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DERIVATIVES OF SASAKIAN METRIC 3 ON COTANGENT
BUNDLE

HASIM CAYIR

ABSTRACT. In this paper, we define a Sasakian metric g on cotangent bundle
T*M™, which is completely determined by its action on complete lifts of vector
fields. Later, we obtain the covariant and Lie derivatives applied to Sasakian
metrics with respect to the complete and vertical lifts of vector and kovector
fields, respectively.

1. INTRODUCTION

Riemannian manifolds and the tangent bundles of differentiable manifolds are
very important in many areas of mathematics. This fields also studied a lot of
authors [ 2 B] [9, 1T} 15, 16]. The geometry of tangent bundles goes back to the
fundamental paper [I4] of Sasaki published in 1958. Sasakian metrics (diagonal
lifts of metrics) on tangent bundles were also studied in [8, [0 I7]. In a more
general case of tensor bundles of type (1, ¢), (0,¢) and (p,q). Sasakian metrics and
their geodesics are considered in [3, [12]. Cotangent bundle is dual of the tangent
bundle. Because of this duality, some of the geometric results are similar to each
other. The most significant difference between them is construction of lifts (see
[7] for more details). In this paper, we define a Sasakian metric “g on cotangent
bundle T*M™, which is completely determined by its action on complete lifts of
vector fields. Later, we obtain the covariant and Lie derivatives applied to Sasakian
metrics with respect to the complete and vertical lifts of vector and covector fields,
respectively.

Let M™ be an n—dimensional Riemannian manifold of class C*° and with metric
g, T*M™ its cotangent bundle and 7 the natural projection T*M™ — M™. A system
of local coordinates (U, z%),i = 1,...,n in M™ induces on T*M™. A system of local
coordinates (7~*(U),z%,2* = p;),7 :=n+1i = n + 1,...,2n, where 2° = p; is the
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component of covectors p in each cotangent space T, M™, x € U with respect to
the natural coframe {dz'}.

We denote by %(M™)(S%5(T*M™)) the module over F(M™)(F(T*M™)) of C*
tensor fields of type (r,s), where F(M™)(F(T*M™)) is the ring of real-valued C*
functions on M"(T*M")

Let X = X‘ o7 and w = w;dz® be the local expressions in U C M™ of a vector
and a covector (1 form) fields X € S§(M™) and w € S(M™), respectively. Then
the complete and horizontal lifts X, X € S{(T*M™) of X € 3(M™) and the
vertical lift w" € S§(T*M™) of w € %?(M") are given, respectively by

0]

h

thaiX ox® ()
thrh XJ

with respect to the natural frame{ Fat s 8‘21 } where F?j are the components of the
Levi-Civita connection V, on M™ [I0, [17].

For each z € M", the scalar product g=1 = (¢%) is defined on the cotangent
space 7~ 1(z) = TS M™ by

XC_

xH

9 (w,0) = g7w;b;
for all w,6 € IY(M™).
A Sasakian metric ®g is defined on T*M™ by the following three equations:

Sg(wY,0") = (97 (w,0))" = g~ (w,0)or (4)
9wV, Y") =0 (5)
Sg(XHvyH) = (g(X, Y))V = g(X, Y)Oﬂ- (6)

for any X,Y € $3(M™) and w, 8 € SY(M™). Since any tensor field of type (0,2)
on T*M™ is completely determined by its action on vector fields of type X and
wV (see p. 280 of [I7]), it follows that ®g is completely determined by its equations

@),(5) and (©).

We now see , from (1)) and , that the complete lift X¢ of X € S(M™) is
expressed by
XC=Xx"—(p(vX))", (7)
where p(VX) = p; (V;LXi dxh.
Using ,,@ and , we have
Fg(X9Y9) = (g( + (g7 (VY)Y (8)
where g~ (p (VX),p(VY)) = g”(pr Xl)(ka Yk) [ ]

Since the tensor field ¥g € I9 (T (M™)) is completely determined also by its
action on vector fields of type X and Y¢ (see p.237 of [I7]), Sasakian metric g



DERIVATIVES OF SASAKIAN METRIC Sg ON COTANGENT BUNDLE 753

on T*(M™) is completely determined by the condition (8). Similarly, we get the
following results

Sg(XCwY) = TgxX" —(p(vX))" W) (9)
= g(X ) —Sg((p(VX))" w")
= (g (p(VX),w)"

Sgw’, X)) = g, X" —(p(VX)") (10)
= g, XM =% g, (p(VX))")

= — (g7 (w,p(vX))¥
Sgw¥,0") = (g7 (w,0))" (11)
2. MAIN RESULTS

2.1. Covariant Derivation of Sasakian metric °g with respect to vertical
and complete lifts.

Definition 1. Let M™ be an n—dimensional differentiable manifold. Differential
transformation of algebra T(M™), defined by D = Vx : T(M"™) — T(M"), X €
So(M™),

is called as covariant derivation with respect to vector field X if
Vix4gvt = [fVxt+gVyt, (12)
VXf = va

where Vf,g € SY(M™),VX,Y € IH(M™),Vt € S(M™).
On the other hand, a transformation defined by

Vi SG(M™) x S§(M™) — Sp(M™), (13)

is called as an affine connection [IT], [17].
Proposition 2. Covariant differentiation with respect to the complete lift VE of a
symmetric affine connection V in M™ to T*(M™) has the following properties:

Va0V = 0, VS YY = —4(wo(VY)) = —(p(wo(VY))), V§cbY = (Vx0)Y,
VSeY© (VxY)? +9(V(VxY + Vy X)) —y(VxVY + VyVX)

= (VxY)?+ (p((V(VxY + Vy X)) — (VxVY + Vy VX))

for X,Y € SY(M™), 0,w € IY(M™) [17].

Proposition 3. Covariant differentiation with respect to the horizontal lift V2 of
a symmetric affine connection V in M™ to T*(M™) satisfies

VELYHE = (VxV)E VE LY =0,
Vi = (Vxw)V, VoL Y =0,
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for any X, Y € S{(M™), 0,w € IY(M™) [17].
Theorem 4. Let g be Sasakian metric, is defined by (@, (@, (@, and the

complete lift VC of symmetric affine connection V in M™ to T* (M™). From propo-
sition @ and proposition (@, we get the following results

= O’

)
) (VGe® (wv,eV) = ((Vzg ) @),
) = (@ @ p(wo(VY))Y,

iit) (GV, y¢

w) (V5e%9) (W, YY) = —(Zg " (w.p(VY)Y + (¢ (Vzw,p(VX)))”
+ (g7 (w,p(V(V2Y))Y
—(g N w, p(V(VzY +VyZ) — (VzVY + Vy VIOV,

0) (V5r59) (XO,0Y) = (97" (p(wo(vX)).0)"

n) (V5e59) (XCwY) = —(Zg7 (0(VX),w)" + (g7 ((V(V2X)),w))"
p(V(VzX +VxZ) - (VzVX +VxVZ)),w)V
g (P(VX), V)Y,

va) (Vv %9) (X9, Y9) = —(g7 (p(wo(VX)),p(VY))" — (g7 (p(VX), p(wo(VY)))",
(X, Y)Y+ (Z(g™ (p(VX), P(VY))”

V2zX)),p(VY))Y
VzX)) — (VzVX +VxVZ)),p(VY)))Y

vin) (V5e®9)(X9, YY) = ((Vzg

)
g p(VX),p(V(VzY +VyZ) — (VZVY + VyV2Z)))Y

where the complete and horizontal lifts X¢, X € S§(T*M™) of X € S§(M™) and
the vertical lift " € SE(T*M™) of w € SY(M™) defined by ,(@,@ respectively.
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Proof. 1)

(VE59) (0V,67) = VuSg(07.6") =5 g(VEv 0¥,6") =5 g (0¥, V")
= VS (9716,)"
= W (g70.9)"
= 0

i)

(Vgcsg) (wv,9V> = Vg o (wv 0V> fsg(vgcwv Qv) " (wV,Vgcav)
= ( ( 9)) (71(Vzw 9)) — (g7 (w. (V20))"
= (29 (@,0)" = (g7 (Vzw,0)" = (57" (w,Vz0))"
= (Vzg~ (w 0)) — (g7 (V2w,0))" = (97" (w,V20))"
= ((Vz2g7) @, 0)"

i)

(ngsg) (QV,YC) _ ngsg (OV Yc) S (Vc 14 YC) _Sg(wavSVYc)
= —Viv (9~ ( (QY))) 5 g (@, v(wo (VY)))
= —w (g7 (0,p(VY) )) 5 g (@, (plwo (VY)))Y)
= (9 Yo, p(WO(VY))))

i)

(Vgcsg) (wv,YC) = Vgcsg (wV YC) Sg( V Yc) — g(w VCCYC)

= V% (g7 (@p(VY))" =5 g ((Vzw)",Y)

—Sq (wv,(VZY)C+’y( V(VzY +VyZ))—~(VzVY +Vy V7))

= —Z% (g w,p (VY)Y + (67 (V2w,p (VX)) =5 g (0¥, (V2Y))
g (WY, (p(V(VZY +VyZ) — (VzVY + VyVZ))

= —(Zg  w.p(VY)))Y + (g7 (Vzw,p (VX)) + (97w, p (V(V2Y))"
—(g Y w, p(V(VzY +VyZ) — (VzVY + VyVZ)))Y
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_ vg s (XC ov) g(vchc 0V> Sg(XC,VSVGV)
)+

V% (g7 (p(VX),0)" +5

PRt ( X),0)" + (g7 (p(WO(VX))ﬁ))
(57 (p (w0 (9X)),0)"

9((p(wo (VX)) ,0")

v

_ Vgcsg(XC’wV)_Sg(vgcxc7w‘/)_Sg(XC’vgch)

~Z% (g7 (p(VX),w)" ~% g((V2X),w")
—Sg(p(V(VzX +VxZ)— (VzVX +VxVZ))",w")
+(g7 (p(VX),Vzw))"

~ (297 (p(VX),w)" + (g7 p(V(V2X)),w))V

(g (p(V(VzX +VxZ) — (VzVX + VxVZ)),w))"”
+(g7 (p(VX),Vzw))¥

vgvsg (XC,YC) s g (VSV XC,YC) S g (XC, VSVYC)
VS (g(X, Y)Y + (67 ((VX), p(VY))Y
—5g(=v(wo(VX)),YY) =% (XY, —=y(wo(VY)))

W’ (g(X, Y)Y + " (g7 (p(VX), p(VY)))Y
+5g((p(wo(VX)))Y, V) +5 g(X, (p(wo(VY))")
Sg((plwo(VX))Y,Y) +5 (XY, (p(wo(VY)))")

— (g7 (p(wo(VX)),p(VY))Y = (g7 (p(VX), plwo(VY))))"
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Vii7)
(V3 9) (X9, YY) = V5e¥g(XC, YC> ~%g(VZeX, YY) =g (X, VY )

= VoeX Y)Y +5g((0 (VX)) (p(VY))
_Sg(vgch,yc) $9(X9,V5YY)

= (ZgX Y)Y +(Z(g~ p(VX), P(VY)" = g(V2X)©

—Sg((p(V(VzX +VxZ) = (VzVX +VxV2)V, YY)
—9 (X, (V4Y) )
—Sg(XC, (p(V(VzY +VyZ) — (VzVY +VyVZ))Y)
= ((Vz9) (X, Y)Y + (Z(g7 ' (p(VX), P(VY)))"

(g7 (V(VzX)),p(VY)))"

+(97 ' (p(V(VzX)) = (V2VX + VxVZ)),p(VY))"
—(g7 (VX)) p(V(V2Y)))”

+HyT p(VX),p(V(VZY + VyZ) — (VZVY + VyVZ)))"

O

2.2. Lie Derivation of Sasakian metric g with respect to vertical and
complete lifts.

Definition 5. Let M™ be an n—dimensional differentiable manifold. Differential
transformation D = Lx s called as Lie derivation with respect to wvector field
X e Sp(M™) if

Lxf = X[fVfeSHM"), (14)
LxY = [X,Y],VYX,Y € SL(Mm).

[X,Y] is called by Lie bracket. The Lie derivative Lx F' of a tensor field F of type
(1,1) with respect to a vector field X is defined by [4} B [0} 7, [17]

(LxF)Y = [X,FY] - FIX,Y]. (15)
Proposition 6. If X,Y € S4(M), w,0 € S4(M) and F,G € SL(M), then
{wV,GV} = 0, [W,vF] = (woF)Y
WFAG) = [FG), [X9wY] = (Ixw)”
[XC 4F] = ~(LxF), [X°Y°] =[X,Y]°

where woF' is a 1—form defined by (woF) (Z) = w(FZ) for any Z € S§(M) and
Lx the operator of Lie derivation with respect to X [17].

,Y)
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Proposition 7. If X € S}(M), w € SY(M) and F,G € IH(M), then [17]
FCWY = (woF)", FC4G =~(GF),
FOXC = (FX)°4~(LxF).

Theorem 8. Let °g be Sasakian metric °g, is defined by (@, (@, (@, and Lx
the operator Lie derivation with respect to X. From proposition (@ and proposition
@, we get the following results

i) (Luv9) (0¥.67) = 0.
LZC g) ( > = ((ngil) (wvo))v
iii) (L,v°g) (QV,YC> = (9740, Lyw))",
9) (

—(Lzg " (w, p(VY))Y + (97" (Lzw,p(VY)))”
+(g  (w, p(V(LY)))Y,

€

LS
b..<

3
I

Sg) (XC,9V> — (gfl(wavg))V7
(X9wY) = —(Lzg7 ' (p(VX),w))" + (97 ((V(L2X)),w))"
+(g7 (p(VX), Lzw)),
vi) (Lyv®9) (X9, Y9) = (g7 (Lxw,p (VY)Y — (97 (p(VX), Lyw))",
vin) (Lze®g) (X9 YY) = ((Lz9)(X,Y))" + (Lzg™ (p(VX),p(VY))

—97'(p (V(LZX)), (VY) = g~ (p(VX),p(V(L2Y)))",

where the complete and horizontal lifts X, X € S§(T*M™) of X € I(M™) and
the vertical lift " € S§(T*M™) of w € IY(M™) deﬁned by (.) (@, @, respectively.

Proof. 1)
(LwVSg)(6V7€V) = LwVSg(eva V) 5 (vaevagv) _Sg(eV,vag‘/)
= Lv(g7'(0,6)"
= W (g71(0,9)
=0
i)
(Lze®g)(wV,0") = Lzc®gw",0") =% g(Lzew",0) =% g(w", Lzc0")

= 27 (@.9))" =% g((Lzw)".0") =% g(w", (Lz6)")
= (ng_l(wv 9))V - (g_l(LZwv 9))‘/ - (g_l(wv LZe))V
= ((Lzg™")w,0)"
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i)

(LwVSg)(ev’ Yc) =

Lovg(0Y, YY) =5 g(L,v0",YC) =5 g0V, L,vY©)
—Lyv (g7 (0, p(VY)) +7 90", (Lyw))

)"
= —w (g7 0,p (VYY) + (g7 (0, Lyw))”

(97 (0, Lyw))”

Lyze®g(w¥,Y) —Sg(chwV Y9) =5 g(w", LgeY)
—Lze (g (w,p(VY)))" =% g((Lzw)", V)

—Fg(w", (LzY)°)

—(Lzg " (w,p(VY))" + (97 (Lzw,p(VY)))"

+(g~ M (w, p(V(LzY))))”

Lov3g(XC,0Y) =% g(L VXC 0Y) =5 (X, L,voY)
—Lv (g7 (p(VX),0)" +7 g((Lxw)",0")
—w" (g7 (p(VX), ))V+( “HLxw, )"

(9~ (Lxw,0)"

= Lzo%(X%w") =% g(Lze X% w") =% g(XY Lycw")
w)

~Lze(g7 (p(VX),w))" =* g((LzX)%,w")
9(X, (Lzw)Y)
~(Lzg™' (p(VX),w))" + (g7 (p(V(LzX)),w))"

+(g M (p(VX), Lzw))

= L ng(XC YC) (LwVXcvyc) —5 g(XchwVYC)

Lov(9(X, Y)Y + (g7 (p(VX),p(VY)))"

+5 ((LXOJ) Y9 +59(XC, (Lyw)Y)

W (g(X, ) +w" (g7 (p(VX),p(VY)))"
—(g‘l(wavp(VY)))V — (g7 (p(VX), Lyw))”
(g7 (Lxw,p (VY)Y = (g7 (p(VX), Lyw))"



760

HASIM CAYIR

viii)

(Lzc®g) (X9, YY) = Ly

(1]

2]

(XO,Y9) =% g(Lye X9, Y) =% g(XY Ly YY)
= Lze(g(X, Y)Y + (7' (p(VX),p(VY))"
—%g((LzX),Y) =% (X, (LzY)“
Zg(X, V) +(Zg~ (p(VX),p(VY)))"
—(9(LzX,Y))" = (¢ (p(V(LzX)),p(VY)))"
—(g(X, LzY)) — (g7 (p(VX),p(V(LzY)))V
= (Lzg(X,Y)—g(LzX,Y)—g(X,LzY))"”
+(Lzg H (p(VX),p(VY))Y = (g7 (p(V(L2 X)), p(VY)))"
—(g 7 (p(VX),p(V(LzY)))"
= (Lzg9)(X, V)" + (Lzg~ ' (p(VX),p(VY)))"
(g7 (p(V(L2X)),p(VY)Y = (g7 (p(VX), p(V(LzY)))"

O

—

REFERENCES

Akyol, M.A., Giindiizalp, Y., Semi-Slant Submersions from Almost Product Riemannian
Manifolds, Gulf Journal of Mathematics, 4(3), (2016), 15-27.

Akyol, M.A., Giindiizalp, Y., Semi-Invariant Semi-Riemannian Submersions, Commun. Fac.
Sci. Univ. Ank. Series A1, Volume 67, Number 1, (2018), 80-92.

Cengiz, N., Salimov, A.A., Diagonal Lift in the Tensor Bundle and its Applications, Applied
Mathematics and Computation, 142, (2003), 309-319.

Cayir, H., Lie derivatives of almost contact structure and almost paracontact structure with
respect to XV and X on tangent bundle T(M), Proceedings of the Institute of Mathematics
and Mechanics, 42(1), (2016), 38-49.

Cayir, H., Tachibana and Vishnevskii Operators Applied to XV and X¢ in Almost Para-
contact Structure on Tangent Bundle T'(M), Ordu Universitesi Bilim ve Teknoloji Dergisi,
6(1), (2016), 67-82.

Cayir, H., Tachibana and Vishnevskii Operators Applied to XV and X# in Almost Para-
contact Structure on Tangent Bundle T'(M), New Trends in Mathematical Sciences, 4(3),
(2016), 105-115.

Gayir, H., Késeoglu, G., Lie Derivatives of Almost Contact Structure and Almost Paracon-
tact Structure With Respect to X¢ and XV on Tangent Bundle T(M). New Trends in
Mathematical Sciences, 4(1), (2016), 153-159.

Gudmundsson, S., Kappos, E., On the Geometry of the Tangent Bundles, Fxpo. Math., 20,
(2002), 1-41.

Musso, E., Tricerri, F., Riemannian Metric on Tangent Bundles, Ann. Math. Pura. Appl.,
150(4), (1988), 1-9.

Ocak, F., Salimov, A.A., Geometry of the cotangent bundle with Sasakian metricsand its
applications, Proc. Indian Acad. Sci. (Math. Sci.), 124(3), (2014), 427-436.

Salimov, A.A., Tensor Operators and Their applications, Nova Science Publ., New York 2013.
Salimov, A.A., Cengiz, N., Lifting of Riemannian Metrics to Tensor Bundles, Russian Math.
(IZ. VUZ.) 47 (11), (2003), 47-55



DERIVATIVES OF SASAKIAN METRIC Sg ON COTANGENT BUNDLE 761

[13] Salimov, A.A., Filiz, A., Some Properties of Sasakian Metrics in Cotangent Bundles, Mediterr.
J. Math. 8, (2011) 243-255.

[14] Sasaki, S., On The Differantial Geometry of Tangent Boundles of Riemannian Manifolds,
Tohoku Math. J., 10, (1958), 338-358.

[15] Soylu, Y., A Myers-type compactness theorem by the use of Bakry-Emery Ricci tensor, Differ.
Geom. Appl., 54, (2017), 245-250.

[16] Soylu, Y., A compactness theorem in Riemannian manifolds, J. Geom., 109:20,(2018).

[17] Yano, K., Ishihara, S., Tangent and Cotangent Bundles, Marcel Dekker Inc, New York 1973.

Current address: Hagim Cayir: Department of Mathematics, Faculty of Arts and Sciences,
Giresun University, 28100, Giresun, Turkey.

E-mail address: hasim.cayir@giresun.edu.tr

ORCID Address: http://orcid.org/0000-0003-0348-8665



	1. Introduction
	2. Main Results
	2.1. Covariant Derivation of Sasakian metric Sg with respect to vertical and complete lifts
	2.2. Lie Derivation of Sasakian metric Sg with respect to vertical and complete lifts

	References

