by the lower LM -fuzzy rough approximation operator induced by the LM -valued
equality F.
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Such operator can be represented as a family of lower L-fuzzy rough approxi-
mation operators {I% : LX — LX : « € M} defined by
1(A)(z) = 1(A)(x) VA € L¥, Vz € X.
This family is ordered by elements of the lattice M in such a way that
a<B=I5(A) <Ij(A) VA e L¥,

see Proposition 4.5 (51).
We define the reduced composition lg ® I : LX — (L™)X for operator Ig by
setting

(15 © 1) (A) (@) (@) = Le(lp(A) (2) (@) (x)(a) VA € LX, ¥z € X.

The most important properties of this operator are collected in the following
proposition:
4.5. Proposition. Let (X, E) be an L™ -valued set.
D) lg(lx)(z,a) =1 Ya € M, Vz € X;
) A(z) > lg(A)(z,a) VA € LY, Ya € M;
) le(N\; Ai) = N\, le(A;) Y{A; | i€ I} C LY in particular
) lE(Al A Az) = ZE(Al) A u(Ag)VAl,AQ S LX;
) (g ©lp)(A)(x)(a) = lp(A)(x)(@);
) If E is non-increasing, then a < g = lp(A)(z,a) <Ig(A)(x, 5);
) If E is upper semicontinuous, then lg(A)(z,V, a;) = N\, Ig(4)(z, );
) If E is global, then lp(A)(x,00) = A, A(2') and Ig(A)(x, 1a) = A(z).

Proof Statement (1l) is obvious. Statement (2[) follows easily taking into
account reflexivity of the LM-equivalence E. We prove property (31) as follows:

ZE(/\iAi)(:ma) = /\x/ (E(x,x',a) — /\zAz( ) /\x//\ (z,2', ) — Ai(2))) =
/\ /\ E(z,2,a) — Ai(z)) = /\ilE(A

To prove property (41) we take into account transitivity of the L-valued equality
E® and are reasoning as follows:

(15 © 15)(A)(@)(0) = HIHAN@) = A (B (@,2') = 13(A) (")) =
N (B @,a') = \ (B a) ~ A@")) =
AL, (B2 @,a) 5 B, a") o A)) >

A\, (B (@, 2") = Aa")) = 13(A)() = Lp(4)(#)(@).

Since the converse inequality follows from (21), we get property (41).

Property (51) is clear from the definitions taking into account that the L™-
valued equality E is non-increasing.

We prove property (61) as follows. Let z € X and {o; : ¢ € I} C M. Then

e 0 A (i ) -
/\ (/\Exac a;) — Az ) /\x//\ (z,2', ;) = A(2))) =



24

/\/\z/ (z,2', a;) /\lE (z, ;).

To prove property (71) we notice that in case of the global L -valued equality
we have

I(A)(x,05) = /\(E(:r 2, 0n) = A(2)) =

/\(1L»—>A _1»—>/\A /\A(m’
' x’
lp(A)(z, 1) = /\(E(x,x ) = A(2) = BE(x,x, 1) — A(z)) = A(x).
-

4.3. Additional properties of the L™-rough approximation operators.
In this section first of all, we are interested in the interchange properties of the
upper and lower rough approximation operators ug : L*X — (L)X and Ip :
LY — (LM)X. Since we need to deal with combination of operators ug and Ig,
we have to specify how to "compose" them. We define the operation of reduced
composition ug ® IgX — (LM)X and Ip ®©ug™ — (L)X in the same manner as
it was done in the previous two subsections:

(up © 1)(A)(@) (@) = up(lp(A)(@)(@)(@)(a) YA € LX, Vo € X;
(15 © up)(A)(@)(@) = lp(up(A)(@)(@)(@)(a) VA € LX, Va € X.

4.6. Proposition. Given an L™ -valued set (X, E) we have ug ® lp = g, or,
explicitely,

up(lp(A)(x)(a))(z,a) =lp(A)(x,a) for any x € X and any o € M.

Proof From the definition of the operators ug,lg : L* — (LM)X and oper-
ation © we have:

(up ® lp)(A)(z
\/yEX (E(x, v, ) * /\zex (E(z,y, @) = A(Z))) <

V. (Bly,0) o Bly, 2 0) o A(2)) <
A\ Ly (B@y,0) = By, 2,00) = A(2)) <

A (B 2,0) = A()) = s(A) () 0).

The first two inequalities in the above series are obvious; The third and the fourth
inequalities in the above series are ensured by the easily established inequalities

% (b= c¢) < (a*xbw c) and \/;(a; — b) < (A, a; — b) which hold in every iccl-
monoid; the last inequality follows from the definition of an L-valued equality: the
condition E(x,y,a) < E(x,z,a)* E(z,y, o) implies that E(x, z,a) < E(z,y,a) —
E(y,z,a),Vy € X.
Thus we have (ug ©1g)(4)(z)(a) < lg(A)(z)(a). We complete the proof noticing
that the inequality {g(A)(x)(a) < (ug ©lg)(A)(x)(«) is obvious. O
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4.7. Remark. In case M is the one-element lattice, the corresponding result is
contained in [14] In particular, in the special case when L = [0,1] is viewed as
a Godel algebra, that is x = A is the minimum t-norm and M is the one point
lattice, the statement of the above theorem is contained in Proposition 9 in [35].

4.8. Proposition. For every L-fuzzy set A in an L™ -valued set (X, E) its lower
LM _rough approzimation l(A) is an extensional fuzzy set.

Proof From Proposition 4.6 we know that up ® lgp = lg, that is for every
a € M and for every A € L¥ the equality u%(I%(A)) = I%(A) holds. Now from
Proposition 3.7 it follows that {%(A) is extensional for every o € M. Finally,
applying Proposition 4.3 we conclude that [z (A) is extensional. O

4.9. Definition. Let (X,E) be an LM-valued set (X,FE) and A € LX be its
L-fuzzy subset. By the extensional kernel of A in (X, FE) we call the smallest
extensional LM -fuzzy set A° € (LM)X which is smaller than or equal to A.

From the definitions one can easily prove

4.10. Proposition. A° € (LM)X s the extensional kernel of A € LX if and
only if for each o € L the L-fuzzy set (A°)® is the extensional kernel of A in the
L-valued set (X, E®).

4.11. Proposition. Let A be an L-fuzzy subset of an L™ -valued set (X, E) and
let A° be its kernel. Then A° <Ip(A)

Proof Referring to Proposition 3.7 we conclude that for every a € M L-fuzzy
set A%< is extensional in (X, E). Therefore we have

(A% (z) * B (x,2") < (A%)*(2)) for every z,2’ € X,
and hence
(AN (z) < EY(z,2") — (A°)*(2') < B*(x,2") — A(z'), Vo,2’ € X.
It follows from here that
(A (@) < N, (B(.2') o A@) = 1 (A)(), Var € X,
that is (A%)> <1%(A).

Referring to Proposition 3.7 again we conclude that A° < Ip(A) O
From Propositions 4.6 and 4.11 we get the following important result:

4.12. Theorem. For every L-fuzzy set A in an L™ -valued set (X, E) the lower
fuzzy rough approximation operator I assigns to A its kernel A°: That islp(A) =
AC,

From this theorem we get
4.13. Corollary. The equality l[p ©® ugp = ug holds. Fxplicetely
(ls © ug)(A)(@) (@) = up(A)(@)(a)
for every L-fuzzy set A in an L™ -valued set (X, E).
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4.14. Remark. Let L = {0,1} =: 2, M = e be the one-element lattice and
let £: X x X — {0,1} be an equivalence relation. Obviously, in this case E is
actually the crisp equivalence relation on X. Then the images of a set A € 2%
under operators ug : 2% — 2 and lp : 2%¥ — 2 make the pair (ug(A),lg(A))
which is actually Pawlak’s originally defined rough set (AY, A%) determined by
the set A. Indeed, notice first that ug(A) in this case is just the set of all elements
x € A whose classes [z]g of E-equivalence have non-empty intersections with A:
[z]g N A # ), and hence ug(A) = AY. On the other hand, Ig(A) is the set of all
elements x € A, whose classes of equivalence [z]g are contained in A: [z]g C A,
and hence Ip(A) = A%,

5. ML-graded ditopology induced by an L"-valued equality

In this section we apply upper and lower L -rough approximation operators
induced by an LM -valued equality on a set X in order to present a construction of
an M L-graded ditopology on this set. However first we have to make comments
on the terminology used here.

Generalizing the concept of an L-fuzzy topology in the sense of Chang-Goguen
(see [7], [17] [16]), T. Kubiak [27] and A.Sostak [40] independently introduced
an alternative, in a certain sense more consequent, concept of a fuzzy topology.
According to this definition the topology itself is an L-fuzzy subset (and not a
crisp one as it is in the case of Chang-Goguen’s definition) of the family of L-fuzzy
subsets of the ground set X, see Subsection 5.1 To distinguish such approach from
the one in the sense of Chang-Goguen, we call it here a graded topology.Y In order
to specify the role of the iccl-monoid L and the lattice M in this case, we use
a more precise term an M -graded L-fuzzy topology or an M L-graded topology for
short.

In classical topology, as well as, to a large extent, in fuzzy topology, the notion
of an open set is usually taken as the primitive and that of a closed set being an
auxiliary one, since closed sets are easily obtained from open by taking comple-
ments. However in some cases it is reasonable to consider open and closed sets as
independent notions. This is especially crucial when dealing with L-fuzzy topolo-
gies in case when the lattice L is not equipped with an order reversing involution.
To handle with such and analogous more general problems, L.M. Brown with co-
aurthors has developed the theory of a dichotomous topology, or just ditopology in
short [3], [4], [5], etc. Developing the idea of a ditopology, we have introduced and
studied the graded version of a ditopology in [6]. In the context of this work the
term M L-ditopology on a set means just a pair of mutually independent mappings
T: LX — (LM)X and K : LX — (LM)X satisfying certain topological axioms, see
Subsections 5.1, 5.2 for the precise definitions. It is the aim of this section to elab-
orate a construction of M L-ditopologies induced on L™ -valued sets by LM -valued
equalities.

5.1. ML-graded topology on an L -valued set. Let (X, E) be an LM -valued
set and let Ip : LX — (LM)X be the lower LM-rough approximation operator
induced on this set. Further, let as before, its a-levels [% : L* — L% be defined

YThis term was already used by some authors, [8], [9].
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by I%(A)(z) = lg(A)(x, «). Then the properties (11) — (41) of I related to % can
be reformulated as follows:
(1) 12(1x) = 113
(20%) A>1%(A) VA € LK;
(31%) 1%(A; 4i) = N\, Le(4:) Y{A; | i € I} C LY in particular
(3710‘) laE(Al A AQ) = l%(Al) AN ’LL(AQ)VAhAg e LX.
(41°) 18(13(4)) = 13(4) VA € LX:
However, this means that [% : LX — L can be interpreted as an L-fuzzy interior
operator on the set X. (This fact is well-known, see, e.g. [28], [41], [42]). Hence
by setting T, = {A € LX : [%(A) = A}, we obtain the L-fuzzy topology corre-
sponding to this L-fuzzy interior operator. Moreover, the property (30) allows to
conclude that it is actually an Alexandroff L-fuzzy topology (see e.g. [26], [10]),
that is the intersection axiom holds also for infinite families. Thus for each « the
family T, satisfies the following axioms of an Alexandroff L-fuzzy topology:
(1) 1x € Toc;
(2) {Ai:iel} CT, = N\, 4 €Ty
3) {Ai:icl} CT, =V, A €T,
Taking such L-fuzzy topologies for all & € M, we obtain the family {7, : « € M }.
Besides, since % < l% whenever o < 3, we conclude that

OJSB — TQDTB,

that is the family {7, : & € M} is non-increasing. We use this family of L-fuzzy
topologies to define an (Alexandroff) M L-graded topology T on the set X, by
setting

TA) =\{ae M:AeT,}

5.1. Theorem. If M is completely distributive, then T is an M-graded L-fuzzy
topology on the LM -valued set (X, E), that is T: LX — M satisfies the following
azrioms:

(1) T(Ax) = 1ar;

(2) T(A\; Ai) > N\, T(A;) for every family {A; :i € I} C L;

(3) T(V, Ai) > N\, T(A;) for every family {A; :i € I} C LX;

Proof The first property is obvious, since 1x € T, for all a € M.

To prove the second property, take any family {A; : i € I} C LX and assume
that A, T(A;) = a. In case a = 0ps the inequality is obvious, therefore we assume
that o > 0j7. Take any § < « where < is the way below relation on the completely
distributive lattice M. From the definition of T it is clear that A; € T for every
i € I and hence, recalling that T is an Alexandroff L-fuzzy topology, we conclude
that also /\; A; € T. Therefore T(/\; A;) > /3. Since this is true for any § < « and
lattice M is completely distributive, we conclude that T(A; 4;) > a = A, T(4;).

The proof of the third property is similar and we omit it.

5.2. Graded co-topology of an LM -valued set. Let (X, E) be an L™ -valued
set and let ug : LX — (LM)X be the upper rough approximation operator induced
by the LM -valued equality E on the set X. Further, as before, let its a-levels u :
LX — LX be defined by u%(A)(z) = ug(A)(z,«). Then properties (1u) — (4u) of
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the upper LM -rough approximation operator up related to u$ can be reformulated
as follows:

(1u®) a(l ) =1z

(2u”) A < wup(A ) VAeL

(Bu®) u®(V,; 4) =V,le ( )V{A | i € I} C L in particular
(3'u®) u%(Ar A Az) = uf (A1) Au(Al)VA;, As € LX.

(4u®) u(ug(A)) = u%(A) VA € LY

However, this means that u% : LX x LX can be interpreted as an L-fuzzy closure
operator on the set X (This fact is well-known, see, e.g. [28], [41], [42]). Hence
by setting K, = {A € L* : u%(A) = A}, we obtain the L-fuzzy co-topology
corresponding to this L-fuzzy closure operator. Moreover, the property (3u) allows
to conclude that it is actually an Alexandroff L-fuzzy co-topology [10]: this means
that the union axiom holds also for infinite families. Thus, for each « the family
K, satisfies the following axioms of an Alexandtoff L-fuzzy co-topology:

(1) lXEKa;
(2) {Airiel} CK,= VA € K;
(3) {Ai:iGI}QKa:/\iAiEKa

Taking such L-fuzzy co-topologies for all & € M, we obtain the family {K,
M}. Besides, since up > u% whenever o < 8, we conclude that

a<fB = K,DKg,

that is the family {K, : « € M} is non-increasing. We use this family of L-fuzzy
co-topologies to define an (Alexandroff) L-fuzzy co-topology X on the set X, by
setting

=\{aeM:Ac K.}

5.2. Theorem. If M is completely distributive, then X is an M -graded L-fuzzy co-
topology on the LM -valued set (X, E). This means that the mapping X : LX — M
satisfies the following axioms:

(1) X(1x) =1
(2) K(V; Ai) > N\, K(A;) for every family {A; :i € I} C L™,
(3) K(A; 4i) > N\, K(A;) for every family {A; :i € I} C L¥;

Proof The first property is obvious, since 1x € K, for all « € M.

To prove the second property, take any family {A; : i € I} C LX and assume
that A, K(A4;) = a. In case a = 0y the inequality is obvious, therefore we
assume that o > 0ps. Take any 8 < a where < is the wedge-below relation in
the completely distributive lattice. Then from the definition of X it is clear that
A; € Kg for every i € I, and hence, recalling that K is an Alexandroff L-fuzzy
co-topology, we conclude that also \/, A; € K. Therefore X(\/, A;) > 3. Since
this is true for any 8 < « and lattice M is completely distributive, we conclude
that K(V/, 4i) > a = A, K(4).

The proof of the third property is similar and we omit it.
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6. Construction of an L"-valued equality from a pseudo-metric

In this section we construct an L -valued equality E, from an ordinary pseudo-
metric p on a set X. We think that this construction presents an important source
for creation of many examples of LM -valued sets with prescribed properties.

Let L = M = [0, 1] be the unit intervals viewed as lattices and let * : Lx L — L
be a continuous ¢t-norm. Further, let X be a set and p : X x X — [0, 1] be a pseudo-
metric on this set. We define a mapping E, : X x X x [0,1] — [0, 1] by setting

Ep(xay)(a) = ]_ lf o = ]- and P(%y) = O

It is easy to see that the mapping F(z,y)(-) : [0,1] — [0, 1] is continuous for any
x,y € [0,1]. Indeed, the statement is obvious if p(x,y) # 0 or « # 1, otherwise
limg 1 E(z,y)(a) = lima—1 #ﬁ(%y) =1

6.1. Proposition. For every pseudo-metric p : X x X — [0,1] the mapping
E, : X x X x [0,1] — [0,1] satisfies conditions (1ELM), (2ELM), (4ELM),
(bELM), (6ELM), (TELM) and (8ELM). The mapping E, : X x X x [0,1] —
[0,1] satisfies condition (SELM ) in cases of the product t-morm * = - and of
the Lukasiewicz t-norm x = xp. If p is an ultra pseudo-metric, then mapping
E,: X x X x [0,1] = [0,1] satisfies condition (3EL™ ) in case of the minimum
t-norm x* = A.
The validity of conditions (1ELM) and (2EL™) follows directly from the defi-
nition of the mapping £, : X x X x [0,1] — [0, 1].
To prove (3ELM) consider separately the cases of the three t-norms:
* = A Since in this case p is assumed to be an ultra pseudo-metric, we have
plx,y) < max{p(x, z),p(z,y)} for all z,y, z. Tt is straightforward to con-
clude from here that

l-—a 11—« l-—a
> A :
l—a+ap(@,y) ~ 1—a+ap(z,2) ! V1 —a+ap(z,y)
x = - The inequality
11—« 11—« 11—«

I—a+ap(z,y) ~ 1—atap(z,z) 1-a+ap(zy)
can be easily established taking into account the triangular property p(z,y) <
p(z,2z) + p(z,y) of the pseudo-metric p.
x = %, It is well known that x;, < - and hence this property follows from the
analogous property of the product ¢-norm establish above.
Property (4ELM) follows directly from the definition of the L™ valued equality
E,.
To prove Property (5ELM) let v = \/,, . a, for some a € [0,1] and {av, : €
N} C [0,1]. Without loss of generality we may assume that

n<n+1= a, <a,y for every n € N.
Then, referring to the continuity and already the established non-increaseness of

the mapping E,(z,y) : [0,1] — [0, 1] we have

Ep(xa y,a) = Ep(xvya nlggo an) = nlgrolo Ep(x’yvan) = neNEp(mvya an)'
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To prove Property (6ELM), let a = A, oy n for some oy, € [0,1]. Without
loss of generality we may assume that n < n+1 = «a, > a,41 for every n € N.
Then, referring to the continuity and already established non-increaseness of the
mapping E,(z,y) : [0,1] — [0,1] we have

By(z,y,0) = Ey(w,y, im o) = lim By(z,y,0m) = neNEp(Ly,an).

From the definition of E, it is clear that E,(x,y,0) =1 for every x,y € X and

Ep(xay)(lM) - { 0;, otherwise,

and hence (TELM) and (8ELM) hold. O

6.2. Corollary. In case x = - and * = 1, the mapping E, : X xX — [0,1] — [0,1]
is a global continuous L™ -equality for any pseudo-metric p : X x X — [0,1]. If
p is an ultra pseudo-metric, then E, is a global continuous LM _yalued equality in
case * = A.

6.3. Remark. It is well known that for every pseudo-metric d : X x X — (0, c0)
there exist fuzzy metrics p : X x X — [0, 1] equivalent to the given pseudo-metric d.
By saying equivalent we mean that d and p induce the same topology on the set X.

Therefore, if we start with an arbitrary pseudo-metric d : X x X — (0, 00), then we
d(z.y)
1+d(z,y)

as its counterpart. In this case LM-valued equality E, can be rewritten as
(1—a)(1 +d(z,y)
l—a+d(z,y

take the equivalent pseudo-metric p : X x X — [0, 1] defined by p(z,y) =

Ed(x7ya a) =

7. Conclusion

We have introduced the notions of an L™-valued equality and an L™-valued
set, which conceptionally generalize the concepts of an L-valued equality and an
L-valued set, well-known to people working in this field. We have studied the basic
properties of these concepts. An example of an LM-valued equality induced by a
bounded pseudometric was presented. We showed that L -equalities induce in a
natural way a certain kind of many-valued rough approximation operators; we call
them an upper and a lower LY -rough approximation operators. Finally we apply
these operators to construct an M L-graded ditopology on the LM -valued set.

We view this work as the first part of the reserach in this direction. Among
important, in our opinion, issues, which remained beyond the scope of this work,
we mention here the following;:

In this work we did not touch the question how special properties of LM-
equalities (upper and lower semicontinuity, etc.,) are reflected in the structure of
the constructed M L-graded topologies? Can we characterize the class of ditopolo-
gies which are induced by an L*-equality with a certain property? In particular,
how do the levels T, and X, of the M L-graded topology T and X are related to
the L-fuzzy topology T, and co-topology X, depending on the properties of the
LM_valued equality E ?

Having L™ -valued sets on one side and M L-graded ditopogical spaces on the
other it seems important to study their relations on the categorical level, that
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is when certain ordinary functions or fuzzy functions [11], [43], [24] are taken
as morphisms in the corresponding category. A similar question was studied for
ordinary L-valued sets in our paper [14].

Related to the previous question: what are the connections between the opera-
tions in the (prospective!) category of L™-valued sets (products, coproducts, etc)
and the corresponding operations in the category of LM -graded ditopologies?

References

(1]

U. Bodenhofer, Ordering of fuzzy sets based on fuzzy orderings. I: The basic approach,
Mathware Soft Comput. 15 (2008) 201-218.

U. Bodenhofer, Ordering of fuzzy sets based on fuzzy orderings. II: Generalizations, Math-
ware Soft Comput. 15 (2008) 219-249.

L.M. Brown, M. Diker, Ditopological texture spaces and intuitionistic sets Fuzzy Sets and
Syst. 98, (1998) 217-224.

L.M. Brown, R. Ertiirk, S. Dost, Ditopological texture spaces and fuzzy topology, I. Basic
concepts, Fuzzy Sets and Syst. 147, (2004) 171-199.

L.M. Brown, R. Ertiirk, S. Dost, Ditopological texture spaces and fuzzy topology, I1. Topo-
logical considerations, Fuzzy Sets and Syst. 147, (2004) 201-231. 1886-1912.

L.M. Brown, A. Sostak, Categories of fuzzy topologies in the context of graded ditopologies,
Iranian J. Of Fuzzy Systems, Systems 11, No. 6, (2014) pp. 1-20

C.L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24, 182-190 (1968)

K.C. Chattopadhyay, R.N. Nasra, S.K. Samanta, Gradation of openness: Fuzzy topology,
Fuzzy Sets and Syst. 48 (1992), 237-242.

K.C. Chattopadhyay, S.K. Samanta, Fuzzy closure operators, fuzzy compactness and fuzzy
connectedness, Fuzzy Sets and Syst. 54 (1992), 237-242.

P. Chen, D. Zhang, Alezandroff L-cotopological spaces, Fuzzy Sets and Systems 161 (2010)
2505 — 2525.

M. Demirci, Fuzzy functions and their fundamental properties, Fuzzy Sets Syst. 106 (1999},
239-246

D. Dubois, H. Prade,Rough fuzzy sets and fuzzy rough sets. Internat. J. General Syst. 17,
191-209 (1990)

A. Elkins, A. Sostak, On some categories of approzimate systems generated by L-relations.
In: 37¢ Rough Sets Theory Workshop, pp. 14-19 Milan, Italy (2011)

A. Elkins, A. Sostak, I. Uljane, On a category of extensional fuzzy rough approximation
L-valued spaces, In: Communication in Computer and Information Science, vol 611 (2016).
16", International Conference IPMU 2016, Eindhofen, The Netherlands, June 20-24, 2016,
Proceedings, Part 11, 36-47.

G. Gierz, K.H. Hoffman, K. Keimel, J.D. Lawson, M.W. Mislove, D.S. Scott, Continuous
Lattices and Domains, Cambridge University Press, Cambridge (2003)

J.A. Goguen, The fuzzy Tychonoff theorem, J. Math. Anal. Appl. 43, 734-742 (1973)

J.A. Goguen, L-fuzzy sets, J. Math. Anal. Appl., 18 (1967), 145-174.

J. Hao, Q. Li, The relation between L-fuzzy rough sets and L-topology, Fuzzy Sets and
Systems, 178 (2011)

U. Hohle, M-valued sets and sheaves over integral commutative cl-monoids Chapter 2 in
Applications of Category Theory to Fuzzy Sets, 1992, Kluwer Acad. Press, S.E. Rodabaugh,
E.P. Klement and U. H6hle eds, pp. 33-72.

U. Héhle Commutative, residuated [-monoids, in: S.E. Rodabaugh, E.P. Klement, U. Hohle
eds., Non-classical logics and their applications to Fuzzy Sets. Kluwer Acad. Publ. Dodrecht,
Boston 1995, pp. 53-106.

U. Hohle Many-valued equalities, singletons and fuzzy partitions Soft Computing 2 (1998),
134-140.

U. Hohle, Many Valued Topology and its Application Kluwer Acad. Publ. 2001, Boston,
Dodrecht, London.



32
23]
[24]

23]
[26]

[27]

[49]
[50]

J. Jarvinen, J. Kortelainen, A unified study between modal-like operators, topologies and
fuzzy sets, Fuzzy Sets and Systems 158 (2007) 1217-1225.

F. Klawonn, Fuzzy points, fuzzy relations and fuzzy functions, in: V. Novék, I. Perfilieva
(Eds.), Discovering the World with Fuzzy Logic, Springer, Berlin, 2000, pp. 431-453.

E.P. Klement, R. Mesiar, E. Pap, Triangular norms, Kluwer Acad. Publ., 2000.

J. Kortelainen, On relationship between modified sets, topological spaces and rough sets,
Fuzzy Sets and Systems 61 (1994) 91-95.

T. Kubiak, On fuzzy topologies, PhD Thesis, Adam Mickiewicz University Poznari, Poland
(1985)

Liu Yingming, Luo Maokang, Fuzzy Topology Advances in Fuzzy Systems - Applications
and Topology. World Scientif. Singapore, New Jersey, London, Hong Kong, 1997.

K. Menger, Probabilistic geometry, Proc. N.A.S. 27 (1951), 226-229.

J.S. Mi, B.Q. Hu Topological and lattice structure of L-fuzzy rough sets determined by upper
and lower sets, Information Sciences 218 (2013) 194-204.

W. Morgan, and R. P. Dilworth Residuated lattices Trans. Amer. Math. Soc. 45 (1939) 335-
354. Reprinted in K.Bogart, R. Freese, and J. Kung eds. The Dilworth Theorems: Selected
Papers of R.P. Dilworth Basel, 1990 Birkhauser.

Z. Pawlak, Rough sets , International J. of Computer and Information Sciences, 11 (1982)
341-356.

K. Qin, Z. Pei, On the topological properties of fuzzy rough sets, Fuzzy Sets and Systems
151 (2005) 601-613.

K. Qin, Z. Pei, Generalized rough sets based on reflexive and transitive relations, Information
Sciences 178 (2008) 4138—4141.

A.M. Radzikowska, E.E. Kerre, A comparative study of fuzzy rough sets. Fuzzy Sets and
Syst. 126, 137-155 (2002)

G.N. Raney, A subdirect-union representation for completely distibutive complete lattices,
Proc. Amer. Math. Soc. 4 (1953), 518-522.

K.I. Rosenthal Quantales and Their Applications, Pirman Research Notes in Mathematics
234. Longman Scientific & Technical (1990)

B. Schweizer, A. Sklar, Statisitcal metric spaces, Pacific J. Math. 10, 215-229.

A. Skowron, On the topology in information systems, Bull. Polon. Acad. Sci. Math. 36
(1988), 477-480.

A. Sostak, On a fuzzy topological structure, Suppl. Rend. Circ. Mat. Palermo Ser II 11
(1985), 89-103

A. Sostak, Two decades of fuzzy topology: Basic ideas, notions and results, Russian Math.
Surveys, 44 (1989), 125-186

A. Sostak, Basic structures of fuzzy topology, J. Math. Sci. 78 (1996), 662-701.

A. éostak, Fuzzy functions and an extension of the category L-TOP of Chang-Goguen L-
topological spaces, Proceedings of the 9t Prague Topological Symposium (2001), 271-294.
S.P. Tiwari, A.K. Srivastava, Fuzzy rough sets. fuzzy preoders and fuzzy topoloiges, Fuzzy
Sets and Syst., 210 (2013), 63-68.

1. Uljane, On the order type L-valued relations on L-powersets, Soft Computing 14 (2007),
183-199.

L. Valverde, On the structure of F-indistinguishibility operators, Fuzzy Sets and Syst. 17
(1985) 313-328.

A. Wiweger, On topological rough sets, Bull. Polon. Acad. Sci. Math. 37 (1988), 51-62.

H. Yu, W.R. Zhan, On the topological properties of generalized rough sets, Information
Sciences 263 (2014), 141-152.

L. Zadeh, Fuzzy sets, Information and Control (1965)

L. Zadeh Similarity relations and fuzzy orderings, Inf. Sci. 3 (1971) 177-200.



