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Some authors were concerned with studying of global existence of solutions for the hyper-
bolic nonlinear equations with a damping term. Our goal is to extend some results obtained
by the authors, by studying the system of semi-linear hyperbolic equations with fractional
damping term and fractional Laplacian .

Thanks to the test functions method, we prove the nonexistence of nontrivial global weak
solutions to the problem.

1. Introduction

in this paper we are concerned with the following Cauchy problem:

B
Uzt + (7A)71M+Dg|llu = f(tvx) |u|[7| ‘V‘ql ’ (tax) € (07+°°) X RN

B
Vi + (—A)Tzv—O—Dglztv =g(t,x)[ulP> v|%,  (t,x) € (0,+o0) x RN

subjected to the conditions
u(0,x) =up(x) >0,, u(0,x)=u;(x) >0,

v(0,x) =vo(x) >0,, v(0,x)=vi(x)>0,.

o

where p;1 > 0,0 >0,pp > 1,41 > 1,0< o < 1 < fB; <2,i= 1,2 are constants. Do/z

Bi . .
Caputo and (—A) 2 is the fractional power of the (—A).
The integral representation of the fractional Laplacian in the N-dimensional space is

(8P 2y(0) = —en(B) | W‘IZ7 Ve e RY,

where ey (B) = T((N+B)/2)/(2aN/2Br(1 — B/2)), and T denotes the gamma function ( see [16]).
Note that The fractional Laplacian (( —A)ﬁ / 2) with 1 < f8 <2 is a pseudo-differential operator defined by:

(—AP2u(x) = 77 ISP Z (w)(§)}(x) vxeRY,

(1.1

denotes the derivatives of order ; in the sense of

(1.2)
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where .% and .% ! are Fourier transform and inverse Fourier transform, respectively.
The functions f and g are non-negatives and assumed to satisty the conditions

Flt,x) > Cie x|, g(t,x) > Cot“2 |x|*2, where v; >0, 1; >0, i=1,2. (1.3)

The problem of global existence of solutions for nonlinear hyperbolic equations with a damping term have been studied by many researchers
in several contexts (see [4], [8], [9], [12], [18], [20] ), for example, the following Cauchy problem:

{ g —Aut = [ul”, (t,x) € (0,00) xRY (1.4)

u(0,x) = up(x), u(0,x) =u(x), xeRN,

Todorova-Yordanov [18] showed that, if p. < p <
then the solution u blows up in a finite time.
Fino-Ibrahim and Wehbe [4] generalized the results of Ogawa-Takeda [12] by proving the blow-up of solutions of (1.4) under weaker
assumptions on the initial data and they extended this results to the critical case p, = 1+ %

Qi. Zhang [20] studied the case 1 < p < 1+ %, when [u;(x)dx > 0,i =0, 1, he proved that global solution of (1.4) does not exist. Therefore,
he showed that p =1+ % belongs to the blow-up case.

A. Hakem [8] treated the same type of (1.4), then he extended this result to the case of a system :

then (1.4) admits a unique global solution, and they proved thatif 1 < p <1+ %

nl7

wy +—Au+ g, = v’ (t,x) € (0, +o0) x R
Vi —Av+ (v = u|?,  (1,x) € (0,+e0) x RN
u(0,x) = uo(x), ur(0,x)=u(x)
v(0,x) =vo(x), v(0,x) =v1(x),

(1.5)

g(t) and f(r) are functions behaving like 8 and 1%, respectively, where 0 < B, & < 1.

Hakem [8] showed that, if
N

7 < pql— l max [1-B+p(1—a),1—a+qg(1—B)] —max (a,B),

then the problem (1.5) has only the trivial solution.
By combining the works of the above authors with those of Kirane ez al.[10] and Escobido et al.[2], we were able to prove a nonexistence
result to (1.1) in the weak formulation.

2. Preliminaries

Let us start by introducing the definitions concerning fractional derivatives in the sense of Caputo and the weak local solution to problem

(1.1).

Definition 2.1. Let0 < a < 1and § "el! (0,T). The left-sided and respectively right-sided Caputo derivatives of order a. for { are defined
as:

a 1 t ()
D& = F(l—(x)/o a s

and

R0
DG (1) = m_a)/f ot

where T denotes the gamma function (see [13] p 79).

Definition 2.2. Let Q7 = (0, T) xRN 0<T < +oo.
We say that (u,v) € (L} (QT)) is a local weak solution to problem (1.1) on Qr,

if (fulP'vir guP2y?2) € (loc(QT)) and it satisfies
| rur vl G+ [ a6 00 dx+ [ @ 0.0d- / w0(0)G1,(0,)dx
Or . 2.1
—/ ué'l,,dxdl-i-/ uD Cldxdt—O—/ Cldxdl

and

[ sl v Gavars [ v &0x)dx+ [ n@E00d- / 0(2) G2 (0.3)
Or R R 2.2)
:/QT vgz,,dxdwr/ thj‘;gzdxdz+/ ngxdz

for all test function {; € C,%;(Z(QT) such as §j > 0 and §;(T,x) = §;,(T,x) = £;,(0,x) =0, j=1,2
(see [3] p 5501).



Universal Journal of Mathematics and Applications 173

Remark 2.3. 7o get the definition 2.2, we multiplying the first equation in (1.1) by {| and the second equation by §,, integrating by parts on
Or = (0,T) x RN and using the definition 2.1

The integrals in the above definition are supposed to be convergent.
If in the definition T = oo, the solution (u,v) is called global.
Now, we recall the following integration by parts formula:

[ o005 wwa = [ 080 0w
(see[17],p46).
3. Main results

We now in position to announce our result.
Theorem 3.1. Letp, > 1,q1 > 1,0< ;<1< f;<2,i=1,2, and

052 1 1 1 ]
0€1+f—(1—7> <M2 +V2) <M1 +V1)
o P2 p2q1/  pa N B P2q1 N B
&= o (053

a2t p
Bip>  Bap2di

and
o 1 1 1
B ) ) o)
B q1 P2q1 B> rqi\ B
. 0% o
Bq1  Bigip2

where pyp> = p2+ P2, 141 = q1+41 ,
and the conditions (1.3) are fulfilled.

If
N < max{</; A},
then the problem (1.1) admits no nontrivial global weak solutions.
Proof. We notice that, in all steps of proof , C > 0 is a real positive number which may change from line to line.

2 26;
t J
Set {j(t,x) =® (_._R/;) , j=1,2 such as @ is a decreasing function C3(R™), satisfies

1 if 0<r<1,

0§<I>§1and<1>(r):{0 PO
if r>2.

Where R >0, 6; = f31/oy and 6, = B,/ (see [10]).
Multiplying the first equation of (1.1) by {; and integrating by parts on
Or = (0,T) xRN, we get

J, S Gzt [ oG 0.0dx+ [ n (9005 / u0(1)01,(0.2)dx

3.1)
:/ uclt,dxdtf/ Dg‘lggl dxdt+/ Cl dxdt.
Or
o 12+ ]x) 8
It is clear that {j, (,x) = 2R 21® R , consequently ;. (0,x) = 0, thus
[ £l b Garar+ [ ao(gi00)dx+ [ ()61(0.0)d
Or RN RN
3.2)
:/ uclt,dxdtJr/ uD% & dxdt+/ % ¢ dxdr.
Or
Hence,
B
/ £lulPr [v|® & dxdt g/ ul |81 dxdt+/ |ul Df“}cl ’ dxdt+/ |u )(—A)TIC] ’ dxdt. (3.3)
Or Or Or Or

We have also

B
|, gl i Gadvar < [ vliGaglaxaet [ | o[ avart [ vl|(-8)% o] aar (G4)
Or Or
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To estimate
| Wl dxar
Or
we observe that it can be rewritten as

i -1
L, Vel s = [ Jul (41 )7 (5 1% )
T T

Using Holder’s inequality, we obtain

-1

1

P2 ” 1 P
| u|cl,,|dxdr§( / u!’%quzcz)dxdt) ( [ 16l (quzczwzldxdz) 4
JOr Or JOr

Proceeding as above, we have

1

2
V| axa < ( L, e e i @)dxdz)
T T

</ e

a1
P2

i
I72 1 ( |v|t]2 Cz)p27] dxd[> ,

and

1

el |)% ¢ ava s(/Q e i g)dxdr) §
; ( [

Pl
>

(-n%¢

. »
" (gvl ) dxdt)
Finally, we infer

1

2
[ pr i e < [l (gl &) axar | i,
Or Or
where

pr—1 pr—1

g P 1 P2 P2 I
%—(/Q Gl 2T (g1 )7 dxdt) +< ,, P \”“<g|v|qzcz>mldxdz>
T

+(/',

Arguing as above we have likewise

-1
P

()Cl

(gIVI"2 L) dxdl)

1

a
[ gumwzczdxdrg( [ vq‘<f|u|mcl>dxdz) 4.
JOr JOr

where

q1-1 q1-1

Jf/z:(/ Gl 5T (Flal? G 'd’“”> ql +</
“(f, ql

@
Using inequalities (3.5) and (3.6), it yield

5/]

t\TC ‘ (f lul?* &)t dxdt>

q1

l

52

(—A)2 5|

(P g ‘dxdt)

q1p-1

q172 4
(/ Flul? o ¢ dxdt> < A
Or

(3.5)

(3.6)

(3.7)
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similarly, we get

[ elu i G axar
Or

q1pp—1
qa1r2

Now, in 7] we consider the scale of variables:

o
t=1tR, x=yRM

while in %, we use:
@
t=1tR, x=yRF,

and use the fact that

€
< A (3.8)

M+1 _ . — o .
dxdt :R( b )dydT7 Gin =R 2Ci‘c1:7 Dg\'zCit =R a'DaerCirv

Bi Bi
(_A)Xz Ci :Riai(_A)yz Ch i= 1727
we arrive at

q1p2—!

0]

q1p2 €1
(/ FlulP v ¢y dxdt) gc[RY' +R? +R%] x [R’l' +RM +R’13] " (3.9)
or

similarly, we have

q1p2 1
(/ g lulP2 |v|®2 Czdxdt> gc[R’Ll +R7LZ+R’13} x [RY‘ +RY +R7’5] o (3.10)
Or
N —1 1
= () () 2 (2 )L
B P2 1 P2
No —1 o 1
where 7/2:(—14-1)(172 )—061—(“2 l—O—vz)—
Bi P2 Bi P2
Na —1 o 1
= () () (5 )L
N Bi Plz B | )
A= (ﬂﬂ)([“_ )—2— (wjtw)f
B2 q B2 q1
Nao -1 Q 1
and 12:(724-1)(([1 >—OC2—(M+V1)—
B2 q1 B2 q
No —1 Qo 1
b= () (1) - (2 )
2 1 2 1
we observe that 71 < 15 = 73 and A1 < A, = A3, hence
q1p2—1
</ FlufPt v & dxdz> Rt (3.11)
Or ! o _ .
and
a1
q1P2 N
</ glul?? | & dxdt) <crM* T (3.12)
Or
with the fact that
1 1 1 1
—+—=1land —+—=1 (3.13)

by a simple computation,

A [0/ o
il n( Oy e )
j22) Bip2  Bap2dn
and
)4 [82) (21
ot B (S Oy
q1 Bg1 - Big1p2

(061 +

o
((Xz +

o 1 1 1 o 1 [95)
)ttt () —— (gt )
P2/ P2 pgt p2N B i\ B

1) +— (u a2+v)+ ! (u a1+v)
— )t =+ —+— (it )+ — (2 +W
a’/ @ aqp2 qa\ B 291 1
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also, using (3.13) we have

1 1 1 1 1 1 1
LI S S EE W N D I
P2 D291 P2 P2q1 P2 q1 P2g1
and
1 1 1 1 1 1 1
T+7~:1_*+7~:1—*(1—T> =1-—
q1  q1p2 q1  q1p2 q1 P2 P29q1
we obtain
A a [0/ [0/ 1 1 a
ht 2Nt ) = (a2 )41 — (v
P2 Bip2  Bp2di P2 a1 p2\N B
and

12+E:N( 2 % >—<a2+ﬂ)+l—i+i(u1%+vl)

q1 Bg1  Big1p2 g g N B

We conclude that

A
« Ifp+ 22 <0, ityield
P2

(253 1 1 o 1 (05
o+ — - <1*7) **(Mz*Jer) *7(#1*+V1
N < P2 g/ pp\N B N B
a o, *
Bip>  Bap2di

1 [0%)
+— (H] a2t V1)
P2q1

1 (04}
+— (.Uz* + Vz)
a1\ B

Then the right hand side of (3.11) goes to 0, when R tends to infinity, while the left hand side converge to

q1pp—1

q1pP2
/meMmmm .
Or

This implies that v=0or u = 0.
Similarly, if A, + 2y , it yield
q1

[25] 1 1 05 1 o
ot (1 L)L ()L ()
g’ q B2 241 Bi

N < q1

(2%} (23]
B2g1  Big1p2

by using also (3.12) to proceeding as above, we obtain u =0 or v=0.

Ifyz—i-%zo,weget

A+WmeMmmm<+m
X

Using again Holder’s inequality, we obtain

1

. . 91
/ gum|v|‘f2f:zdxdr<< | <f|um§1>dxdr> 5,
Or Bg

where
Bp— {(t,x) ERT xRV R2 <2+ 2 < 2R2}.
Since,
/ FlulPt o] dxdr < 4o,
Rt xRN
we get

M1/memem:Q
R+ /By

hence, we infer that
/ g|ul?? |v|® dxdt = 0,
JR+ xRN

this implies that v=0or u =0.
Similarly, if A, + ZZ—] = 0, proceeding as above, we infer that u = 0 or v = 0.

We deduce that no global weak solution is possible other than the trivial one, which ends the proof.

Remark 3.2. Inthe case ;=1, Bi=2,vi=p; =0,p; =g =0,
i = 1,2, we recover the case who studied by A. Hakem (see [8]), when oo = 3 = 0.
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