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Available online: 30 September 2018 where ;D& and _.D{ are the Liouville-Weyl fractional derivatives of order % <a<l,Le
C(R,RM") is a symmetric matrix-valued function and W (¢,x) € C!(R x RV R). Applying
a Symmetric Mountain Pass Theorem, we prove the existence of infinitely many solutions
for (1) when L is not required to be either uniformly positive definite or coercive and W (7, x)
satisfies some weaker superquadratic conditions at infinity in the second variable but does
not satisfy the well-known Ambrosetti-Rabinowitz superquadratic growth condition.

1. Introduction.

Fractional differential equations both ordinary and partial ones have attracted extensive attentions because of their applications in mathematical
modeling of processes in physics, mechanics, control theory, viscoelasticity, electro chemistry, bioengineering, economics and others.
Therefore, the theory of fractional differential equations is an area intensively developed during the last decades [1], [11]. The monographs
[13], [17], [18] enclose a review of methods of solving fractional differential equations, which are an extension of procedures from differential
equations theory.

Recently, many results were obtained dealing with the existence and multiplicity of solutions of nonlinear fractional differential equations by
using techniques of Nonlinear Analysis, such as fixed point theory [5], [25], topological degree theory [6], [19], comparison methods [14],
[24], and so on.

It should be noted that critical point theory and variational methods serve as effective tools in the study of integer-order differential equations.
The underlying idea in this approach rest on finding critical points for suitable energy functional defined on an appropriate function space.
During the last three decades, the critical point theory has been developed into a wonderful tool for investigating the existence criteria for the
solutions of differential equations with variational structures, for example see [15], [19] and the references cited therein.

Motivated by the classical works in [15], [19], for the first time, the author [10] showed that critical point theory and variational methods are
an effective approach to tackle the existence of solutions for the following fractional boundary value problem

{ DY (D)t = VW (1,u(t)). 1 € [0,7]
u(0) = u(T),

where 1 J<a<1,WeCHR xRN R) with derivative VW (£,x) = %V)‘(/ (¢,x), and obtained the existence of at least one nontrivial solution.
Inspired by this work, Torres [20] considered the following fractional Hamiltonian system

th:( t) ( ) (t) = VW(I‘.,M(Z)), reR

. i)
FHT { MGH“(R, RM),

Email addresses: m_timoumi@yahoo.com (M. Timoumi)



Universal Journal of Mathematics and Applications 187

where % < a<1,W(t,x) is as above and L satisfies

(L) Le C(R,RNZ) is a positive definite symmetric matrix-valued function, and there exists an / € C(R,R* ) such that [(f) — +oo as
|f| —> oo and

L(t)xx > (1) |x]*, ¥(1,x) e R x RV,

Assuming that W € C! (R x RN R) satisfies the well-known Ambrosetti-Rabinowitz superquadratic condition (.27 %) and some other suitable
conditions, the author [20] showed that the fractional Hamiltonian system (.% .7.%) possesses at least one nontrivial solution using the
Mountain Pass Theorem. Since then, the existence and multiplicity of solutions of problem (% 7#.7) via critical point theory have been
investigated in many papers [3,4,7,8,16,20-23,25-28].

Recently, Méndez and Torres [16] proved the existence of multiple solutions for the fractional Hamiltonian system (% J#.%) when the
potential W satisfies some subquadratic conditions at infinity and the matrix-valued function L satisfies the following noncoercive conditions
(Ly) L(t) is a positive definite symmetric matrix for all # € R and there exists an / € C(R,R) such that

infl(¢) > 0 and L(t)x.x > 1(t) |x]*, V(t,x) e Rx RV,

teR

(Lp) There exists a constant ry > 0 such that

lim meas({t €]s—ro,s+ro[/L(t) <bly}) =0, Vb > 0,

Is|—eo

where meas denotes the Lebesgue’s measure on R. The above conditions on L guarantee the compactness of Sobolev embedding. Besides,
in all the above mentioned papers, the potential W is required to be subquadratic or to satisfy the Ambrosetti-Rabinowitz superquadratic
condition (/%) at infinity.

The aim of this paper is to study the existence of infinitely many solutions for (.#..), when the function L is unnecessarily positive
definite or coercive, and the potential W satisfies some superquadratic conditions at infinity, weaker than the (27 %)—condition. More
precisely, let W € C! (R x RY,R) be such that for all r > 0, VW is bounded in R x B,(0), we make the following hypotheses:

(L) The smallest eigenvalue of L(z) is bounded from below;

(Wr) W (t,0) =0 and VW (t,x) = o(|x|), as|x| —> O uniformly ont € R;

. W)
W, lim ——— = 4o, Vt € R,
( 2) It/ o>-too |X‘2

and
(W3) W(t,x) >0, Y(t,x) € R x RN with |x| > Ro;W (t,—x) = W (t,x), ¥(t,x) € R x RV;
(W) There exist g € L' (R) and constants bg, co > 0 and v €]0,2[ such that

. 1 g(t), vt €R, x| <Ry
w == x—W > ’
(t7X) 2VW(I7X) * (t7x) - { bo |X|V’ vt €R, |X| > Ro;

W (2,x)| < co|x|>7Y W(t,x), ¥(t,x) € R x RN with |x| > Ry:
(Ws) There exist constants i > 2 and pg > 0 such that
uW (1,x) < VW (1,x).x+po x|, V(t,x) € R x RV,

Our main results read as follows.

Theorem 1.1. Assume that (L), (Ly) and (Wy) — (Wy) are satisfied. Then (F 7€) possesses infinitely many nontrivial solutions.
Theorem 1.2. Assume that (L), (Ly), (W) — (W3) and (Ws) are satisfied. Then (F 5€.) possesses infinitely many nontrivial solutions.

Remark 1.3. 1. In our results, L(t) is unnecessarily required to be either uniformly positive definite or coercive. For example
L(t) = (t2sin*t — 1)1y, where Iy is the identity matrix, satisfies (L) and (Ly), but it does satisfy neither Theorem 1.1 nor Theorem 1.2.

2. Let W(t,x) = a(t) || ln(% + |x|), where a is a continuous bounded function with positive lower bound. Then an easy computation
shows that W satisfies the superquadratic conditions (W) — (Wy). However, W does not satisfy the (o/ #)—condition.

The remainder of this paper is organized as follows. In Section 2, some preliminary results are presented. Section 3 is devoted to the proofs
of our results.

2. Preliminaries

In this Section, for the reader’s convenience, first we will recall some facts about the fractional calculus on the whole real axis. On the other
hand, we will give some preliminaries lemmas for using in the sequel.
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2.1. Liouville-Weyl fractional calculus

The Liouville-Weyl fractional integrals of order 0 < & < 1 on the whole axis R are defined as (see [12], [13], [18])

—elu(t) = ﬁ/jm(t — )% u(x)dx,

and
1o
o) /t (1) L u(x)dx.

The Liouville-Weyl fractional derivatives of order O < ¢ < 1 on the whole axis R are defined as the left-inverse operators of the corresponding
Liouville-Weyl fractional integrals (see [12], [13], [18])

d
wD%u(t) = E(_wl,l—au)(m Q2.1
and
o d -«

The definitions of 2.1 and 3.2 may be written in an alternative form as follows

a 1 o u(t) —u(t—x
—==Dr u(t):l“(lfa)/o (t)xOH(I lax

and

o 1 < u(t) —u(t+x
(Dau(t) = F(l—a)/o ()XOH-(I )dx.

We establish the Fourier transform properties of the fractional integral and fractional differential operators. Recall that the Fourier transform
u of u is defined by

als) = L Z e u(1)dr.

Let u be defined on R. Then the Fourier transform of the Liouville-Weyl integrals and differential operators satisfies (see [12,13])

—

DZu(s) = (~is) “als).
Next, we present some properties for Liouville-Weyl fractional integrals and derivatives on the real axis, which were proved in [12].
Denote by LP(R,RY) (1 < p < ), the Banach spaces of functions on R with values in RY under the norms

s = ([ futo) ),
and L*(R,RY) the Banach space of essentially bounded functions from R into RY equipped with the norm
lul.o = esssup {|u(r)|/t € R}.
2.2. Fractional derivative spaces
In order to establish the variational structure which enables us to reduce the existence of solutions of (% .. to find critical points of the

corresponding functional, it is necessary to construct the appropriate functional spaces.
For o > 0, define the semi-norm

|l = [|—Dfull 2
and the norm

lullze_ = (llull 2 + e )2,
and let

o :WH"HIE‘W

where C7' (R, RY) denotes the space of infinitely differentiable functions from R into RY with vanishing property at infinity.
Now, we can define the fractional Sobolev space H%*(RR, RN ) in terms of the Fourier transform. Choose 0 < a < 1, define the semi-norm

el = [1sl* ]



Universal Journal of Mathematics and Applications

189

and the norm
241

llull g = (lluell 2 +ulg)?

and let
N o2 i e

H*R,RY) =C5(R,RN) .
Moreover, we note that a function u € L?(R,RY) belongs to I%_, if and only if

|s|%@ e L*(R,RN).
Especially, we have

ol = [lIs1 ]

Therefore, 1%, and H*(R,RY) are equivalent with equivalent semi-norms and norms. Analogous to /%, we introduce I&. Define the

semi-norm
|ulra = [|:D%ull 2
and the norm
2.4
llullze = (llull 2 + [ulz2)?,
and let
= -l
Ig = CO (RaRN) :

Then I%*_, and I are equivalent with equivalent semi-norms and norms.

Let C(R,RY) denotes the space of continuous functions from R into RY. Then we obtain the following Sobolev lemma.

Lemma 2.1. [[21], Theorem 2.1]. If ot > % then H*(R,RY) C C(R,RN), and there exists a constant C = Cy, such that

ulloe = sup|u(r)] < Cor lullg . Y € H*(R,RY).
teR

Remark 2.2. From Lemma 2.1, we know that if u € H*(R,RV) with } < a < 1, then u € L? (R,RN) for all p €]2, ], because

-2 2
[ 17 de < a2
In this section, we assume the L satisfies the following condition
(Lo)  L)xx>|x]*, V(r,x) e Rx R
and we introduce the following fractional space
X% = {u c H“(R,RN)// L(t)u(t)u()dt < oo} .
R
Then X% is a Hilbert space with the inner product
<y Sxa= /R Lo D2u(t)—oDOv(t) + L Yut) (1))t
and the corresponding norm
||MH§(¢1 =<u,u >xo .
It is easy to see that X is continuously embedded in H*(R,RY) and in L*(R,RN). In fact, for u € X%, we have
2 2 2 2 2 2
llullya = /R[I—wa‘u(l)l +L(1)u(r).u(t)ldt > /R[\—sz“u(t)\ u(0)["ldt = ||l e = [Jullz2 -
For p €]2,00[, we have by Remark 2.2
—2,112 -2
7, = /R lu()|” dt < [|ullZ= ullz2 < €& lull e -
Hence for all p € [1, 0], there exists a constant 17, > 0 such that

llellZy < mp llulle -

(2.3)

The main difficulty in dealing with the existence of infinitely many solutions for (% J#.7) is the lack of compactness of the Sobolev
embedding. To overcome this difficulty under the assumptions of Theorems 1.1 and 1.2, we employ the following compact embedding lemma.
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Lemma 2.3. [16] Assume (Lg) and (L) are satisfied. Then X% is compactly embedded in L*(R,RM).
Remark 2.4. From Remark 2.2 and Lemma 2.3, it is easy to verify that the embedding of X* in LP (R, RN) is also compact for p €]2,00].

To study the critical points of the variational functional associated with (% .#.%), we need to recall the Symmetric Mountain Pass Theorem
[19].

Definition 2.5. Let X be a Banach space with the norm ||.||, we say that ® € C'(X,R) satisfies the
a) (PS)¢-condition, ¢ € R, if any sequence (u,) C X satisfying

D(uy) — c and @' (uy) — 0 as n — o

possesses a convergent subsequence,
b) (C)c—condition, c € R, if any sequence (u,) C X satisfying

D (u,) — cand H¢>’(u,,)|| (I+jun]|) — 0asn —> o0

possesses a convergent subsequence.

Lemma 2.6. Let X be an infinite dimensional Banach space, X =Y & Z, where Y is finite dimensional space. Suppose that ® € C! (X,R)
satisfies the Palais-Smale condition and

(a) ®(0) =0, P(—u) =P(u), Vu € X;
(b) T hereexistconstantsp , ot > Osuchthat®|pp 7 > o;

(c) Forany finitedimensionalsubspaceE C X ,thereisR = R(E) > Osuchthat®(u) < OonE \ Bg,whereBg = {u € X/ ||u|| < R}.
Then ® possesses an unbounded sequence of critical values.

Remark 2.7. As shown in [2], a deformation lemma can be proved with (C).—condition replacing the (PS).—condition, and it turns out
that Lemma 2.3 still holds true with the (C).—condition instead of the (PS).—condition.
3. Proof of theorems

From (L), (W;) and (W,), we know that there exists a positive constant dg such that L(r) +2doly > Iy for all 1 € R. Let L(¢) = L(¢) + 2doln
and W (¢,x) = W (t,x) +do |x|*. Consider the following fractional Hamiltonian system

—_— (DE(—eD%u)(t) +L(t)u(t) = VW (t,u(t)), t € R
(FHS) { uc€ H*R, RV),

then (# 57.%) is equivalent to (.F .. Moreover, it is easy to check that the hypotheses (W;) — (Ws) still hold for W provided that those
hold for W, and L satisfies the conditions (Lg), (L;). Hence, in what follows, we always assume without loss of generality that L satisfies
(Lp) instead of (L).

Consider the variational functional ® associated to (% 7.%):
1 .
¢wy:§/n4¢ﬂmgﬁ+ugmgﬂama—/»wL@m
R R

defined on the space X introduced in Section 2. In the following, to simplify the notation, we will note the norm ||.||ya of X% by ||.||.

Lemma 3.1. Under assumptions (Ly), (Lp) and (Wy), the functional

wlu) = / W (t,u)di
R
is continuously differentiable on X% and

v (u)y = / VW (t,u).vdt, Yu,v € X%, 3.1
R
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Proof. By (W), there exist constants ag, Ry > 0 such that
[VW (t,x)| < ag x|, ¥(t,x) € R x RN with |x| < Rq. (3.2)

For any given u € X%, we know that u € H*(R,R") and hence there exists a constant Ty > 0 such that

R
u(t)] < 52, Vil = To- (33)
By (2.3), for any v € X% with ||v|| < 2RTOM’ we have
Ro
[Vl < 5 34
Combining (3.2)-(3.4) and (W), by the Mean Value Theorem and Hélder’s inequality, for any 7 > Ty and v € X% with ||v|| < ZRTUM’ one has
1
/ W (t,u+v) — W (t,u) — VW (1, 1) v]di | = / / (VW (1,u+5v) — VW (¢,u)].vdsdi
[t|>T [t|>T JO
1
<2ap [ (lul+ b vlde < 2ao [ (It vl
[t|>T [t|>T
1
<2aomol( [ Jul )t +ma ol o]
[t|>T
Since u € L*(R), for any & > 0, there exist 0 < a; < ZRT(; and T¢ > Tp such that for all v € X% with ||v|| < o
, - e
2aoml( | )} +malvl) < 5. (35)
[t|=Te 2
It is well known that the functional
Ve (u) = / W (t,u)dt 3.6)
[7T€1TE]

is continuously differentiable on H' ([~ T, T¢],RV). Thus, since X% is compactly embedded in H%*(R), there exists a constant o, > 0 such
that for all ||v|| <

<5l (3.7

N ™

'/ W (¢, 14 v) — W (£, u) — VW (£, ) v]dt
[_R€7R€]
Taking & = min{ay, 0, }, then (3.5)-(3.7) imply

‘/}R[W(t,u+v)fW(t,u)fVW(t,u).v]dt <e|v|

for all v € X* with ||v|| < a. Therefore, y is differentiable on X% and satisfies (3.1).
It remains to prove that Y’ is continuous. Let u#,, — u in X%. By Holder’s inequality, we have

W/ (un) = W' ()| oy = sup [ (un)v — ¥/ ()|

[Ivii=1

= sup
[vii=1

/R[VW(t, un) — VW (t,u)].vdt

< sup ([ VW (t,0) = VW (o, Pa) ]
Ivli=1

< m(/R VW (t,10,) — VW (1,0) P ) (3.8)

Lemma 2.3 implies that u, — u in L>(R). Let M be a positive constant such that ||, ||;» < M for all integer n. By (W), for any € > 0,
there exists a constant 0 < r < Ry such that forall € R and |x| < r

VW (1,9)] < 5t

— x| 3.9
M ) ©9)

Due to (3.9) and the facts that u € H*(R) and u,, — u in L”(RR), there exists R¢ > Ry and N| € N such that for all |t| > Re and n > N,

VW (t,un(1))] < m lun (1)
and
VW (t,u(0))| < m Ju(r)].
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Thus

2.\? 1y 2
</‘t|2T€ VW (t,u,) — VW (t,u)]| dt) < (/\tIZTE VW (2, Mn)\ dt) (/ VW (1,u)|*dr)

lt[>Te
< s (a2 + )
< u, 2 Ullr2
2(M + [Juf2) t
€
< -, 3.10
<> (3.10)
Observing that u, — u in L*(R), then by Lebesgue’s Dominated Convergence Theorem, we have
3
</[ W () - VW(z,u)|2dt) S 0asn—s .
Te,Te
Hence, there is N, € N such that for all n > N,
€
(/ VW (t,n) — VW (t,0)[2dr) > < £, 3.11)
[~Te.Te] 2

which together with (3.10) implies that for all n > max {N{, N, }
(/ (VW (1,u) — VW (t,0) |2 di)F < e
R

Combining this with (3.8) implies that w'(u,) — W' (u) as n — oo and then y € C! (X% R). The proof of Lemma 3.1 is completed.
O

From Lemma 3.1, we deduce that ® € C! (X*,R) and
' (uyy =< u,v > —/ VW (t,u).vdt, Yu,v € X*.
R

Moreover, if u € X% is a critical point of ®, we have
1D (—eeDfu) (1) = —L(t)u(t) + VW (t,u(1))

which implies that « is a solution of (.F 2.%).

Lemma 3.2. Under assumptions (Ly), (L), (W) and (W), for any finite dimensional subspace E C X%, there is R = R(E) > 0 such that
D(u) <0, VuecE, |jul| >R. (3.12)
Proof. We will prove the following
D(u) — —ooas ||ul| — o, ucE. (3.13)

Arguing indirectly, assume that there exists a sequence (1) C E with ||, — oo and a constant M > 0 such that ®(u,) > —M for all n € N.
Set v, = ﬁ, then ||v,|| = 1. Passing to a subsequence if necessary, we may assume that v, — v in X%. Since E is finite dimensional, we

have v, —s v in E and v, —> v a.e. on R. It follows that ||v|| = 1. For 0 < a < b, let
Qu(a,b) ={t e R/a < |uy(1)| < b}
A={teR/v(t) #0}.

Since v # 0, then meas(A) > 0. For a.e. r € R, we have lim,,—e |1, (¢)| = oo, hence t € Q,(Ry,o°) for n large enough. Since v, (1) — v(t)

ae. t € R, we have Xq (r) ) (1) [Va(t)| — [v(t)] a.e. t €A, where xq denotes the characteristic function of Q. Hence, it follows from (W),
(W) and Fatou’s Lemma that

_ 2
0— i M < I D(uy) i [1,/ W(t,u,,)2\vn| ]
R |uan|

= bl S g 2
2
= i [ / W (e, ) vl dt,/ Mdﬂ
oo 2 OR)  |un|? Qu(Ro)  |up|

Wit nl?
<11rn§up[f 2/\v,,|2 / ® )Ma’t]
0,00

n—- \un|
1 40 2
<2+ D02 Jiminf [ L)z‘vﬂdt
22 n—e0 JQ (Ry,e0) |t
1 ag , . W(tuy) |v,,\2
Sg T i T i (R (1) = e (3.14)

which is a contradiction. Hence (3.13) and then (3.12) is verified. The proof of Lemma 3.2 is completed. O
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Let (e;) jen be an orthonormal basis of X% and define X; = Re;
k e
Yy = ®j:1Xj7 Zy = @j:k+1Xj7 ke N.
Lemma 3.3. Suppose (Ly) and (Ly) hold. Then for any p € [2,00]

Iy(ky="sup |lull, — 0ask — oco. (3.15)
ueZy, ||ul|=1

Proof. 1tis clear that 0 < I, (k+ 1) <1,(k), so that [,(k) —> I, as k — co. For every k > 1, there exists u; € Z; such that [|u|| = 1 and
gl p > %lp (k). For any v € X%, let v =Y.° | vie;. By the Cauchy-Schwartz inequality, one has

= |< ug, Z viej >

i=k+1

|[<ug,v>|=

< Uy, ivie; >
i=1
Z viej

i=k+1

< o | Y Ivillleill — Oask — o0 (3.16)

i=k+1

which implies that u;, — 0. Without loss of generality, Lemma 2.3 implies that u; — 0 in L?>(R). Thus we have proved that Zp =0. The
proof of Lemma 3.3 is completed. O

By (3.15), we can choose an integer m > 1 such that
1
[Jull> < T%Hull, Vi € Zy. (3.17)

In the following, we will apply Lemma 3.1 with Y =Y, and Z = Z,,,.

Lemma 3.4. Under assumptions (Lo), (L) and (W), there exist constants p, 0t > 0 such that ®|p 7 > 0.

Proof. If |lu|| = R° , then by (2.3), we have ||ul|;~ < Ry. Hence, it follows from (W) that

R
Wt u(t) < 5 (o), Vi € X9 = 12 (3.18)
Combining (3.16) with (3.17) yields for all u € Z with ||u|| = ﬁ—: =p

L2 L, 2 ao 2 L2 @, o
D) = 5 Jull* = [ Weade = 3 > = 5 [ e = 2 Jull> = 5
2 R 2
1Ry,

> 3l = 522 = a (3.19)
The proof of Lemma 3.4 is completed.
O
Proof of Theorem 1.1 By assumptions (W) and (W3), it is clear that
®(0) =0 and ®(—u) = P(u), Yu € X°*. (3.20)

Thus the condition (a) of Lemma 3.1 is satisfied. Lemmas 3.2, 3.4 imply that conditions (b) and (c) of Lemma 3.1 are satisfied. It remains to
prove that & satisfies the (C).—condition.

Lemma 3.5. Assume that (Ly), (Lp), (W), (W2) and (Wy) are satisfied. Then ® verifies the (C).—condition for all ¢ € R.
Proof. Let (uy) be a (C). sequence, that is
D(up) — c and ||D' (un)|| (14 ||un||) — 0 asn — oo. (3.21)

Firstly, we prove that () is bounded in X%. Arguing by contradiction, suppose that ||u, || — 0 as n — 0. Let v, = H’;—”” Then [|v,|| = 1.
Observe that for n large enough

1 N
C+ 12 B(uy) — 5P )ty = / W (t, ). (3.22)
JR
It follows from (3.21) that

lim sup / Wil (3.23)

n—se Hunl\2
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Passing to a subsequence if necessary, we may assume that v, — v in X%, Then by Lemma 2.3, without loss of generality, we have v, — v
in L?(R) and v, — v a.e. on R.
If v =0, then v, — 0 in L*(R) and v,, — 0 a.e. on R. Hence, it follows from (W) that

- Wt ~ Wt '
/ Mdt :/ M val?dr < 22 val2dt < 2 flv,|22 — 0.as n —> oo, (3.24)
Qu(0.Ry)  ||uay| Q,(0.R)  |up] 2 Ja,(0.Ry) 2

From (W;) and (3.22), one has

Wit Wit
/ ‘ (7u;)‘d[:/ ‘ (’L;")||vn\2dt
Qn(R03°°) HMnH Q'X(Ro,oo) |Mn‘

2—v
< M/ W([,Mn)dl
Q,(Ro,)

2ea ]

2—v
co [|vallz- / -
< SoWnllL= vy (o W (1,1 )d1
(o] | J2,(0.R,) (t:n)el]

. 12—V .
<O Thy / g(1)dr]
(et Q,(0,Ro)
con2
< [1+c+/R|g(t)|dt]*>Oasn*>oo. (3.25)
n

Combining (3.22) with (3.23) yields

Wit Wt Wit
‘ (714;)‘dt:/ | (7u;)|dt+/ | (1”;)|dt*>0asn*>°°
R ||un| Qu(0.Ro)  |[utn | Qu(Ro)  ||uy |

which contradicts (3.21).

If v # 0. By a similar fashion as for (3.14), we can get a contradiction. Therefore, (u,) is bounded in X%.

Next, we prove that (u,) possesses a convergent subsequence. Without loss of generality, we can assume by Remark 2.4 that u, — u in
L?(R). Using Hélder’s inequality, (W;) and the fact that VW is bounde’d in R x B,(0) for all r > 0, we can show that

./R[VW(t,un) — YW (1)) (1t — )t — 0 as n — oo, (3.26)
Observe that

it = = (9 (0) = 1))t — 1)+ [ (VW (1t0) = 9 0,0t — ). (3.27)
Itis clear that

(D () — &' () (4, — ) — 0 as n — oo. (3.28)

Combining (3.24) — (3.26), we get ||un — u|| —> 0 as n — oo. The proof of Lemma 3.5 is completed.
O

Consequently, Lemma 2.3 together with Remark 2.2 imply that & possesses an unbounded sequence of critical points. Therefore (% ..%)
possesses infinitely many solutions. The proof of Theorem 1.1 is completed.

Proof of Theorem 1.2

Lemma 3.6. Under assumptions (Ly), (Lp), (W;) — (W) and (Ws), @ satisfies the (C).—condition for all ¢ € R.

Proof. Let ¢ € R and (u,) C X% satisfying (3.19). First, we prove that (u,) is bounded in X*. Arguing by contradiction, suppose that
||| —> o0 as m — 0. Let v, = HZ—:” Then ||v,|| =1 and ||v,|| < 1p ||vall» for 2 < p < eo. By (Ws), one has for n large enough

1 -2 1
c+ 12> D(uy) - ﬁq)/(“n)un = ”ZT H”nHZ‘F/R[EVW(Ivun)-un —W(t,un)]dt

H-2 Po

> 2_ K
=T [[un | m [[un

2
L2

which implies

u—2

<lim sup [[va]%. (3.29)
n—o0

Taking a subsequence if necessary, we may assume that v, — v in LZ(R) and v, — v a.e. on R. Hence, it follows from (3.27) that v # 0.
By a similar fashion as for (3.14), we can get a contradiction. Therefore (uy,) is bounded in X*. The rest of the proof is the same as that in
Lemma 3.5 and the proof of Lemma 3.6 is completed. O

We conclude as in the proof of Theorem 1.1 that ® possesses an unbounded sequence of critical points and the proof of Theorem 1.2 is
completed.
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4. Conclusion

Using the variational methods and critical point theory, we proved that the fractional Hamiltonian system (% #.%) possesses infinitely
many nontrivial solutions, where L is neither uniformly positive definite nor coercive and W does not satisfy the classical superquadratic
growth conditions like the well-known Ambrosetti-Rabinowitz superquadratic condition. Recent results in the literature are generalized and
significantly improved.
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