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ABSTRACT. The paper is a survey concerning representations for the remainder term of Bernstein-Schurer-Stancu
and respectively Stancu (based on factorial powers) bivariate approximation formulas, using bivariate divided differ-
ences. As particular cases the remainder terms of bivariate Bernstein-Stancu, Schurer and classical Bernstein bivariate
approximation formulas are obtained. Finally, one presents some mean value properties, similar to those of the re-
mainder term of classical Bernstein univariate approximation formula.
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1. INTRODUCTION

Denote by N the set of positive integers and Ny = N U {0}. Let p € N be given and «, 8 be
real parameters satisfying the condition 0 < o < . The Bernstein-Schurer-Stancu operator is
defined [6] for any m € N, any f € C[0,1+ p] and any z € [0, 1 + p] by:

m+p
~ k+«
1.1 SlenB)( -
(1) (00 = 3 P ( . 5)
where
(12) 5m,k(m) = (m;—;;) .’Ek(l _ $)7rt+p—k7

are the fundamental Schurer polynomials [33].

Note that the multiparameter operator (1.1) contains as particular cases the Schurer operator
[33] (for o = B = 0), the Bernstein-Stancu operator [36] (for p = 0) and of course the classical
Bernstein operator [18] (for p = 0 and a = 3 = 0). Many of its approximation properties were
investigated in [9].

Let p, g € Ng be given and let «, 5, ~, ¢ be real parameters such that 0 < o < 3,0 < v < 6.

Using the method of parametric extensions [21], [5], in [7] was introduced the Bernstein-
Schurer-Stancu bivariate operator, given by

m—+p n+ .
(1.3) S(aﬁ’vé)fw szq kta j+v
. m,p,n,q ) 3/ pmk pn,j y)f m+[37n+5
k=0 j=0

while in [8] was considered its GBS associated operator, given by
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(L) TS (fiw,y) =

m,p,n
m—+p n+q k—l—a j+,y k+a ]—’_’y
kzojzopm iy {f( T8’ )+f( +5> f<m+ﬂ n+5>}

Approximation properties of operator (1.3) and (1.4) were established in [7], [9], [13].

In Section 2 we recall the results from [12,13] regarding the remainder term of the bivariate
Bernstein-Schurer-Stancu bivariate approximation formula. At end of this section, we discuss
about the remainder term of GBS Bernstein approximation formula [11].

Suppose « is a non-negative parameter which may depends only of m € N. In 1968, Stancu
[36] introduced the operator P{*) : C[0,1] — C[0, 1] given by

(1.5) Pl (fra) =Y pl (@) f (7’;) :
k=0

where pflo‘,i(x) are Stancu’s fundamental polynomials expressed by means of factorial power
thl = t(t — h)...(t — (m — 1)h), t9" = 1, by

[k,—al(1 _ p)[m—k,—a]
() m\ © (1—2a)
(16) pm k(x) <k‘) 1[m,—a] ’

forany z € [0,1], m € Nand k € {0,1,...,m}.

The operator (1.5) is the Stancu operator (or Stancu operator based on factorial power).

Let m,n € Nbe given and let & = a(m), 8 = 5(n) be real parameters. Using the method of
parametric extension in [25,26] was obtained the Stancu operator and its GBS-Stancu associated
operator, given respectively by

(17) PO (Fixy) = 33 B (@) () f (Z n)

k=0 j=0
and
8 U= Y @l {f (L) (o 1)1 (50}
k=0 j=0

The corresponding approximation formulas were studied in the recently papers [25,26] due to
Micldus, where the remainders of mentioned formula were expressed using bivariate divided
differences.

Coming back to the classical Bernstein operator B,,, : C[0,1] — C|0, 1] given by

(19) Bunfi) =3 pmsd ()

k=0
for any f € C[0,1], z € [0,1] and m € N, recall that Arama [4], proved that the remainder term
of the univariate Bernstein approximation formula

can be represented under the form
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(1.11) Ry (f;x) = —w €1, 62, &35 ]

for any x € [0,1], where 0 < ¢&; < & < &3 < 1.
In Section 3 we will present analogous results for the remainder terms of bivariate Bernstein-
Schurer-Stancu and respectively Stancu bivariate approximation formulas.

2. THE REMAINDER TERM OF THE BIVARIATE BERNSTEIN-SCHURER-STANCU
APPROXIMATION FORMULA

We start by recalling some results regarding the divided differences which will be used in
the paper. Suppose that I C R is an interval of the real axis and x;, x> € I such that z; # .
The divided difference of f with respect the distinct knots x1, = is defined by

x2) — f(x
@) o131 = 1220 01)
T2 — I
If xo,21,...,2, € I are distinct knots and f : I — R is given, then the n-th order divided
difference of f with respect the mentioned knots is defined by the recurrence relation

[x17~-~7xm;f]_[x07~-~,$m—1;f]
Tm — Zo -

(2.13) (20, 21, -+, Tm; f] =

Note that the divided differences were intensively studied by Popoviciu [30]. Interesting
properties of the divided differences were obtained by Ionescu [22] and Ivan [23].

Let I,J C Rbeintervals, f : I x J — R be bounded and (z1,y1), (z2,y2) € I x J such that
x1 # %2,Y1 # yo. The bivariate divided difference of f with respect the knots (x1,y1), (z2,¥2)
is defined [10] by

(2.14)

{ x1, T2 'f] _ f(x2,y2) = f(w1,y2) — f(@2, 1) + f(21,91)
yi,92 (22 —21)(y2 — v1)
Other equivalent definitions were given in the monographs by lonescu [22] and Ivan [23].

In the definition of the bivariate divided difference the number of abscissas is in general not
equal with the number of coordinates. For example (see [10]), we have that

(2.15) [ w1, T2 ;f} _ fl@ay1) = f@ny)
Y Ty — X1
and
T1,T2,T3 o 1 T2,T3 _ T, Ty
216 g ([ ] - )

where x1, x2, x3 € I are distinct.
For the bivariate divided difference with respect the distinct knots (z;,y;) € I x J (i =
0,m, j = 0,n) the following recurrence formula [10]
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x07x17"')zm
217 f| =
( ) |:y07y17"'7yn f:|

Llyeewy Ly Zo, - Tlyeeoy Ly LOyeoryLpp—1
A ; A e ;
|:y17"'7yn f:| |:y1a"'7yn f:| |:y07~'~7yn—1 f:| |:y07"'7ym—1 f

(@m — 20)(Yn — Yo)

holds.
Using the above mentioned properties of the bivariate divided differences, in [13] was es-
tablished the following.

Theorem 2.1. The remainder term of the bivariate Bernstein-Schurer-Stancu approximation formula

2.18) f= 8B (f) + Rl Pro)(f)
can be represented under the form
(2.19) RS9 (fr2,y) = S+ Sy + S,
where
( m+p n+q z, k-:%
k=0 7=0 n—+9

m+p 1 n+q T k+a k+o+l ‘|
’f bl

z(1 —x)(m+ p) *m+8° m+p
_W Z me lkr pn](y)[ %

_ q y—y m-+p n+q k+a
CE S GRS TR o SP AN [ i ;f]
" k=0 j=0 Y nrs
y( m+pn+q 1 ki%
m
(m+p)(n+q)
. 3 = 1-— 1-—

m+p—1n+qg—1 T k+a kt+a+l
P m+B m+B
X Z Z pm 1 k pn 1 j(y) j+y  jHy+1 ’f
Y n+d ' ntd
m + p

- Wx(l —2){(6 —q)y — 7}

m+p—1n+q T k+a kt+atl

K + ) +

X Z me 1k ( Pn,g(y)[ " [3]+’:n[3 J]
k=0 j=0 Y nrs
n—+q

(

Tt Bmter” 1=y){(B—p)z—a}
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m+pn+q—1

z, k+a
X Z Z pmk pn Lj(:U)[ mto f]

e A i e

'n+0 7 n+o
1
+ = {B-pr—a {0 —qy—~
s (8- P - a0 - gy =)
m+p n+q .’I}, k+o¢
X ()P () [ i ,f]
k=0 j=0 T
Remark 2.1. For « = 8 = v = § = 0 one obtains that the Bernstein-Schurer-Stancu operator
reduces to the Schurer bivariate operator, given by
m+p n+q k j
(2.23) Bmpnq fﬂﬁy I;)jzopmk pn,] )f<m+p’n+q>'

In this case we get the Schurer bivariate approximation formula

(2.24)

f = Bm,p,n,q(f) + Em,p,n q(f)

Applying the Theorem 2.1 for « = § = v = § = 0, it follows

Corollary 2.1. The remainder term of the Schurer bivariate approximation formula (2.18) can be rep-
resented under the form:

(225) Em,p,n,q(f) = Sl + S2 + S3
where
m+pn+q Tz E
(226) Si Z me kT pmg ) [ jm hf]
k=0 j5=0 n
m+p 1n+q ko k+1
_T Y D n-1k(@) Pui(y) FEARTAE
k=0 j=0 n
m+pn+q k
k=0 5=0 ‘n
(1 - m+pn+q 1

k
n2n+q Z Z P k(%) P 1,g(y)[y . ;f];
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a;‘y(l m+p 1n+q—-1 ok k£l
(228) 53 = Z Z pm lkr pnfl,j(y) [ y ZL ﬁ 7f]
j= ‘m? n
m+p—1n+q k  k+1
m+p Ty s
+(m2 Ja y(l1—x) Z me 1,k( (y)[ mlm ;f}
Y n
+pnt+g—1 k
(n+q)p X Tom
+W Z Z pmk pnfl,j(y) y i g+l 7f
j= Tnm n
m+p n+q k
+7xyzzpmk pnj )l ;n 1f‘|
k=0 j=0 Yo

Remark 2.2. For p = ¢ = 0, the bivariate Bernstein-Schurer-Stancu bivariate operator (2.25)
reduces to the bivariate Bernstein-Stancu operator, given by

k+a j+7v
(aﬂmf?) E E
(229) Sm,n f T y Pt Opmk p’I’L7J )f <m+ﬂ 9 TL+6) .

Consequently it follows the Bernstein-Stancu bivariate approximation formula

(2.30) f= Sﬁfﬁ D (f) + R ,B O (f).
Regarding the remainder term of (2.29), applying the Theorem 2.1 for p = ¢ = 0, it follows:

Corollary 2.2. The remainder term of (2.29) can be expressed under the form:

(2.31) RO (fr2,y) = S1 + Sa+ Ss,
where
BT — (= z, 5:.?;
(2.32) S1= DY k@ pasw) | f
m+ 8 k=0 j=0 n+o
m—1 n k+a kt+a+tl
ma(1 — x) 3 Lo mt B
Pr—1,k(%) Pn s (y) [ - i fls
(m+6)? == =
5y v m n k—‘rOé
_ — ) m+ .
(233) Sy = nto Z pm,k(x)pn,j(y) [ Y 7f‘|
k=0 j=0 ' n+44d
ny(l - y) o= T
- m Z mek(x)pn—l,j(y) y, 1 ity if s
k=0 j=0 Yn+d 7 ntd
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mnxy(l — == e R
@34) S == Z > 1k (@) Pa1(y) [ Ty ot ,f]
k=0 j=0 Y n+d ’ n+d
m m—1 n z, k—:-OZ% ’ k-‘r(i'gl
- = a(1=2)(6y=7) Y D Pr-1x() P (v) [ e J]
(m+B)%(n+4) == vy i
n m n—1 x, k":_%
(1) (=) 3 Y Pk (@)pa 1) l L ;f]
(m—l—ﬂ)(n—i—(S) k=0 j=0 Y, ﬁ ’ jn15
] m n T k-+%
Y i+
+ Bz — a)(dy — ) Pk (%) P, (Y) fl
(m+ B)(n+7) kzzo =0 ’ Y iz—:-}

Remark 2.3. Whenp = ¢ =0,a = 8 =~ = § = 0, one obtains the classical Bernstein bivariate
operator, namely

(235) mn fa €,y Zzpmk pn] )f<7]:’L,’I‘?L>

k=0 j=0

The associated Bernstein bivariate approximation formula is

(2-36) f = Bm,n(f) + Rm,n(f)a

and, as consequence of Theorem 2.1, for its remainder term we have the following;:

Corollary 2.3. The remainder term of (2.35) can be represented under the form:

(237) Rm,n(f;m,y) =851+ 59+ Sg,
where
21— 2) T & [k kil
(2.38) Sy = Zme 11(%) Pn,j (y) o ;f],
k=0 j=0 L n
m n—1 B k.
k=0 j=0 L Y’n’ n
lxlymlnl 1_7%7@
(240) S3 kzozopm 1k pn 1,](y) y l'L ﬁ af .
J ‘n? n

Applying the mean value theorem for bivariate divided differences, in [13] was proved the
following:

Theorem 2.2. Let be f € C>2)([0,1 + p] x [0,1 + q]). Then there exists a constant M depending on
f, o, B,~, 0, such that for any (z,y) € [0,1] x [0,1] and any m,n € N, the following

BR800 (f ’ Im+p  In+q  (Imip)(nta)
e —\ 8m? 8n? 64m?2n2

(2.41)

holds.
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Remark 2.4. From (2.40) similar estimations for the remainders of Schurer, Bernstein-Stancu
and respectively Bernstein bivariate approximation formulas can be derived.
Let now U,, ,, be the GBS Bernstein operator, given by

k j k
m,p f,l’ y ’;)jzopmk pn,j {f <m7y) +f(x”l]7,) f<mai)}

(it is obtained from the operator (1.4), fora = =v=0 =p =¢ =0).
Considering the GBS Bernstein approximation formula

(242) f=Unn(f)+ Rm,n(f)
in [12] we proved the following;:

Theorem 2.3. The remainder term of (2.42) can be expressed under the form

ny( m—1n—1 T k  k+1
(2.43) Ryn(fiz,y) = Z > Pm—1k(x) pro1,;(y) l Jar ;f] :
k=0 j=0 ‘n) n

Applying the mean value theorem for, bivariate divided differences, in [12] was proved

Theorem 2.4. Suppose f € CD([0,1] x [0, 1]) is a function for which exist %afgﬁ on [0,1] x [0,1],
bounded on [0,1] x [0, 1]. Then, the following inequalities

, zy(l—z)(1—y)
(2.44) |Rm,n(fa r,y)| < amn M(f) < 64mn

hold, for any (x,y) € [0,1] x [0, 1], where

o'f

(2.45) M(f) = sup M(m y)’ .

(z,y)€[0,1]x[0,1]

3. MEAN VALUE RESULTS FOR THE REMAINDER TERM OF SOME BIVARIATE APPROXIMATION
FORMULAS

We start by recalling some notions regarding the convex functions of higher order.
In his Ph. Thesis (June 1933) Popoviciu [30] introduced the notion of m-th order convexity
for univariate real valued functions as follow:

Definition 3.1. Let I C R be an interval . The function f € R’ is m-th order convex (non-
concave, polynomial, non-convex, concave) on I if and only if for each (m + 2) distinct points
Z1,T2,...,Tmy2 € I one of the following inequalities hold true

(3.46) [£1, T2, .- Tmg2i ] >0 (> 0,=0,<0,<0),

where the brackets denote divided difference.

Note that monotonous strictly increasing is convex of 1-th order wheil a strictly convex func-
tion in the usual sense is convex of 2-th order. Among many others, in [30] was established the
following:

Theorem 3.5. Suppose a,b € R such that a < band A € C#[a,b] is a linear functional defined on
[a, b]. Suppose that

(i) A1) = A(z) = ... = A@™) = 0, A@z™+) £ 0;



On the Remainder Term of Some Bivariate Approximation Formulas Based on Linear and Positive Operators 81

(ii) A(g) # 0 for each g € Cla,b] convex of m-th order.

Then, for each f € C|a,b] there exist (m + 2) distinct points a < & < &3 < ... < &ny2 < bsuch
that

(3.47) A(f) = K[&1,82, -+, Emtas s

where K is a constant independently on f.

Applying Popoviciu’s theorem, Aramd [4] established the following mean value result for
the remainder term of Bernstein univariate approximation formula.

Theorem 3.6. Let B, : C[0,1] — C[0,1] be the Bernstein operator. The remainder term of the
Bernstein univariate approximation formula

can be expressed under the form

where 0 < & < & < &3 < 1.
Suppose I, J CR are compact intervals, C(I x J)={f € RI*/| fcontinuoson I x J}, C#(I x
J)={A4:C(I xJ)— R| A — linear}.

Our goal is to obtain a representation of a linear functional A € C#(I x J) associated to
functions f € C|a, b] which satisfy some special conditions.

Let D C R? be a convex set, m,n € N,(z;,y;) € D for each i = T1,m,
j = 1,nand f € RP be a bivariate bounded real valued functions. Recall that the bivariate
divided difference of f on the distinct points (z;, y;) is given by

(3.50) { Thoeeeo Tm ;f] = [yh---,yn;[xl,---,xm;f] :

Yis-- 5 Yn

The notion of (m, n)—th order bivariate divided difference was introduced by Popoviciu [30]
and then studied by many others (see for example [10,11], [22,23]).

The notion of (m,n) — th order bivariate convex function was introduced by Popoviciu [30]
in the following:

Definition 3.2. The function f € R” is (m,n) —th order convex (non concave, polynomial, non
convex, concave) if and only if for each distinct points (z;,y;) (i € {1,...,m +2}, j€{l,...,n+2,})
one of the following inequalities

Tl mt2 el S (> 0,=0,< 0, < 0),

3.51
( ) Y1, -3 Yn+2

holds.

Example 3.1. A monotonous increasing function f € R is convex of (0,0)-th order, a strictly
convex function in the usual sense is convex of (1, 1)-th order in the sense of definition (3.47),
etc.

The analogous of Theorem 3.2 for the bivariate case is the following
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Theorem 3.7. Suppose I, J C R are compact intervals and denote
C#*(I,J) ={A:C(I x J) — R| A — linear}.
If the linear functional A satisfies the conditions:
(i) A(xiy?) =0, (V)ie{0,1,...,m}, (V) j€{0,1,...,n};
(it) A(x™TlynTh) £ 0;

(iii) A(g) # 0 for each g € C(I x J) convex of (m,n) — th order, then, for any f € C(I x J) there
exist the distinct points (§;m;) (1 € {1,...,m+2}, je{1,...,n+2,}) such that

(352) A(f) - K 617-~-a§m+2 7f 7

M5 Mnt2
where K is a constant independently of f.

Proof. From the hypothesis (iii) it follows that A(g) # 0 for each ¢ € C(I x J) concave of
(m,n)-th order. Let f € C(I x J) be arbitrarily chosen and let g € C(I x J) be given by

A
(f) xm+1g71,+17

(3.53) 9(z,y) = f(z,y) - Aamrignthy

for any (z,y) € I x J.

From (3.53) it follows that A(g) = 0, and consequently g is not convex and not concave of
(m,n)-th order on I x J. According to Definition 3.2, there exist the distinct points (§; n;) € IxJ
(te{l,....m+2}, je{l,...,n+2,}) such that

(354) |: 517"'7£m+2 7f:| = 0.

M- Tnt2

Taking the linearity of bivariate divided difference into account, from (3.53) and (3.54) are
obtains

§1a§27 .. a§7rl+2
3.55 i fl -
(3:55) M T2y s NMnt2 A(xmHigntl)

But it is well known (see [10] or [29]) that

A(f) [ Ela---7§m+2 .xm+1gn+1 —0.
M- Nn+2 '

(3.56) { L ;x’"ﬂgnﬂ} .
My Mn42

Taking (3.56) into account, from (3.55) one arrives to the desired result with K = A(z™m*1gnt1).
O

Application 3.1. Consider the bivariate Bernstein approximation formula

(357) f = BnL,n(f) + Rm,n(f)7
where B, ,, : C([0,1] x [0,1]) — C([0, 1] x [0,1]) is the Bernstein bivariate operator, i.e.

(3.58) Bmmn (f;2,y) Zzpmk pn] f<7]; ;)

k=0 j=0
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It is well known (see for example [17]) that B,, ., (f; x,y) > f(z,y) forany (z,y) € [0, 1] x][0, 1]
and any f € C([0, 1] x [0,1]), convex of (1, 1)-th order on [0,1] x [0, 1].

Let (w0, yo) € [0, 1] %[0, 1] be arbitrarily chosen and define the functional A € C# ([0, 1]x [0, 1])
by

(3.59) A(f) = f(=0,y0) — Bmn(f;20,90)-

From the properties of the bivariate Bernstein operator it follows

(3.60) A(ziyl) =0, for i € {0,1}, j € {0,1}
(3.61) A(zgys) # 0;
(3.62) A(g) # 0 for any (1,1)-th order convex function.

Applying the Theorem 3.2, there exist the distinct point (§; 1;) € [0,1]x[0,1],7 € {1,2,3},j €
{1,2, 3} such that

669 A = Alaid) | 88 ]

But A(f) = Rum.»(f) and taking into account that

)= zoyo(1 — 20)(1 — yo)

(3.64) A@ys) = Rmn (7595 o

3

from (3.64) one arrives to

(3.65) R (fi20,90) =

zoyo(1 — 20)(1 — yo) { £1,82,&3 'f] .

mn n1,1M2,73 ’
Because (z¢,y0) € [0,1] x [0,1] was arbitrarily chosen, it follows (3.64) holds in each point
(z,y) € [0,1] x [0,1]

Application 3.2. Consider the Stancu univariate operator based on factorial powers A
C10,1] — €0, 1] given by

o < « k
(3.66) P (i) = Yol ().
k=0
where o = a(m) > 0 and
[k,—a] o [m—k,—a]
(@ _ (m\x (1—=x)
(3.67) Pk = <k> (=] .

In [26] Micldus proved thatif, f is convex of 1-th order on [0, 1], the sequence {P,%a) (f;2)}men

is monotonous decreasing and PS5 (f;2) > f(z), (V) € [0,1]. Using the method of paramet-
ric extension, Micldus [27] constructed the bivariate Stancu operator based on factorial powers

PP C((0,1]x]0,1)) — € ([0,1] x [0, 1)), given by
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(3.68) P i) =33 s (£.2))

k=0 j=0

In the same paper [27] was studied the remainder term of the bivariate Stancu approxima-
tion formula

(3.69) f=PeP(f) + RED(f),

and was obtained an representation of the remainder term using bivariate divided differ-
ences.

Let now (zg,y0) € [0,1] x [0,1] arbitrarily chosen and define the linear functional A €
C# ([0,1] x [0, 1]) by

(370) A(f) = (w0, 50) = B3 (f3 20, 30)-
From (3.70) we get the following;:
(i) A(zhyg) =0, for i € {0,1}, j € {0,1};
(ii) A(zgys) # 0;
(iii) A(g) #0 forany g € C([0,1] x [0, 1]) convex of (1,1)-th order.

Consequently, from Theorem 3.2 it follows there exist the distinct points (¢; ;) € [0,1] X
[0,1],i € {1,2,3},7 € {1, 2,3} such that

_ 2 oy | &1,82,&
(3.71) A(f) = A(zgys) { T 13 ,f} .
Taking into account that
2 2\ 1+am . 1+BTL o . 61752753 .
672 Al = o - a1 - ) | S

and (xo,y0) € [0,1] x [0, 1] was arbitrarily chosen, we get that the remainder term of (3.69)
can be expressed under the form

(a,B) ( £. _ ltam 1+pn _ §1,62,83 .
67 R = e -0 | D ).

for any (x,y) € [0,1] x [0,1], where 0 < & <& <& <land0<m <n <n3 < 1.

Remark 3.5. In the case when o« = 8 = 0 one obtains the Bernstein bivariate approximation
formula (3.57) and (3.73) is reduced to (3.65).

Application 3.3. Let p € Ny. In 1962, Schurer in [33] introduced the linear operator Em,p :
C([0,1+ p]) = C([0,1]), given by

m-+p k
(374) Bl ) = 3 P2 ( )

where p,, () are the fundamental Schurer’s polynomlals, defined by

(3.75) 5m,k(37) = (m]:_p> xk(l — aj)m+p—k.
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Note that the operator (3.74) is positive only on C[0,1] and the sequence
{Bum.p(f)}men convergences uniformly to f € C[0,1 + p] only on [0, 1].

Muraru [28] proved that if f € C[0,1 + p] is convex of 1-th order, the sequence of Schurer’s
polynomials is monotonous decreasing and B,,,(f;x) > f(z), for any z € [0, 1].

More at this, taking into account that

(3.76) Bmp(Liz) =1,
B p(t;z) = (1 + m) T

it follows (applying Theorem 3.1) that the remainder term of the Schurer approximation for-
mula

(377) f = Bm,p(f) + Rm>p(f>7

can be represented under the form

(378) Fnalf) = =" P61, 605 ),

where 0 < & <& <& < 1.
In [7], using the method of parametric extensions [21], [5] was constructed the bivariate

Schurer operator By, p.n.q : C([0,14 p] x [0,1 4 ¢]) = C([0,1+ p] x [0,1 + ¢]), given by

_ m+p n+q k ]
(3.79) Brpng(fi2,9) Z me,p T)Pn,g y)f( >

mn
k=0 7=0

It is immediately that B,, ,, . , is monotonous decreasing on [0, 1] x [0, 1] for each f € C([0, 1+
p] % [0,1 4 g]) monotonous strictly increasing and By pn.o(f;2,y) > f(x,y) for any (z,y) €
[0,1] x [0, 1].

Consequently, the remainder term of the Schurer bivariate approximation formula

(3.80) f =B png(f32:9) + B pn.a(f32,9),
can be expressed under the form
> . _ P q §1,62
(3.81) Brpnalfizy) = (1+2) (1+2) ay [ o ,f} :

for any (x,y) € [0,1] x [0,1], where 0 < & <& <land0<n <2 < 1.
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