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1. Introduction

A smooth distribution D C TM is said to be bracket-generating if all iterated brackets among its sections generate the whole tangent space
to the manifold M, [1, 8]. D is a bracket-generating distribution of step 2 if D?> = TM, where D*> = D + [D, D]. Bejancu showed that a
distribution of rank k < m = dimM is a bracket-generating distribution of step 2, if and only if, the curvature of D is of constant rank m — k
on M, [1].

In this paper, a Z, —graded analogue of bracket-generating distribution of step 2 is given. Some differences arise in the graded case due to the
presence of odd generators. Given a distribution & of rank (p,¢) on an (m,n)-dimensional graded manifold .#, we attach to & a linear map
F on 2 defined by the Lie bracket of graded vector fields of the sections of 2. Then & is a bracket-generating distribution of step 2, if and
only if F' is of constant rank (m — p,n—q) on .# . In particular, if rank%(z) = (m — 1,n), then for the linear map F' = Fy + F} associated to
92, Fy #0and if rank2(z) = (myn—1), then F; # 0 on .4 .

2. Preliminaries

Let M be a topological space and let &) be a sheaf of super R-algebras with unity. A graded manifold of dimension (m,n) is a ringed space
M = (M, O)r) which is locally isomorphic to R™I (see [6]) .

Let.# and .# be graded manifolds. Let ¢ : M — N be a continuous map such that ¢* : Oy — Oy takes Oy (V) into Oy (¢~ (V)) for
each open set V C N, then we say that & = (¢,¢9*) : .# — .4 is a morphism between .# and .4".

Let A be a super R-algebra, ¢ € EndgA is called a derivation of A, if for all a,b € A,

o(ab) = ¢(a).b+(—1)1?la.(b), 2.1

where for a homogeneous element x of some graded object, |x| € {0, 1} denotes the parity of x (see [6]).
A vector field on .7 is a derivation of the sheaf &)y. Let U C M be an open subset, the &y, (U)—super module of derivations of O (U) is
defined by

T A (U):= Der(Oy(U)).

The O —module T.# is locally free of dimension (m,n) and is called the tangent sheaf of .Z. A vector field is a section of 7.7 .
If Q! (M) := T* 4 be the dual of the tangent sheaf of a graded manifold ./, then it is the sheaf of super &)-modules and

Q' () = Hom(T M ,Cy). (2.2)
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It is called the cotangent sheaf of a graded manifold .#, and the sections of Q! (.# ) are called super differential 1-forms [2, 6].

Let .# = (M, Oy) be an (m,n)-dimensional graded manifold and 2 be a distribution of rank (p,q) (p < m,q < n) on .. Then for each
point x € M there is an open subset U over which any set of generators {D;, Di|1 <i < p,1 < u < g} of the module Z(U) can be enlarged
to a set

1<i<p
p+i<a<m ANd

I<p<q |Ca|=0 |Dy|=1
g+1<a<n |D;|=0 and |Cal=1

{CathD[JaCO(

of free generators of DerO)yy, [3].
We attach to Z a sequence of distributions defined by,

DCPC...C P C...CDerly,
with

P*=92+12,9),.... 2" = 2"+ (2,97,
where

(2,9"] =span{[X,Y]|: X € 2,Y € D"}

As in the classical case, we say that & is a bracket-generating distribution, if there exists an r > 2 such that 2" = Der0)y. In this case r is
called the step of the distribution 2.
Suppose that X, Y € 2 and consider the linear map on & as follows:

F(X,Y)=—(—=DXI¥[x Y] mod 2. (2.3)
With respect to the above local basis {D;,C4,Dy,Cq} of DerO)y, if

[D;, D] = Di;Dy + D{;Cy+ D};Dy + D,Cy,

[Di, D] = Dl Dy + D Cy + D} Dy + D) Cy,

[Dy,Dj] = D}y ;Di+Diy ;Cy+ D) ;Dy + D] Cy,

[Dy,Dg] = DﬁéDk +DZ§Cd +D} Dy +Dzécy7

then, by using (2.3), we conclude that
F(D;,D;) = D{;Cq+D},Cy mod 2,
3 D,

i€
D;j,Dy) = D{; ;Cq+ D}, ;Cy mod 2, (2.4)

=

(

F(Dg,D;) = DjzCq +D};Cy mod 2,
(
(

X

Dg,Dy) = Dy:Cy+ D} .Cy mod 7.

Each component D}, of F is a superfunction on U.
Let U be an open subset of M such that U NT # 0. If we change the basis of Der&y (UNU) to {D;,Cy,Dy,Cq} then we have

D = fiDi+ f}' Dy,

Dy :f\i/DH‘f\;/LDm

Cp = f4Di+84Ca+ fi Dy + 8} Ca,
Cp = f3Di+8§Ca+ f§ Du +¢fCa,

i H a a
e
v fv gﬁ gﬁ

are nonsingular supermatrices of smooth functions on U NU. Both of these matrices are even. With respect to the basis {D J-,a,,Bv,éﬁ} on

where

U, if {T)Z,”bfh, . ,T)g ,} are the local components of F, then we have

D Dy Ao gt ol[h o g o)y b
o {g;,; gbﬂ: R PO | @.5)
Diy D |15 81 |fp 0 f5 010 —f7 0 [ ng DZJ
D:, D%, o foo gl O f& O ]LDy Dj
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i

i _ L0
Since U{ fJ is invertible at x € U NU, we see that {f/ ”] is invertible and from (2.5) we conclude that if
14

u
v 0 5
[Hp+q+1 P+q+1 p+q+1 p+q+1 P+q+1 p+q+1
D12 D13 o Dlp+q DZ% o D2p+q Dp+q—1p+q
De =1 : : : : LW
n+n m+n m+n n+n m+n m—+n
L DY, Dy Dy p+q Dy3 sz+q Dp+q71p+q

then rank D(x) = rankD(x) .
Now we can define the rank of F, which is related to its coefficients matrix. Before doing this, in view of (2.4), we note that the submatrices

B D ana B )

W D)

=

are even and odd respectively. The rank of the first submatrix can be defined but for the second submatrix, since Dﬁi(x) and [)i";l (x) are even,
Di() Dy ()

e consider the matrix | ~ ~ to define its rank. Now set
v *|D%(x) DY (x) v

ui
D%(x) D§ (x)} D¢.(x) D4, (x)

r:=rank | <Y _KV and s:=rank | 1B e ,
{D?,(x) D, (1) D) DY ()

wherei,j=1,...,p,a=p+1,.,mand u,v=1,....q,00 = g+ 1,...,n. Thus we define
rankF (x) = (r,s).

If (ga,&gn) are local supercoordinates on a coordinate neighborhood U of x € M, (@ =1,...,m, i = 1,...,n), then & is locally given by the
graded 1-forms

0p = 0fdqa+ 9 d&a =0, b=1,..p

ba = 0adqa +05dE =0, a=1,..,q.

Since 7 is a distribution of rank (p,q), we may assume that the submatrices (q)g ),1<a,b<p,and (¢3§ ),1 < @&, fi <gq are invertible. Let

a gh
o o
a

& )71Sﬁ,b§p71§a,ﬂ§qandsuppose
b5 g

the matrix y = (yg) denotes the inverse of the matrix <

- . ~f] - ,_) ~f]
0= Vo0, + 05 0n, G = 0405+ G4 O
Therefore, the new notation

Ya:qui:%»llzlw-w% a:p+17'“7m7
C(X:§(X7nﬂzéli7“:]7“-7q7 a:q+l7'“7n7

for the coordinates, may be performed to bring the local basis of Q!(.#) into the form {dx;,dny,dys + rédx; + rpdnu,d8a +rifdx; +
rigdnu}. Itis easy to check that

s a L9 49

Sixl'::aixi_riaya_ri E7l:17...7p7
6 0 . 0 o 0 B
%.—%—i—ruaya—ruaga,ufl,...,q, (2.6)

are (respectively even and odd) generators of % on U and {8/06x;,6/6ny,d/0y4,0/dCq} is alocal basis for Der(0y(U)), (see also [4, 5]).
With respect to this basis, if we put

(52 5) = R + R 5 mod 2.
Pl e = e + R mod 2.
(o) = Fil e+ g mod 2
Flga o) = Wz + P g mod 7 e
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then by using (2.3) and (2.6), we deduce that

a5 or
inai +E7aza ai, 51 g:, e aiﬁ ?s:, 62)% mod 7,
R+ B3 = e 52 —<—‘§jj—§,'z>;;+<§§— ;i;% mod 9.
R+ R = [Si%h((fm %%@m ‘;:>%modﬁ @8)
Rl gy Rt ~sm amg) = Gone s+ e st a4

Now let us consider a distribution & of corank one on .Z . For each z € M, there are two cases.
Casel. Let rank?(z) = (m— 1,n). Then there exist a coordinate system (x;,#,My),i =1,...,m—1,u = 1,...,n, defined in a neighborhood
U of z, such that Z is locally given by

dt + ridx; +rydny =0.

Case2. Let rank%(z) = (m,n— 1). Then there exist a coordinate system (x;,ny,8),j=1,....m,v =1,...,n— 1 defined in a neighborhood
U of z, such that Z is locally given by

d0 +rjdxj+rydny =0.
Note that in the first case, (2.8) becomes
d 6 &6, ,6r, 6rj 0

Fig =l o) = Gy, ~on o ™4
d 6 &, O § Orv, 0

FVJE—[Tnvaéij _(_57‘[v—( 1) ij)z? mod 7,
J 5 6 or; ory . o0

S N J _n e 2

E/J at [(le'7 Snp (Sn[J +( 1) le‘ )at mOd 97 (29)
a 6 M 6}"\, + _1 m 51‘,4 8 mod@,

sn, T e ar

where F;j, Fyj, Fyy, and Fy, are the local components of F' with respect to the local basis {6 /0x;,6/8xy,d/dt}.

Fvuali[Sn 67]“} (( )

3. Bracket-generating distribution of step 2

In this section, we want to find the conditions under which a distribution & is bracket-generating of step 2. As mentioned in the previous
section, we attach to 7 a linear map F on & defined by the Lie bracket of graded vector fields of the sections of . We will have several
types of possibilities for the rank of F. Using this, we find conditions to describe the problem.

Theorem 3.1. Let 9 be a distribution of rank (p,q) (p < m,q < n) on an (m,n)-dimensional graded manifold .# such that

m—p< p(pzfl) +4(q;1),n—qg q(qul)’ 3.1

Then 9 is a bracket-generating distribution of step 2, if and only if, the linear map F associated to 9 is of constant rank (m — p,n— q) on
M.

Proof. Letx € M. Suppose Z is a bracket-generating distribution of step 2 and let {6/8x;,6/0My, d/dya,d/9q} be a basis of Der 0y (U)
in a coordinate neighborhood U of x. Then rank[2, 2](x) = (m — p,n — q). This means that the number of linearly independent graded
é é
1<i<p,1<u<
’5x,][5nu 517} o 511] i<pl<pu<gqpism—p
(respectlvely n—gq). Therefore the coefficient matrix, the matrix consisting of the coefficients of the Lie brackets of graded vector fields

)
vector fields of the set {[ 1<i,j<p,1<u,v<gq}, (respectively {[—

{[5% 5x]} [81]“ 5y ——} at the point x, denoted by

D (x) Dzvm} -t

[D(x) - Diiy(x) s a1 n—q (Mod ),

having the rank m — p, is invertible. Similarly, the coefficient matrix

a
in

o
i

0
the matrix consisting of the coefficients of the Lie brackets of graded vector fields {[—

8
o ﬁ]} at the point x, has rank n — g, (i.e. n—q =

Dy, D¢
rank <D“ Ex;) , and this matrix is even). Hence associated with F is the graded vector field, represented by the matrix ( pe g;) ,(mod2),
ef

relative to the above basis. It is clear that rankF (x) = (m — p,n—q).
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Conversely, suppose that x € M and rankF (x) = (m— p,n—q) on .4 . Let {8/8x;,8 /0Ny, d/9ya,0/dLa} be a basis of DerOy(U) ina
(50 amar S
5.x1‘7 (SX] 617” ’ 617\/

coordinate neighborhood U of x. Consider the coefficient matrix of the graded vector fields F ), which is even

and denoted by

{F;;m Fg, (x)}

N N, . 3.2
FA) R () ©2)

Note that its rank is m — p, otherwise F' would not be a map of the given rank. Thus there are two non- negatlve integers r and s such that
r+s=m— pand rank(F(x)) =r, rank(l:",f‘v (x)) = s. Hence we may assume that the submatrices G = (F/ i J(0)),1<d,j—-1<ri'<]

and J = (F, i v,( x)),1 <a’,v/—1<s,u’ <V’ are both invertible. Therefore, the submatrix,

e

is invertible.

i<j u<y 3.3)

!
Fiy (x) Fﬁ,v,(x)} 1<d,j—1<r 1<a/,v'—1<s
b

6
Similarly, consider the coefficient matrix of the graded vector fields F (5—, W) which is odd and its rank is n — g. We denote it by
X u
F“ (x) 1<a< 1<a<
F"‘(x) Jd<a<m—-p,l1<a<n—g.

Since rank(F‘iﬁ (x)) = n— q, we may assume that the submatrice (1’7},"“1,()0)7 1 <u'—1<n—gq,i <y, isinvertible. We thus consider

A<y —1<n—qi <y (3.4)

Given the matrices (3.3) and (3.4), we may change the generators of Der® , to {8/8x;,8/6Nu, ¥, Zy},b=1,...m—p;v=1,...,n—q,
) 1) S

where Y}, € {[ 5 ox; 1,1 S’ Tnv/]}, with local coefficients (Fi,“]’., (x) Fl,";i (x)) or (Fﬁ 1 (%) F,f‘v/( x)) of the matrix (3.3) and Z, €
6 & / o

{] S0 W]L with local coefficients (Fi?”,(x) Fl.f)lfl,(x)) of the matrix (3.3). Thus & is bracket-generating of step 2. O
xir ’u/

By using Theorem (3.1) we can easily prove the following theorems.

Theorem 3.2. Let .4 be an (m,n) dimensional graded manifold. Suppose that 9 is a distribution of rank (m—1,n). Then 9 is bracket-
generating of step 2, if and only if, for the linear map F = Fy+ F; associated to 9, Fy # 0 on A .

Proof. Since rank%(z) = (m— 1,n), there exist a coordinate system (x;,7,my),i =1,....,m—1,u = 1,...,n, defined in a neighborhood U
of z, such that & is locally given by {8/8x;,6/0ny} and {8/6x;,6/0my,d/9t} is alocal basis for DerOyy. Therefore, according to the
Theorem 3.1, the coefficient matrix,

D) Dhy()],  (mod2),
has the rank 1. Hence Fyy # 0. O

Theorem 3.3. Let .# be an (m,n)—dimensional graded manifold. Suppose that 9 is a distribution of rank (m,n—1). Then 9 is
bracket-generating of step 2, if and only if, for the linear map F = Fy+ F| associated to 9, F| #0on A .

Proof. Since rank%(z) = (m,n — 1), there exist a coordinate system (x;,my,0),i =1,...,m, u = 1,...,n — 1, defined in a neighborhood U
of z, such that 2 is locally given by {6/5x;,6/6n,} and {6/6x;,6/61,,9/d6} is a local basis for Der &y Therefore, according to the
Theorem 3.1, the coefficient matrix,

[DL®], ( mod),
has the rank n. Hence F} # 0. O

Theorem 3.4. Let ./ be an (m,n) dimensional graded manifold. Suppose that 9 is a distribution of rank (0,n). Then 9 is bracket-generating
of step 2, if and only if, for the linear map F = Fy + F| associated to 9, rankFy = m on .

Proof. The details are the same as those given in the proof of Theorem 3.1. O

Example 3.5. Consider the graded manifold # = R3 . Let (xi,2,Mm),i = 1,...,2 be local supercoordinates on a coordinate neighborhood

6 O 1)
U of x € R3. Suppose that D is the distribution spanned by —— o 5 and % where

$_o2 9 8 _9 nd 8 I xd
naf 5X1 - &xl 2 ot’ 5)62 N BXQ 2 ot

8 d
A simple calculation shows that | 5 8 8 8

o g] =3 nd { — Bx 5xy' 90 0n } is a basis of DerOgs (U). Thus 9 is bracket-generating of step
1 2 1 2
2.
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Example 3.6. Consider the graded manifold # = R4 Let (xi,Mu), i, = 1,...,4 be local supercoordinates on a coordinate neighborhood

U of x € R*. Suppose that D is the distribution (see [7]) spanned by 5im7 517]2’ 5i113 and 51114, where
6 _ 0 L0 0 9 0
S am Moy Moy Moy Mo
T T N )
51‘]2 - 81’]2 M 8x1 3 8x2 3 aX3 M 8)647
S _90 2 9 9
81‘]3 o ang m 8x1 g 8x2 = a)C3 a 8x4’
O _9 @ i@ _p 0 9
87‘]4 B 8174 2 axl M axz M a)C3 g aX4.
Here i =+/—1. Thus the vectorﬁelds[é,(:l 5;] [%,éim],[éim,éim} an [Si 6;61 | are zero and
6 O . d e 6 o6, d d
Smony) o Yan lenen) T M an oy
6 O . d d 6 o6, .0 . d
Sm o T Yom am lemem T Yam T dan

In the notation used in Theorem 3.1, all of the entries Df‘J,ij‘,Dﬁv,Dfu, :9;1 of the coefficient matrix except Dﬁv are zero and

0 2 0 0 -2 0

. 0 0 —2i —2i 0 o0
Pwl=lo 0 2 2 0 o0
0 -2 0 0 42 0

(3.5)

So we have rank(DZv) =4, and we conclude from Corollary 3.4, that 9 is a bracket-generating distribution of step 2. By calculation we
have

ii((aimﬂsim,ﬁimwﬁim+[Sim,simn—z<ﬁim+[6im,éim]>>: =
F oy o )+ G o)~y oy ) = 7
G+l )~ G+l o) =
i+ oD~ (g s ) =
Example 3.7. Let .# = R' equiped with local supercoordinates (xy,x3,x3,M) and 9 be the distribution spanned by { % = 8ix1’ 51)62 =

0 Jd 9o

— P ;
I + (x1) v o0~ an }. In this case we have
6 6 6 6
[67)“7%]—[57)627%]—07
6 & )
[57)61757)62}:2)‘1&7637
6 6 o6, 0

We conclude from Corollary 3.2 that 9 is not bracket-generating of step 2 on the whole RN Itis bracket-generating of step 3.
Jd

1)
Example 3.8. Let .# = R'? equiped with local supercoordinates (x,n1,1:) and 9 be the distribution spanned by {— =3y 5m =
ox X 1

d d d §

o
a—m +x8—nz}. Then [57 5 |= 5 2 and from Corollary 3.3, we see that 9 is bracket-generating of step 2 on R'12,
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