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1. Introduction

The Jacobsthal numbers have many interesting properties and applications in many fields of science (see, e.g. [1, 4, 12, 9]). In [1], Barry
investigated a Jacobsthal decomposition of Pascal’s triangle. In [4], Deveci et. al. defined the generalized order-k Jacobsthal sequences
modulo m. In [12], Koéken and Bozkurt showed that the Jacobsthal numbers are also generated by a special matrix. The Jacobsthal numbers
J,, are defined [9] by the recurrence relation

Jo=0,J1=1, Jyr2 =Jns1+2Jy, n > 0. (1.1)
Another important sequence is the Jacobsthal-Lucas sequence. This sequence is defined by the recurrence relation
Jjo=2, i =1, jnt2 = jnt1+2jn, n 2 0. 1.2)

In [3] the Jacobsthal recurrence relation is extended to higher order recurrence relations and the basic list of identities provided by Horadam
[9] is expanded and extended to several identities for some of the higher order cases. Furthermore, the authors generalized the Jacobsthal
recursion as

0 = Z 0 2, (1.3)
with n > 0 and initial conditions Jo =0 and J; =1 for s = 1,...,r— 1. For the n-th order-r Jacobsthal-Lucas numbers jflr) we use the same
recursion with initial conditions ]5 )= jir_]) fors=1,...,r—1.

In this work we consider the particular case r = 4, the fourth-order Jacobsthal numbers {J,(,4) }n>0 and the fourth-order Jacobsthal-Lucas

numbers { j5,4) }n>0 are defined by

4 _ 4)

4 4 4
I, = g 2 g =0, = = =1 (1.4)
and
i =i+ a2 i =200 =15 =5 i =10, (13
respectively.
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The first fourth-order Jacobsthal numbers and fourth-order Jacobsthal-Lucas numbers are presented in the following table.

s 1o 1 2 3 4 5 6 7 8 9 10 11 12
JY 7o 11 1 3 7 13 25 51 103 205 409 819
W2 1 5 10 20 37 77 154 308 613 1229 2458 4916

On the other hand, Horadam [7] introduced the n-th Fibonacci and the n-th Lucas quaternion as follows

On = Fn+iFyi1 + jF2 + kb (1.6)
and

On =Ln+iLy1 + jLyto +kLpy3, (1.7

respectively. Here F;, and L, are the n-th Fibonacci and n-th Lucas numbers, respectively. Furthermore, the basis i, j, k satisface the following
rules:

P==kr=—1,ijk=—1. (1.8)

Furthermore, the rules (1.8) imply ij = —ji =k, jk = —kj =i and ki = —ik = j. In general, a quaternion is a hyper-complex number
and is defined by Q = gr +iq; + jq; + kqi, where i, j, k are as in (1.8) and {qhq,-,qﬁqk} C R. Note that we can write Q = g, +Vp
where Vg = ig; + jq; + kqy. The conjugate of the quaternion Q is denoted by Q = ¢, — Vp. The norm of a quaternion Q is defined by
Nr(Q) =00 =q; +4; +q; +4; €R.

Many interesting properties of Fibonacci and Lucas quaternions can be found in [5, 6, 7, 8, 10]. In [6], Halici investigated complex Fibonacci
quaternions. In [8] Horadam mentioned the possibility of introducing Pell quaternions and generalized Pell quaternions. In [13], the authors
defined the Jacobsthal quaternions and the Jacobsthal-Lucas quaternions. Recently, in [2] the author defined the third-order Jacobsthal
quaternions and mentioned the possibility of introducing higher order Jacobsthal quaternions.

In this paper, we introduce and study the fourth-order Jacobsthal quaternions and the fourth-order Jacobsthal-Lucas quaternions. In particular,
we give generating function, Binet formula and some interesting results for the fourth-order Jacobsthal quaternions and fourth-order
Jacobsthal-Lucas quaternions.

For fourth-order Jacobsthal and fourth-order Jacobsthal-Lucas numbers some identities are given, see [3]. In this paper we need some of
them.

2 if n=0 (mod 4)

@4 @4 _ ) =5 if n=1 (mod4)

I OIT=N i n=2 (mod 4) (1.9)
4 if n=3 (mod4)

1 if n=0,2 (mod 4)
64— =8 2 it a=1 (mod4) (1.10)
—4 if n=3 (mod4)

0 if n=0 (mod4)
Jﬁrfwfjff_)l ={ =2 if n=1 (mod4) (n>1), (1.11)
1 if n=2,3 (mod4)
4 )
- 1,531471 if n=0 (mod 4)
Js IO i n=1,3 (mod 4) (1.12)
=0 JW 41 i n=2 (mod 4)

and

0 @
n {]nﬂ 2 if %0 (mod 3) 013

Jppp 1 if n=0 (mod 3)
Using standard techniques for solving recurrence relations, the auxiliary equation, and its roots are given by
HeP P —x—2=0; x=2,x=—1, and x = £i.

Note that the latter two are the complex conjugate quartic roots of unity. Call them ®; and @,, respectively. Thus the Binet formulas can be

written as
1514):%(2"_(1;3’)@—(1;3’)005’) (1.14)

-(4)_1 n+2 éi n 1+3i n 1—3i n
Jn —10(2 +3( 1) +( > w; + > ) |, (1.15)

and
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respectively.
Now, we use the notation
a if n=0 (mod4)
() Aot —-Bwy | b if n=1 (mod4)
Hy™(a,b) = o —w ) —a if n=2 (mod4) (1.16)
—b if n=3 (mod4)

where A = b —awm, and B = b —awy, in which @; and w, are the complex conjugate quartic roots of unity (i.e. wj‘ = w;‘ = 1). Furthermore,
note that for all » > 0 we have

HY, (a,b) = —HY (a,b), (1.17)

where Hé4) (a,b) = a and H1(4) (a,b) =b.
From the Binet formulas (1.14), (1.15) and Eq. (1.16), we have

I =5 (),

(1.18)
@) _ 3 (on2 3y y@
Jn 10 (2 3( 1) +Va )7
where Vn(4> = H,<,4)(1, -3).
2. The fourth-order jacobsthal quaternions
The n-th fourth-order Jacobsthal quaternion J Q£,4) and the n-th fourth-order Jacobsthal-Lucas quaternion jQ£,4) can be defined as
108 =0 a4k @)
and
JOs = i+ i+ i, ki, n >0, 22)

(4)

respectively. Here J,(,4) and j, / are the n-th fourth-order Jacobsthal and n-th fourth-order Jacobsthal-Lucas numbers, respectively. Further-
more, the basis i, j, k satisface the rules in (1.8).

The function G(1) = ¥,,50J Q,(14)t” is called the generating function for the sequence {J Q£,4) }. In [3], the authors found a generating function
for fourth-order Jacobsthal numbers. In the following theorem, we established the generating function for fourth-order Jacobsthal and
fourth-order Jacobsthal-Lucas quaternions.

Theorem 2.1. The generating function for fourth-order Jacobsthal-Lucas quaternion is

2+4i+5)+10k+1t(—1+4i+5j+10k) + 1% (2+4i+5j +Tk)
+13 (2 +4i+2j + 10k)

04 .n
t" = . 2.3
ngij" 1—t—12—13—214 3)

Proof. Assuming that the generating function of the quaternion { jQ}<’L4>}nZO has the form G(¢) = ¥,;>0 jQ$,4>t” , we obtain that

(1—t—1> =83 =2G(r)

(jQé4)+jQ§4)f+"'> _ <jQ(()4)t+jQ(l4)z2+-..> B
jog! 1 (ie" —iey”) + (g — e —jey") + 1 (e — ot ~ et ~ jey").

since jQEﬁ4 = jQﬁfL + jQﬁfﬁz + jQﬁfg 1 T2 jQ,(14> (n > 0) and the coefficients of t" for n > 4 are equal to zero. In equivalent form is

jol! +1 (01" - o)+ (jo! - jol - o)

@)@ @)
+ (jolV - jol - joi - jof!)
() = 1—t—12 -3 -2t4
Thus, the proof is completed. O

Thus, the Binet formula for jQ,(,4> can be given in the following theorem.

Theorem 2.2. If jQ5,4) = j£,4> +i j(4> +J j(4> +k j<4) be the n-th fourth-order Jacobsthal-Lucas quaternion. Then,

n+1 n+2 n+3
@3 [ 1430\ 1-3i\
= e S ()t (52 s
3 2.4)

5
=10 [2"”oc+ (1B vy ]
where @), @, are the complex conjugate quartic roots of unity. Furthermore, & = 1+2i+4j+8k, B =1—i+j—k and VQg4> =

vyt )+lv<+)l +V, (+)2+k n(+)3
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Proof. Let Vn(4) = H,(,4>(17 —3). Using the relation (1.18), we have
10 10 .
o = ERY (0" i g v ki)
5 5 5 5
- (2"+2+§(—1)”+Vn(4)> +i (2”*3 - g(—1)”+V,fi)l) +J (2”+4+ Sy ) +k (2”*5 - g(—1)"+v(i>3>

212 (1 +2i+4j+8k)+§(—1)”(1 —itj—k)+vol

where VQ£, V(4) + zV(4) + ]V< +>2 +kV rf +)3 Furthermore,

@ L4300 (1=30\ L\ (1430 e (1-30\
o = (2ot (52 ot) w1 (152 o (152 o

. 143i 2 1-3i 2 1+3i 3 1-3i 3
(o (5o ) (557 ere (7)o
143i 1-3i
- (7)ot (55 ot
with @] = 1+ @i —j— ik and @ = 1+ @i — j — @k, since colz:a)zzz —1. So, the theorem is proved. O

In a similar way, using the Egs. (2.3) and (2.4) one can easily prove the following theorem.

Theorem 2.3. IfJQn ( )+IJ( ) +JjJ ( ) +kJ ( ) be the n-th fourth-order Jacobsthal quaternion. Then,

nt1 T2 T
( i+j+k+t(142k) )
2 P 3 .
2 (=it j43k) +13 (=1 +2j+ 2k
Y o=\ (Zitj+ )2+ 3( L )/ 25)
130 1—t—t-—1>—2t
J0lP = {2"05 vo'lt ] 2.6)

where &= 1+2i+4j+8k and VO = vV + v + iy, iy

3. Some identities for the fourth-order jacobsthal quaternions

By some elementary calculations we find the following recurrence relations for the fourth-order Jacobsthal and fourth-order Jacobsthal-Lucas
quaternions from (2.1) and (2.2):

109, 470 +i0l + 2701

A )+ 0 )
+ O i+ 8 k) 20 i )
= 9,400 a2 U g, W) g 3.1)
+ (O, I 0, 20 20+ 0, 0 20k

= r(z+)3+l‘l(+>4+J (+)5+k :5+)6

- ‘]Qn+3

and similarly JQn+% = -]Qn+2 +]Qn+1 Jr]Qn +21Qn »forn>1.
Now, we give some interesting results for the fourth-order Jacobsthal quaternions {JQ£,4) }n>0 and the fourth-order Jacobsthal-Lucas

quaternions { jQ£,4> In>0-

Theorem 3.1. Let n > 0 integer. Then, we have

2-5i—j+4k if n=0 (mod 4)

@) ) —5—i+4j+2 if n=1 (mod 4)

JO =IO =\ 14 4it2j—5k if n=2 (mod4) (3.2)
442i—5j—k if n=3 (mod4)

Proof. To prove Eq. (3.2) we need the Eq. (1.9). In fact, it suffices to take the Binet’s formula of J,S ) and ],, 1n (1.18). Then,

N ) < B (S S IRV ' I W R S
W e = 10(2 +3( 1)+Vn) 5(2 v,,)

(=0 +3v¥).

N =
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For definitions (2.1) and (2.2), we have JQ,l = ( ) + tJ<+>1 +]J<+>2 +k.]<+)3 and ]Qn j,(14> +ij,(:21 +jj£f£2 +kj}(:23. Then, if we consider
= 0(mod 4), we obtain
NC 4 4) | .4
ol ! = (e i) e el
(4) 4) (4) 4) 4) (4)
= (j 6‘, ) +i (J +1 6Jn+1) ( - 6Jn+2) +k (jn+3 - 6‘In+3>
= 2-5i—j+4k,
since j —6sW = 5 i@ 6y — 1 and j¥, — 6™, = 4. The other identiti lear f ions (1.9) and (1.18 O
e 1 s Jnin o = Jni3 i3 . The other identities are clear from equations (1.9) and (1.18).

Theorem 3.2. Let n > 0 integer. Then,

1 2n n . —
@, _ [ 3(17-22"—6-2"+4) if n=0,1 (mod 4)
Nr(JQn )’{ $(17-2246-2"+4) if n=2,3 (mod 4) 33)
Proof. To prove Eq. (3.3), we use definition of norm for the fourth-order Jacobsthal quaternion J Q§L4>,
2 2 2 2
W0 = (1) (1) (1) (1)
Then, by the Binet formula (1.18) we have
(2,, 4,(4))2 n <2n+1 _v@® )2
Nr(uQl) = o ’ "
"5 2y @\ (gn3 _ @)’
+(2 Vara) +(2 Vi3
1 [ 8522y )+2V(+)1+4V<+>2+8V( >) "
= 93 4)\ 2 4)\? 4 4 .
B ey () ()

25

<85 221320 (v 2y Y ) +20)
;(17 22132710, +4),

where UY) = H{Y) (1, —1). Then, if n = 0, 1(mod 4), we obtain U:Ej—)l = 1and Nr(JQ{Y) = £ (17-2%" —3.2"1 1 4). The other identities
are clear from equations (3.4) and (1.16). O

In a similar way, using the Egs. (1.10) and (1.11) one can easily prove the following theorem.

Theorem 3.3. Let n > 0 integer. Then,

142i+j—4k if n=0 (mod 4)
B 2+i—4j+k if n=1 (mod4)
610, — joi — o, = 1—4i+j+2k if n=2 (mod4) ° 35
—44+i+2j+k if n=3 (mod4)
—2i+j+k if n=0 (mod4)
. —2+i+j if n=1 (mod4)
‘]Qn+27‘,Qn 7.]Qn_] = 1+l_2k lf‘ I’ZEZ (mod 4) ) (l’lz 1) (36)
1-2j+k if n=3 (mod4)
The following is a result for the sum of fourth-order Jacobsthal quaternions.
Theorem 3.4. Let n > 0 integer. Then,
JOY —(142k) i n=0 (mod 4)
noow ) oW 4 i—j=3k)  if n=1 (mod 4)
Y J0" = @ . . : (3.7
- JO, L +(1=2j-2k) if n=2 (mod 4)
JOW —(i+j+k) if n=3 (mod4)

Proof. Using equality (1.12), we have
JW 1 i =0 (mod 4)

n n+
YAV=0 g it n=1,3 (mod 4)
JW 41 i n=2 (mod 4)
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w27 — g9 4 1and pr3 s = Y, Then,

Furthermore, if n = 0(mod 4), Y%, Js<4) =J, +1 ):"H =J, 3

n+2’

n
y ol = Z —HZJH—FJZJ +kZJ+3
s=0

§= s=0

n n n n+3

= YuP4i (Z Jﬁ‘”) +j<): J§4>1> +k (Z J§4>2)
s=0 s=0 = s=0

= (WD) () 4 (1) k(1 —2)

— 70, —(1+2k).

4 _

If n = 1(mod 4), we have Y0 I = 1@, 1, 720 = J0 and pro3 s =g, 1 then x_g g0 = 70| + (i— j—3k). The

proof is similar for the cases n = 2,3(mod 4). Thus, the proof is completed. O

There are three well-known identities for Fibonacci numbers, namely, Catalan’s, Cassini’s, and d’Ocagne’s identities. The proofs of these
identities are based on Binet formulas. We can obtain these types of identities for fourth-order Jacobsthal quaternions using the Binet
formulas derived above. We use the notation

Aojor - By
] —
a+bi—aj—bk if

HO (a,b) =

n=0 ( ) (3.8)
_ b—ai—bj+ak if n=1 (mod 4)
~ ) —a—bi+aj+bk if n=2 (mod4) ’
—btai+bj—ak if n=3 (mod 4)

where A = b —aw, and B=b — awy, in which ©; =1+ @i — j— @ik and @, = 1+ @i — j — mrk are the complex conjugate quartic roots

of unity (i.e. a)12 = w22

= —1). Furthermore, note that for all » > 0 we have
4 4
HOY,(a,b) = ~HOY (a,b), (3.9)

where HQ(()4)(a,b) =a+bi—aj— bk and HQ(14>(a,b) =b—ai—bj+ak.
The following theorem gives d’Ocagne’s identities for fourth-order Jacobsthal quaternion.

Theorem 3.5. IfJQ ( ) + lJ<+)1 +JjJ, (422 +kJ (423 be the n-th fourth-order Jacobsthal quaternion. Then, for any integers n and m, we
have
4) (4)
@) ;9@ 3) ;@ _ 1 Ul — 21U 0 a
JOw'J —J J =- 3.10
QW’ Qn+l Qm+1 Q” 5 { (win nw1 0> — wénfna)zwl) ( )

where 00 =1+2i+4j+8k, @ = 1+ oyi— j— @k @y = 1+ wpi— j— ik and UQY = HOWY (~1,-1).
Proof. Using the Binet formula for the fourth-order Jacobsthal quaternions and VQ,(14> =H Q£14>(17 —3) in (3.8) gives
4) 4 4 4
105070 — 10 solY
| ma—vol) (2tla—vol®,
= s 4
5\ - (2a-va)),) (2a-va)

_ 1( 2oV gl -2V Opa 4 27 a0l + 2V o )
25 +voivoll —valll vol

1
:§<2maUQ§L4)—2"UQ£,f)a—i(w1 "o — )~ ”coza)l)),

3.11)

where UQ\Y = 1 <2VQ£,4> — VijfZl) —HOY(1,-1). 0
Taking m = n+ 1 in this theorem and using the identity

—i (0 @10 — o) =0 o+ oo =—4(1+ ),

we obtain Cassini’s identities for fourth-order Jacobsthal quaternions.

Corollary 3.6. For any integer n > 0, we have

(JQf,‘fZl)z —708% g0l = é (2" <2aUQ§,4> —Uij‘jla) 41+ j)) . 3.12)

We will give an example in which we check in a particular case the Cassini-like identity for fourth-order Jacobsthal quaternions.
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Example 3.7. Let {JQ£4) 1 s=0,1,2,3} be the fourth-order Jacobsthal quaternions such that JQ§)4) =i+j+k JQ(14) =14+i+j+3k
JOY =14 i+3j+Tkand JOY) = 143i+7j+ 13k. In this case,

(1 4i+j+3k)2 = (14+i+3j+Tk) (i + j+k)
= (—1042i+2j+6k)—(—11-3i+7j—k)

2
(]Q(14)) —JQ§4>JQ(()4)

— 145i-5j+Tk
_ 1 @ _ro® ) _ .
- 5((2aUQ0 uo! a) 4(1+J)).
and
2
(JQ?)) —I0I0\" = (1443 Th)F — (14 3i+7j+ 13k) (1 + i+ j+ 3k)

= (=58+2i+6j+ 14k) — (—48 + 12i+ 12 + 12k)
= —10—10i—6j+2k

% (2 (2aUQ§4) —uol a) 41+ j)) .

4. Conclusions

In this work, some known identities of the sequence of Jacobsthal numbers have continued to be generalized with the use of the quaternion
ring. The main motivation is based on the study of the non-commutative properties of the quaternions, and how we can solve friendly cases
with sequences of recursive numbers. In particular, the ideas of finding rules of commutativity, matrix representation of quaternion sequences
and their study in a wider class of rings, say in octonions or in any power associative ring.
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