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A B S T R A C T  

 

While the literature on fuzzy set extensions has expanded rapidly, this 

extension inflation has introduced significant reliability issues regarding the 

semantic consistency and practical validity of the proposed models. 

Specifically, high levels of disagreement among experts are often relabeled 

as indeterminacy or suppressed through mathematical normalization in 

current fuzzy set extensions. Widely used frameworks, such as Pythagorean, 

Fermatean, and Q-rung orthopair fuzzy sets, rely on arbitrary parameters (q,t) 

to model these scenarios. This dependence creates synthetic indeterminacy, 

an artifact of the model rather than the data, leading to semantic shifts where 

explicit conflict is misinterpreted as hesitation. Similarly, neutrosophic sets, 

despite allowing independence, impose a counter-intuitive ternary structure 

that complicates linguistic data collection and suffer from logical paradoxes 

at asymptotic limits. To address these fundamental flaws without adding to 

the inflation, this study introduces the compact fuzzy set (CFS) as a 

parameter-free, unifying framework. Unlike existing extensions that impose 

unrealistic restrictions, CFS allows membership and non-membership 

degrees to be assigned completely independently. It captures high-

inconsistency scenarios within a mathematical compact term without 

requiring normalization or data transformation, thereby preventing data loss. 

The validity of CFS is proven through its stability at asymptotic limits where 

other extensions fail, and its consistency with intuitionistic fuzzy sets. A real-

world CFS-TOPSIS application on reputation management strategies 

demonstrates that CFS yields robust rankings even under high expert 

disagreement, offering a transparent and reliable alternative to the parametric 

complexity and semantic ambiguity of current extensions. 
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IDD Indeterminacy degree 

IFS Intuitionistic fuzzy set 

IVFS Interval-valued fuzzy set 

L Low 

L-FS L-fuzzy set 

M Medium 

MCDM Multi-criteria decision-making 

MD Membership degree 

MFS M-polar fuzzy set 

MH Metal hydride 

N None 

NIS Negative ideal solution 

NMD Non-membership degree 

NS Neutrosophic set 

P Perfect 

PcFS Picture fuzzy set 

PFS Pythagorean fuzzy set 

PIS Positive ideal solution 

q-ROFS q-Rung orthopair fuzzy set 

RD Refusal degree 

SFS Spherical fuzzy set 

TOPSIS 
Technique for Order Preference by 

Similarity to Ideal 

t-SFS T-spherical fuzzy set 

VH Very high 

VL Very low 

WA Weighted averaging 

 

1.  Introduction 

Zadeh (1965) introduced fuzzy set (FS) theory as a 

generalization of the classical set by allowing partial 

membership in sets. Based on this principle, classical 

logic is extended to the fuzzy logic (FL), enabling the 

modeling of real-life uncertainties. FL became one of 

the fundamental building blocks of post-modern 

mathematics and thus played a groundbreaking role 

in increasing the real-life applicability of many 

modern theories. FS theory has contributed to 

significant advances in various fields such as decision 

making, computer science, engineering, healthcare, 

and humanities (Kahraman, Öztayşi, & Onar, 2016). 

The introduction of interval-valued fuzzy sets 

(IVFSs) by Turksen (1986)  also played an important 

role in establishing FL as a practical tool in 

engineering. Various extensions have been proposed 

to broaden the applicability of FST. Goguen (Goguen, 

1967) introduced L-fuzzy set (L-FS) as a 

generalization of FS, allowing different intervals than 

[0,1] for membership degrees. This constituted an 

important step toward the birth of the linguistic fuzzy 

approach proposed by Zadeh (1975). Zhang (1994) 

proposed bipolar FS (BFS) as a special form of L-FS 

to model fuzzy relations, and Chen et al. (2014) 

generalized BFS into m-polar FS (MFS) from a 

hypothetical perspective. Zadeh (1975) also proposed 

Type-2 and Type-N FSs to handle uncertainties high 

enough to make determination of FS parameters 

difficult. Garibaldi et al. (2005) proposed non-

stationary FS, which allow modeling of scenarios in 

which the level of uncertainty is time-dependent.  

The paradigm shift provided by FL paved the way for 

significant advancements in decision-making (DM). 

DM problems are often challenging to conceptualize 

and mathematically formulate due to their diverse 

structures and mixed qualitative-quantitative inputs. 

To better represent the nature of uncertainty, 

Atanassov (1983) introduced intuitionistic fuzzy set 

(IFS) treating the lack of evidence for membership 

degree as indeterminacy. By this way, the first step 

was taken toward reflecting data losses caused by 

human factors in models. IFS became a standard in 

the literature for modeling incomplete information, 

treating the gap between membership and non-

membership as indeterminacy or hesitancy. Later, to 

enable the use of IFS in engineering, interval-valued 

IFSs were proposed (Atanassov, 1999). To use in 

multi-criteria DM (MCDM), aggregation operators 

and ranking rules (Xu, 2007; Xu & Gou, 2017), as 

well as MCDM techniques such as TOPSIS (Liu, 

Peng, & Liu, 2019; Gul, Lo, & Yucesan, 2021; Alkan 

& Kahraman, 2021; Zhang & Xu, 2014; Boran et al., 

2009; Yue, 2014), were proposed. IFS has since 

become the most popular FSE in the literature (Afful-

Dadzie, et al., 2017).  

Following the demonstrated benefits of FL and the 

successful implementation of IFS in DM, various 

other fuzzy set extensions (FSE) have emerged in the 

literature. Most FSEs focus on scenarios where 

uncertainty is caused by human factor (Işık, 2023a). 

For example, hesitant FS (HFS) was suggested by 

Torra (2010), based on the fuzzy multiset offered by 

Yager (1986),  to address scenarios in which 

indeterminacy arises from hesitation among decision 

makers. HFS allows us to assign multiple 

membership degrees for set elements to model the 

hesitation. This expansion enables modeling of group 

DM problems under uncertainty. Zadeh (2011) 

proposed Z-numbers, which combine FS and 

probability theories to build a different perspective on 

hesitation. An important development came with the 

neutrosophic set (NS) proposed by Smarandache 

(2005), which proved that inconsistent data could also 

be used functionally in formulations. Several ranking 

approaches (depending on different intuitive 

backgrounds) (Sahin & Küçük, 2014; Nancy & Garg, 

2016; Singh & Bhat, 2021; Işık, 2022b), measures 

(Ali, et al., 2022), and MCDM techniques (Abdel-
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Basset et al., 2019) were proposed to integrate NS 

into MCDM.  Interval-valued versions of NS (Wang, 

et al., 2005) were also proposed for engineering 

applications. NS quickly gained popularity and found 

applications across a wide variety of fields (El-

Hefenawy et al., 2016) (Peng & Dai, 2020).   

The concept of inconsistency is addressed by several 

FSEs. Pythagorean fuzzy set (PFS) (Yager, 2013), q-

rung orthopair fuzzy set (q-ROFS) (Yager, 2016), and 

Fermatean fuzzy set (FFS) (Senapati & Yager, 2020) 

were introduced respectively to handle the 

inconsistency from a theoretical and hypothetical 

perspective. Their mathematical background was 

developed (Gul, et al., 2021; Chaurasiya & Jain, 

2023; Deng & Wang, 2022; Gül, 2021; Khan, et al., 

2022; Joshi, et al., 2018; Jeevaraj, 2021), and applied 

to various MCDM problems, although not as widely 

as NS (Peng & Selvachandran, 2019; Deveci, et al., 

2021; Peng & Luo, 2021). Another new concept, 

refusal was handled by picture fuzzy set (PcFS) 

(Cuong, 2014), spherical fuzzy set (SFS) (Kutlu 

Gündoğdu & Kahraman, 2019), and t-SFS (Ullah, et 

al., 2018). There is a difficulty in using these 

extensions with the linguistic approach since they 

allow inconsistency up to a certain theoretical limit. 

However, it is not always possible to comply with this 

theoretical limit while collecting linguistic data. To 

solve this issue, a methodology for collecting data has 

been proposed to ensure compliance with this 

theoretical limit for PFS (Işık & Kaya, 2022).  

Hybrid versions of these FSEs were also developed. 

Table 1 presents a subset of the hybrid versions of 

FSEs discussed in this study. In addition to the ones 

mentioned, there are numerous studies that integrate 

different FSEs with each other, as well as with other 

uncertainty modeling approaches such as Z-number 

(Isik, 2024a), soft sets (Khan, et al., 2019) and rough 

sets (Huang & Li, 2024). This table provides a broad 

categorization of hybrid extensions; however, 

hundreds of different combinations exist in the 

literature. 

Most FSEs address similar scenarios. This causes 

difficulty in determining the best approach for 

modeling uncertainty. To provide guidance on this 

issue, Işık (2023b; 2023c) and Sevastjanov and 

Dymova (2021)  examined FSEs in terms of their 

advantages and disadvantages and criticized FSEs in 

several aspects. These analyses cannot provide 

sufficient guidance on their own. As a preliminary 

step, it is necessary to understand the nature of that 

uncertainty and decide whether fuzzy or stochastic 

modeling would be more accurate. To facilitate this, 

Pelissari et al. (2021) proposed a framework. 

However, this framework does not include the latest 

FSEs. To fill this gap, Işık (2023a) proposed another 

framework to ease the selection process.  

      Table 1: A list of some hybrid fuzzy set extensions 

Category Hybrid Extensions Description 

Intuitionistic 

& Hesitant 

FS–based 

Continuous Intuitionistic 

FS (Alkan & Kahraman, 

2023) 
This group 

focuses on 

extensions of 

intuitionistic 

and hesitant 

fuzzy sets, 

aiming to better 

capture 

hesitation, 

multiple 

possible 

membership 

values, and 

uncertainty in 

decision-

making. These 

hybrids often 

integrate 

interval-valued, 

linguistic, or 

reliability-

oriented 

representations. 

Interval-Valued 

Intuitionistic FS 

(Turksen, 1986) 

Linguistic Intuitionistic 

FS (Li, et al., 2023) 

Circular Intuitionistic FS 

(Atanassov, 2020) 

Interval-Valued 

Proportional 

Intuitionistic FS 

(Kahraman, et al., 2025) 

Hesitant Intuitionistic FS 

(Beg & Rashid, 2014) 

Hesitant Z-number (Das, 

et al., 2022) 

Intuitionistic Z-number 

(Jaini, 2023) 

Intuitionistic Type-2 FS 

(Dan, et al., 2019) 

Decomposed FS (Cebi, 

et al., 2022) 

Proportional FS 

(Kahraman C. , 2024) 

Pythagorean-

like 

Continuous Pythagorean 

FS (Alkan & Kahraman, 

2025) 
Extensions in 

this group 

generalize the 

Pythagorean 

and q-rung 

orthopair fuzzy 

models. They 

emphasize 

flexible 

membership–

non-

membership 

constraints, 

probabilistic 

structures, and 

hesitant or 

linguistic 

expressions to 

handle complex 

and high-

dimensional 

uncertainty. 

Interval-Valued 

Fermatean FS (Broumi, 

et al., 2022) 

2-Tuple Complete 

Linguistic q-Rung 

Orthopair FS (Işık, 

2024b) 

Linguistic Interval-

Valued Q-Rung 

Orthopair (Khan, et al., 

2021) 

M-Rung Orthopair FS 

(Ibrahim, 2024) 

Probabilistic 

Generalized Orthopair 

FS (Feng, et al., 2023) 

Pythagorean 

Probabilistic Hesitant FS 

(Batool, et al., 2022) 

Pyhagorean Z-number 

(Işık, 2024c) 

Linguistic Pythagorean 

Hesitant FS (Jana & 

Roy, 2023) 
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q-Rung Orthopair 

Hesitant FS (Liu, et al., 

2019) 

Neutrosophic 

Set–based 

Neutrosophic Picture FS 

(Işık, et al., 2023) Hybrids in this 

category are 

built on 

neutrosophic 

theory, which 

explicitly 

incorporates 

truth, 

indeterminacy, 

and falsity. The 

extensions 

focus on 

enriching this 

framework with 

interval values, 

higher-order 

(type-2) 

uncertainty, 

probabilistic 

semantics, or 

temporal 

dimensions. 

Interval-Valued 

Fermatean Neutrosophic 

Set (Broumi, et al., 

2022) 

Type-2 Neutrosophic Set 

(Bakali, et al., 2021) 

Cubic Spherical 

Neutrosophic FS 

(Gomathi, et al., 2023) 

Quartic FS (Fujita, 

2024) 

Interval Valued 

Temporal Neutrosophic 

FS (Rajesh, et al., 2024) 

Probabilistic Simplified 

Neutrosophic Set (Liu C. 

, 2023) 

Probabilistic 

Neutrosophic Hesitant 

FS (Kaur & Garg, 2023) 

Neutrosophic Z-number 

(Ye, 2021) 

Picture FS–

based 

Interval-Valued Picture 

FS (Mahmood, et al., 

2021) 

This group 

extends picture 

fuzzy sets, 

which model 

positive, 

neutral, and 

negative 

memberships 

simultaneously. 

The hybrids 

seek to 

represent richer 

information by 

combining 

interval, 

hesitant, 

spherical, 

cubic, or 

proportional 

structures. 

Pythagorean Picture FS 

(Cuong, 2019) 

t-Spherical Hesitant FS 

(Al-Quran, 2021) 

Cubic Picture Fuzzy Set 

(Abdullah & Ashraf, 

2019) 

Proportional Spherical 

FS (Alkan & Kahraman, 

2025) 

Picture Hesitant FS 

(Wang & Li, 2018) 

A bibliometric analysis shows a significant increase 

in the number of studies focusing on FSE extensions 

in recent years. In this respect, Web of Science 

database was scanned for the most popular FSEs by 

searching for the names of them within publication 

titles. The distribution of these publications is 

presented in Figure 1. Based on this search, it was 

observed that approximately 13% of fuzzy set–related 

publications use FSEs. As shown in the figure, a total 

of 191,859 publications have been produced on fuzzy 

sets, 52,312 of which were published in the last five 

years. Of these, more than 24,444 are related to FSEs. 

(According to Google Scholar results, out of a total of 

4,170,000 publications related to fuzzy set theory, 

560,547 are concerned with fuzzy set extensions.) 

 

Figure 1: Number of FSE related studies in Web of 

Science database 

Modern multi-criteria decision making (MCDM) 

problems involve complexities that extend beyond 

mere uncertainty or lack of information; they 

frequently contain high levels of disagreement and 

conflict among experts. Existing approaches in the 

literature are predominantly built upon the 

assumption of consistency, expecting the sum of 

expert evaluations to remain within a specific 

theoretical limit. In contrast, real-world scenarios are 

inherently conflicting. It is a common occurrence for 

one expert to strongly support a strategy while 

another (or even the same expert evaluating from a 

different perspective) strongly opposes it. Such 

inconsistent data, where the sum exceeds 1, 

transcends the boundaries of IFS. To manage this data 

overflow, various extensions such as Pythagorean 

(Yager, 2013), Fermatean (Senapati & Yager, 2020), 

q-rung orthopair (Yager, 2016), spherical (Kutlu 

Gündoğdu & Kahraman, 2019), and t-spherical 

(Ullah, et al., 2018) utilize parameters like 𝑞 or 𝑡 to 

expand the consistency boundary. Similarly, 

neutrosophic sets (Smarandache, 2005) attempt to 

address this by introducing an independent 

indeterminacy term.  

Although current parametric extensions offer a 

mathematically valid solution space, they involve 

interventions that do not adequately express the 

nature of the data. High levels of expert conflict are 

frequently dampened via parameters and transformed 

into indeterminacy or suppressed through 

normalization. In frameworks like PFS or q-ROFS, it 

is assumed that every inconsistency situation 
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necessarily contains indeterminacy. However, in real 

life, a conflict between strong support and strong 

rejection does not imply hesitation; it implies 

disagreement. Relabeling this explicit conflict as 

indeterminacy via parameters generates synthetic 

indeterminacy, an artifact of the model rather than the 

data. Similarly, the completely independent handling 

of indeterminacy in NS raises logical questions about 

its real-world correspondence when membership and 

non-membership are fully known. It inevitably yields 

a semantic shift in the meaning of indeterminacy. 

Another critical but often neglected issue is the 

hidden parameter problem in data collection. Most 

studies rely on predefined linguistic term sets where 

indeterminacy or inconsistency limits are embedded 

by design, not by the expert. Decision-makers, often 

unaware they are using a specific FSE, make 

evaluations heavily dependent on these modeling 

choices rather than their actual intent. Furthermore, 

the ternary structure of the neutrosophic approach 

introduces complexities in linguistic data collection 

and leads to logical paradoxes at asymptotic limits. 

This study introduces the compact fuzzy set (CFS) 

not merely as another set extension, but as a 

parameter-free aggregation & conflict modeling 

protocol designed to prevent data loss. While the 

mathematical skeleton of the proposed approach rests 

on the generalized fuzzy set (GFS) (Ping, 1990), a 

historical theoretical attempt that remained abstract, 

CFS diverges fundamentally in function. It 

operationalizes this theoretical construct into a 

mechanism specifically for managing inconsistency, 

transforming it from a static set definition into a 

dynamic tool for conflict modeling. CFS treats 

inconsistency not as a mathematical error or a 

parametric burden, but as critical information to be 

preserved. Without imposing artificial constraints, 

requiring normalization, or generating semantic 

inconsistencies, CFS offers two distinctive 

advantages: (i) it allows unlimited inconsistency 

without forcing indeterminacy, and (ii) it presents a 

simple, parameter-free structure that preserves the 

intuitive meaning of fuzzy concepts. By enabling 

membership and non-membership to be modeled 

independently, CFS aligns with natural human 

reasoning and prevents data loss. The validity of CFS 

is not based solely on its alignment with IFS in 

standard scenarios, but on its capability to handle the 

situations of extreme expert conflict where IFS is 

rendered undefined or forces data loss through 

normalization. This conflict is not treated as noise to 

be discarded but rather processed as a valuable signal 

of disagreement. CFS offers a minimalist solution, 

free from the complexity of arbitrary parameters or 

counter-intuitive ternary structures, thereby 

converting the intuitive reality of expert conflict into 

a mathematical output. 

In the rest of the paper, CFS is demonstrated through 

its stability at asymptotic limits where other 

extensions fail, and its consistency with IFS in 

standard scenarios. Its practical utility is illustrated 

through a real-world CFS-TOPSIS application on 

reputation management strategies in the finance 

sector under high expert disagreement. By resolving 

semantic ambiguities and operational limitations, 

CFS aims to channel research efforts away from 

redundant extension inflation toward meaningful, 

reproducible, and reliable fuzzy modeling 

contributions. 

2.  Preliminaries 

Fuzzy set theory (FST) allows elements to hold 

partial membership. The theory relies on membership 

and non-membership degrees defined within the [0,1] 

interval as complements. However, FST has certain 

limitations. It may not always be easy to decide the 

membership and non-membership levels easily. This 

scenario is named as incomplete information case. 

IFS was developed to model uncertainties including 

incomplete information. The degree of 

incompleteness of the information is represented by 

the concept of indeterminacy. An IFS becomes 

equivalent to an ordinary FS when the degree of 

indeterminacy equals 0. Lack of information about 

membership can be caused by factors other than 

indeterminacy, such as refusal to provide an 

evaluation. Consideration of this scenario led to the 

emergence of PcFS.  

In multi-source scenarios, the sum of membership 

and non-membership may exceed 1, creating an 

inconsistent information case. If inconsistency exists 

in the data and one attempts to use traditional FSs or 

IFSs for modeling, it becomes necessary to either 

transform the data or collect new data. However, it 

may not be possible to obtain appropriate data with 

repeated collection attempts. In such cases, 

assumptions or modifications to the data collection 

process may be required, but these typically lead to a 

loss of information. Similarly, if transformations are 

applied to the collected data, it also leads to a loss of 

information, ultimately diminishing the model’s 

reliability. 

PFS, FFS, q-ROFS, and NS have been proposed to 

handle the inconsistency scenario. If the 

inconsistency consistently occurs within a certain 

limit, alternative modeling approaches like PFS, FFS, 

or q-ROFS can be employed. Another generalization 
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of IFS is NS, which allows independent assignment 

of membership, non-membership, and indeterminacy 

values. This capability enables the modeling of 

inconsistent data, with the distinguishing aspect of 

NS being its explicit treatment of indeterminacy as a 

separate component. There are some other FSEs such 

as SFS, t-SFS, and NPcFS giving ability to model 

scenarios involving indeterminacy, inconsistency, 

and refusal simultaneously.  

All the mentioned FSEs are defined based on some 

mathematical conditions. Let us assume that 𝜇 ∈
[0,1] is the membership degree (MD), 𝜗 ∈ [0,1] is the 

non-membership degree (NMD), 𝜋 ∈ [0,1] is the 

indeterminacy degree (IDD), and 𝜌 ∈ [0,1] is the 

refusal degree (RD) for a FS. The FST 

extensions⎯IFS, PFS, FFS, q-ROFS, PcFS, SFS, t-

SFS, NS, NPcFS, and GFS⎯ satisfy the conditions 

given in Eqs. (1-10), respectively (Atanassov, 1983; 

Smarandache, 2005; Yager, 2013; Yager, 2016; 

Senapati & Yager, 2020; Cuong, 2014; Kutlu 

Gündoğdu & Kahraman, 2019; Ullah, et al., 2018; 

Işık, et al., 2023; Ping, 1990):  

𝐼𝐹𝑆:  𝜇 + 𝜗 + 𝜋 = 1 (1) 

𝑃𝐹𝑆:  𝜇2 + 𝜗2 + 𝜋2 = 1 (2) 

𝐹𝐹𝑆:  𝜇3 + 𝜗3 + 𝜋3 = 1 (3) 

𝑞 − 𝑅𝑂𝐹𝑆:  𝜇𝑞 + 𝜗𝑞 + 𝜋𝑞 = 1,
𝑞 ∈ ℝ+ (4) 

𝑃𝑐𝐹𝑆:  𝜇 + 𝜗 +  𝜋 + 𝜌 = 1 (5) 

𝑆𝐹𝑆:  𝜇2 + 𝜗2 + 𝜋2 + 𝜌2 = 1 (6) 

𝑡 − 𝑆𝐹𝑆: 𝜇𝑞 + 𝜗𝑞 + 𝜋𝑞 + 𝜌𝑞 = 1,
𝑞 ∈ ℝ+ (7) 

𝑁𝑆:  0 ≤  𝜇 + 𝜗 + 𝜋 ≤ 3 (8) 

𝑁𝑃𝑐𝐹𝑆:  0 ≤  𝜇 + 𝜗 + 𝜋 + 𝜌 ≤ 4 (9) 

𝐺𝐹𝑆:  0 ≤  𝜇 ≤ 1 , 0 ≤ 𝜗 ≤ 1 (10) 

Besides the presented FST extensions, interval valued 

versions of these extensions are also available such as 

interval valued IFS (Atanassov, 1999), interval 

valued FFS (Jeevaraj, 2021), interval valued q-ROFS 

(Joshi, et al., 2018), interval NS (Wang et al., 2005) 

etc.  

Decomposed FS (DFS) (Cebi, et al., 2022) is also an 

FST extension but theoretically it is covered by 

interval valued IFS. More precisely, a DFS represents 

a subset of an interval-valued IFS (for only two 

extremum/limiting points of the set elements). Proof 

1 shows this relation.  

Theorem 1: DFS is a subset of the interval-valued 

IFS. 

Proof 1:  Let 𝐴̃ be an interval valued IFS,  𝜇𝐿and 𝜇𝑈 

be lower and upper bound for the degree of 

membership (𝜇) to 𝐴̃, and 𝜗𝐿  and 𝜗𝑈 be lower and 

upper bound for the degree of non-membership (𝜗) to 

𝐴̃. Eq. (11) holds for  𝐴̃: 

0 < sup(𝜇) + sup(𝜗) ≤ 1 
=>  0 < 𝜇𝐿 + 𝜗𝐿 ≤ 1, 
         0 < 𝜇𝑈 + 𝜗𝑈 ≤ 1, 
         0 < 𝜇𝐿 + 𝜗𝑈 ≤ 1, 
         0 < 𝜇𝑈 + 𝜗𝐿 ≤ 1 (11) 

Let the subset of 𝐴̃ having minimum membership and 

maximum non-membership be denoted as the 

pessimistic set 𝑃̃, where 𝜇𝑃and 𝜗𝑃 are the degrees of 

membership and non-membership to 𝑃̃, satisfying 

0 < 𝜇𝑃 + 𝜗𝑃 ≤ 1. Similarly, let the subset of 𝐴̃ 

having maximum membership and minimum non-

membership be denoted as the optimistic set 𝑂̃, where 

𝜇𝑂and 𝜗𝑂 are the degrees of membership and non-

membership to 𝑂̃, satisfying 0 < 𝜇𝑂 + 𝜗𝑂 ≤ 1. 𝑃̃ 

and 𝑂̃ can be rewritten as shown in Eqs. (12-13): 

𝑃̃ = 〈𝜇𝑃 , 𝜗𝑃〉 = 〈𝜇𝐿 , 𝜗𝑈〉 (12) 

𝑂̃ = 〈𝜇𝑂 , 𝜗𝑂〉 = 〈𝜇𝑈, 𝜗𝐿〉 (13) 

Then Eq. (11) can be rewritten with the new notation 

as shown in Eq. (14):  

0 < sup(𝜇) + sup(𝜗) ≤ 1 
=> 0 < 𝜇𝐿 + 𝜗𝐿 ≤ 1, 
        0 < 𝜇𝑈 + 𝜗𝑈 ≤ 1, 
   𝑃: 0 < 𝜇𝑃 + 𝜗𝑃 ≤ 1, 
  𝑂: 0 < 𝜇𝑂 + 𝜗𝑂 ≤ 1 (14) 

It is clearly shown that Eq. (11) and Eq. (14) are 

identical. So, the proof is finished. 

Since DFS is a subset of interval-valued IFS rather 

than a new paradigm, it is not considered as a leading 

FST extension and excluded from the comparative 

analysis in this study.  

Ordinary FSs can be ranked according to their MDs. 

The FS having bigger MD is considered as bigger 

than the other. However, it is not applicable for FST 

extensions. These are ranked by using their score and 
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accuracy functions. The fuzzy evaluation (FE) with 

the highest score is considered the largest FE. If two 

FEs have equal score values, the FE with the higher 

accuracy value is considered the larger one. Let us 

assume that 𝜇 ∈ [0,1] is the MD, 𝜗 ∈ [0,1] is the 

NMD, 𝜋 ∈ [0,1] is the IDD, and 𝜌 ∈ [0,1] is the RD 

for an FS. The score (𝑆) and accuracy (𝐻) functions 

of IFS, PFS, FFS, q-ROFS, PcFS, SFS, t-SFS, NS, 

and NPcFS are given in Eqs. (15-26), respectively 

(Xu, 2007; Sahin & Küçük, 2014; Nancy & Garg, 

2016; Singh & Bhat, 2021; Işık, 2022b; Yager, 2016; 

Senapati & Yager, 2020; Cuong, 2014; Kutlu 

Gündoğdu & Kahraman, 2019; Ullah, et al., 2018; 

Işık, et al., 2023; Li & Zeng, 2018): 

    𝐼𝐹𝑆:      𝑆 = 𝜇 − 𝜗, 𝐻 = 𝜇 + 𝜗 (15) 

   𝑃𝐹𝑆:     𝑆 = 𝜇2 − 𝜗2, 𝐻 = 𝜇2 + 𝜗2 (16) 

   𝐹𝐹𝑆:     𝑆 = 𝜇3 − 𝜗3, 𝐻 = 𝜇3 + 𝜗3 (17) 

   𝑞 − 𝑅𝑂𝐹𝑆:    𝑆 = 𝜇𝑞 − 𝜗𝑞 , 
                          𝐻 = 𝜇𝑞 + 𝜗𝑞 ,   𝑞 ∈ ℝ+ (18) 

  𝑃𝑐𝐹𝑆:               𝑆1 = 𝜇, 𝑆2 = 𝜋, 
                            𝐻 = 𝜇 + 𝜋 − 𝜗 (19) 

  𝑆𝐹𝑆:           𝑆 = (𝜇 − 𝜋)2 − (𝜗 − 𝜋)2, 
                          𝐻 = 𝜇2 + 𝜗2 + 𝜋2 (20) 

  𝑡 − 𝑆𝐹𝑆:     𝑆 = (𝜇 − 𝜋)𝑞 − (𝜗 − 𝜋)𝑞 , 
                     𝐻 = 𝜇𝑞 + 𝜗𝑞 + 𝜋𝑞 , 𝑞 ∈ ℝ+ (21) 

  𝑁𝑆 (𝑆𝑎ℎ𝑖𝑛 & 𝐾üçü𝑘):  

                       𝑆 =
1 + 𝜇 − 2𝜋 − 𝜗

2
, 

                𝐻 = 𝜇 − 𝜋(1 − 𝜇) − 𝜗(1 − 𝜋) (22) 

  𝑁𝑆 (𝑁𝑎𝑛𝑐𝑦 & 𝐺𝑎𝑟𝑔):  

           𝑆 =
1 + (𝜇 − 2𝜋 − 𝜗)(2 − 𝜇 − 𝜗)

2
, 

                            𝐻 = 𝜇 − 2𝜋 − 𝜗 (23) 

  𝑁𝑆 (𝑆𝑖𝑛𝑔ℎ & 𝐵ℎ𝑎𝑡):  

                     𝑆 =
1 + (𝜇 − 2𝜋 − 𝜗)

2(2 − 𝜇 − 𝜗)
, 

                            𝐻 = 𝜇 − 𝜋 − 2𝜗 (24) 

  𝑁𝑆 (𝐼ş𝚤𝑘):  

                     𝑆 =
𝜇 − 𝜗

𝜇 + 𝜗 + 𝜋 + 𝜀
, 

                     𝐻 =
𝜇 × (𝜇 + 𝜗)

𝜇 + 𝜗 + 𝜋 + 𝜀
  ,    𝜀 ≪1 

(25) 

  𝑁𝑃𝑐𝐹𝑆:  

                     𝑆 =
𝜇 − 𝜋 − 𝜗

𝜇 + 𝜗 + 𝜋 + 𝜌
, 

                    𝐻 =
𝜇 + 𝜋 + 𝜗

𝜇 + 𝜗 + 𝜋 + 𝜌
, 

(26) 

3.  Critics on Existing Fuzzy Set Extensions 

In the literature, there are several criticisms of fuzzy 

set extensions, especially those considering 

indeterminacy and refusal. Sevastjanov and Dymova 

(Sevastjanov & Dymova, 2021) notably criticize the 

justifications of these FSEs regarding real-life 

scenarios. Işık (Işık G. , Fuzzy Modeling of non-

MCDM Problems Under Indeterminacy, 2023) points 

out that almost all FS extensions were developed to 

meet the needs of MCDM and discusses the reliability 

problem caused by designing these extensions for 

problems requiring sensitive calculations. Işık 

(2023b) compares popular FS extensions from a 

conceptual perspective to clarify their pros and cons. 

3.1. Information Loss and Synthetic 

Indeterminacy in Parametric Extensions 

Questions are available for PFS about the 

interpretation of 𝜇𝐴̃
2  (MD2) in natural language, the 

rationale behind choosing 𝜇𝐴̃
2  over other powers such 

as 𝜇𝐴̃
3  and 𝜇𝐴̃

4 , and the practical challenges of ensuring 

the extension’s main condition holds in real-life 

applications (Sevastjanov & Dymova, 2021). These 

criticisms also apply to FFS, q-ROFS, SFS, and t-

SFS. Furthermore, FSEs generate IDD (or RD for 

SFS and T-SFS) synthetically based on modeling 

decisions, making IDD highly dependent on initial 

choices. This can lead to significant reliability issues 

(especially when sensitive calculation is needed) and 

can affect results in cases where IDD is directly used 

in calculations, such as control charts, acceptance 

sampling plans, and investment analyses. For 

example, modeling the same problem with q-ROFS 

using different q values can result in varying IDD 

values solely due to the initial modeling decisions. If 

a small q value is chosen, IDD will converge to 0. 

Conversely, if a large q value is chosen, IDD will 

converge to 1. For an example fuzzy set with a 

membership degree of 0.7 and a non-membership 

degree of 0.3, the indeterminacy values are calculated 

for different q/t values, as shown in Table 2.  

Table 2: Calculated indeterminacy degrees for an 

example fuzzy set with membership = 0.7 and 

non-membership = 0.3 

FSE t/q value Indeterminacy (𝝅) 

IFS/PcFS - 0.00 

q-ROFS/t-SFS 1.1 0.08 
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q-ROFS/t-SFS 1.3 0.25 

q-ROFS/t-SFS 1.5 0.40 

q-ROFS/t-SFS 1.7 0.52 

q-ROFS/PFS/t-

SFS/SFS 
2.0 0.65 

q-ROFS/FFS/t-

SFS 
3.0 0.86 

q-ROFS/t-SFS 4.0 0.93 

q-ROFS/t-SFS 5.0 0.96 

q-ROFS/t-SFS 6.0 0.98 

q-ROFS/t-SFS 7.0 0.99 

q-ROFS/t-SFS 8.0 0.99 

q-ROFS/t-SFS 9.0 1.00 

q-ROFS/t-SFS 10.0 1.00 

This situation raises doubts about IDD as a measure 

of expert hesitancy, as it appears to be driven by 

model design rather than expert intent. Consequently, 

the reliability of IDD in PFS, FFS, and q-ROFS 

theories is questionable (Işık, 2023b).  

To demonstrate this, let us consider a high-conflict 

scenario where two experts provide their judgments 

as 𝜇 = 0.9 (support) and 𝜈 = 0.8 (rejection). The 

cumulative inconsistency is 0.9 +  0.8 =  1.7, 

indicating a strong disagreement rather than a lack of 

information. In a q-ROFS model, lower values of 𝑞 

fail to satisfy  𝜇𝑞  + 𝜈𝑞 ≤  1: 

• For 𝑞 = 1 (IFS): 0.9 + 0.8 = 1.7 > 1 

(Undefined) 

• For 𝑞 = 2 (PFS): 0.81 + 0.64 = 1.45 > 1 

(Undefined) 

• For 𝑞 = 3 (FFS): 0.729 + 0.512 = 1.241 >
1 (Undefined) 

The model forces the analyst to increase 𝑞 until the 

constraint is met. A feasible solution is found only at 

𝑞 = 5: 

0.95 + 0.85 ≈ 0.917 ≤ 1 

At this level, the indeterminacy (𝜋) is calculated as: 

𝜋𝑞=5 = √1 −  0.917
5

≈ 0.606 

This output (𝜋 ≈  0.606) represents the encoded state 

of the system.  

Mathematically, let 𝐴̃𝑟𝑎𝑤 = (𝜇, 𝜈) be the original 

expert input and 𝑓𝑞(𝐴̃𝑟𝑎𝑤) be the parametric 

transformation function. To prove the semantic 

information loss, the standard semantic interpretation 

(inverse mapping in the standard IFS domain), 

denoted as 𝑓𝐼𝐹𝑆
−1(𝐴̃𝑟𝑎𝑤) to this output must be applied, 

if q-ROFS uses the same concepts as IFS without 

modification. Since the specific 𝑞 parameter is 

extrinsic to the semantic meaning of indeterminacy in 

natural reasoning, the result is typically interpreted 

under standard fuzzy norms where high 

indeterminacy reflects a lack of information (1 −
(𝜇 + 𝜈) = 𝜋). If 𝑓𝑞 modifies the ratio or intensity of 

𝜇 and 𝜈 to create an indeterminacy (𝜋), then this 

semantic inequality occurs:  

𝐴̃𝑟𝑎𝑤 ≠ 𝑓𝐼𝐹𝑆
−1 (𝑓𝑞(𝐴̃𝑟𝑎𝑤)) 

Reconstructing the expert’s intent from 𝜋 ≈  0.606 

under standard assumptions: 

𝑓𝐼𝐹𝑆
−1(𝜋 = 0.606) ⇒  1 − (𝜇 + 𝜈)  =  0.606 

(𝜇 + 𝜈)  =  0.394 

Here, the inequality is demonstrated numerically: 

(𝜇 +  𝜈 = 1.7)⏟         
𝐴̃𝑟𝑎𝑤: 𝐸𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝐶𝑜𝑛𝑓𝑙𝑖𝑐𝑡 

≠ (𝜇 +  𝜈 = 0.394)⏟           

𝑓𝐼𝐹𝑆
−1 (𝑓𝑞(𝐴̃𝑟𝑎𝑤)): 𝐼𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒 

 

This proof demonstrates that: 

𝐴̃𝑟𝑎𝑤 ≠ 𝑓𝐼𝐹𝑆
−1 (𝑓𝑞(𝐴̃𝑟𝑎𝑤)) 

The parametric transformation is irreversible in terms 

of semantic information. The model has successfully 

stored the numerical values by increasing 𝑞, but it has 

distorted the meaning. This result represents a 

semantic shift. The signal (explicit disagreement) has 

been mathematically converted into the noise 

(ignorance/hesitancy). In a blind retrieval scenario, 

which is common in ranking algorithms, it is 

impossible to distinguish whether the 𝜋 = 0.606 

value stems from extreme conflict suppressed by 𝑞 =
5 or from natural ignorance in a standard 

environment. The model has artificially generated a 

60% degree of indeterminacy that did not exist in the 

experts’ judgments. The resulting indeterminacy is a 

synthetic indeterminacy. It is speculative in the 

logical sense that the outcome depends on the 

arbitrary selection of 𝑞 rather than the intrinsic 

properties of the data, thus the results are incapable of 

accurately addressing real-life conditions and 

disconnected from real-life. As 𝑞 → ∞, the distinct 

conflict information (𝜇, 𝜈) is dampened, and the 

system converges to total indeterminacy, effectively 

erasing the expert’s original intent.  
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3.2. Limitations about Indeterminacy and 

Inconsistency Concepts 

However, IDD variability may not be considered a 

critical issue for MCDM problems. Since MCDM 

applications are generally one-shot processes rather 

than continuous systems, and since all aggregation 

and ranking procedures are usually performed based 

on MD and NMD, the unusual magnitude of IDD can 

often be ignored. In other words, the synthetic 

production of indeterminacy in PFS, FFS, and q-

ROFS does not significantly affect the decision-

making results when the primary goal is alternative 

ranking. On the contrary, in non-MCDM problems 

where IDD is directly integrated into the 

mathematical formulation (such as acceptance 

sampling plans, control charts, or investment 

analysis) the artificial and model-dependent nature of 

IDD severely undermines the reliability of the results. 

For example, as reported in (Işık, 2023c), the 

acceptance probability (Pa) in an ASP problem is 

calculated as 0 under PFS, FFS, and q-ROFS, while 

the same problem modeled by IFS yields Pa = 56%. 

The main reason for this inconsistency is that PFS, 

FFS, and q-ROFS were originally designed to address 

ranking-based needs of MCDM, where the magnitude 

of IDD plays only a minor role. In problems requiring 

sensitive calculations, however, the disproportionate 

effect of IDD becomes critical and leads to unrealistic 

outcomes. This discussion highlights an important 

distinction: while fuzzy set extensions such as PFS, 

FFS, and q-ROFS may be suitable for MCDM 

contexts where IDD-related subjectivity can be 

tolerated, they are far less appropriate for domains 

that demand numerical precision and sensitivity 

analysis. In such cases, either more robust modeling 

approaches (e.g., enhanced data collection procedures 

(Işık & Kaya, 2022)) or alternative fuzzy set 

extensions that minimize the dependence of 

indeterminacy on arbitrary modeling choices should 

be considered. 

Another limitation is that PFS, FFS, q-ROFS, SFS, 

and t-SFS assume a mathematical pattern for 

inconsistency using an exponential expression, which 

may not hold true in the long term for real-world 

systems. This creates challenges when applying these 

FSEs to continuous systems (Işık, 2023c). In practical 

applications, using these models can be problematic 

if there is no mechanism to ensure data collection 

within inconsistency limits, as data transformations 

may be required, potentially resulting in information 

loss. The employed conversion method can also 

affect the magnitude of information loss. For 

example, the analysis conducted by Işık (2022a) 

shows that the conversion method used can alter the 

resulting IFS even when the same PFS is given as 

input. Additionally, the unsuitability of the model for 

the scenario may not become apparent until later in 

the application, potentially rendering obtained results 

unusable. While this may not be a concern for one-

time MCDM problems, it should be carefully 

considered while modeling continuous systems (Işık, 

2023c). Işık and Kaya (2022) highlight the difficulty 

of collecting data in compliance with the 

inconsistency limits of PFS and its derivatives for 

continuous systems and proposes a data collection 

methodology to ensure compliance.  

NS appears promising for modeling scenarios with 

both indeterminacy and inconsistency, as it imposes 

no limit on inconsistency, unlike PFS. NS readily 

accommodates inconsistent data, attributing it to data 

collected from multiple sources. Consequently, it 

treats MD (𝜇), NMD (𝜈), and IDD (𝜋) as independent 

terms and permits unrestricted inconsistency. 

However, the independence of MD (truthiness), IDD 

(indeterminacy), and NMD (falsity) terms raises 

logical concerns. The interpretability of linguistic 

modeling based on NS is also problematic, as the 

logical significance of an independent indeterminacy 

term remains unclear and introduces an extra 

dimension in linguistic statements: one term for 

membership, one for non-membership, and one for 

indeterminacy (Işık, 2023b).  

Furthermore, while NS permits this independence 

mathematically, it leads to logical paradoxes at limit 

values: MD = 1, IDD = 1, NMD = 1, and MD = 0, 

IDD = 0, NMD = 0 (Sevastjanov & Dymova, 2021). 

The question “What does it mean to set all terms to 1 

in real life?” is crucial and difficult to answer. 

Therefore, caution is advised when interpreting 

results, especially if the data for the modeled problem 

converges to these limits (Işık, 2023b).  

While NS allow for the independent assignment of 

truthiness (𝜇), falsity (𝜈), and indeterminacy (𝜋), this 

theoretical independence engenders semantic 

ambiguity at asymptotic limits. Since the sum of 

components in NS is bounded by 3 ( 𝜇 + 𝜈 + 𝜋 ≤ 3 ), 

consider the extreme boundary condition defined as 

in Eq. (27): 

𝑆𝑙𝑖𝑚𝑖𝑡 = {𝜇 = 1, 𝜈 = 1, 𝜋 = 1}    (27) 

In this epistemic state, the proposition is 

simultaneously claimed to be “Totally True”, 

“Totally False”, and “Totally Indeterminate”. This 

configuration constitutes a logical paradox regarding 

information content: 
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• Total Conflict: The condition 𝜇 = 1 ⋀ 𝜈 = 1 

represents a state of maximum contradiction. 

It implies the presence of absolute evidence 

for both truthiness and falsity. 

• Total Ignorance: The condition 𝜋 = 1 

represents a state of zero information (pure 

indeterminacy). A logical system cannot 

simultaneously exist in a state of maximum 

information presence (total conflict) and 

maximum information absence (total 

ignorance). This phenomenon is defined as 

semantic collapse and represented as in Eq. 

(28): 

𝑆𝑡𝑎𝑡𝑒(𝜇 = 1, 𝜈 = 1) ∩  𝑆𝑡𝑎𝑡𝑒(𝜋 = 1) ≡ ∅ (28) 

Standard ranking functions in NS often fail to 

penalize this paradox, effectively treating high-

conflict states and high-indeterminacy states as 

numerically similar due to linear aggregation. 

However, the proliferation of aggregation operators 

and ranking rules also deserves criticism. Many of 

these formulations lack clear rationale or justification, 

resulting in subjectivity and confusion in conducting 

DM studies (Işık, 2023a). For this reason, numerous 

equivalent operators and sorting rules have been 

proposed in the literature, yielding different results.  

Numerical Example 2: To rigorously demonstrate 

the semantic collapse at asymptotic limits, a widely 

recognized score function defined by Sahin and 

Küçük (2014) and presented in Eq. (22) has been 

employed. This score function is designed to rank 

neutrosophic numbers by penalizing indeterminacy 

(𝜋) and falsity (𝜈). Let us rank the total 

paradox/conflict state (the system reports maximum 

truth, maximum falsity, and maximum indeterminacy 

simultaneously) 𝐴̃𝑝𝑎𝑟𝑎𝑑𝑜𝑥 = ⟨ 𝜇 = 1, 𝜋 = 1, 𝜈 = 1 ⟩ 

and total ignorance state (the system reports zero truth 

and zero falsity, with maximum indeterminacy) 

𝐴̃𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒 = ⟨𝜇 = 0, 𝜋 = 1, 𝜈 = 0⟩: 

𝑆 (𝐴̃𝑝𝑎𝑟𝑎𝑑𝑜𝑥) =  
1 + 1 − 2(1) − 1

2
=  −0.5   

𝑆 (𝐴̃𝑖𝑔𝑛𝑜𝑟𝑎𝑛𝑐𝑒) =  
1 + 0 − 2(1) − 0

2
= −0.5 

Despite the heavy penalty on indeterminacy (−2𝑖), 
the function yields an identical score of -0.5 for both 

states. Mathematically, this implies that the NS 

framework, under standard ranking mechanism, 

cannot distinguish between a state of data explosion 

(where all evidence is present and contradictory) and 

a state of data void (where no evidence exists). 

Even though the conceptual meaning of 

indeterminacy is unclear in the case of inconsistent 

data, all extensions in the literature that model 

inconsistent data scenarios are designed by assuming 

(or even explicitly enforcing) that such scenarios 

must include indeterminacy. For example, PFS, FFS, 

SFS, and q-ROFS stipulate that in cases of 

inconsistency (except at limit values) there must also 

be indeterminacy. Mathematically, according to these 

PFS-like extensions, indeterminacy is always 

available when 𝜇 + 𝜗 ≠ 1 (𝑀𝐷 +  𝑁𝑀𝐷 ≠  1), but 

inconsistency is defined only under 𝜇 + 𝜗 > 1 

condition. 

To analyze the behavior of PFS models under discrete 

linguistic evaluations, all possible combinations of 

membership (MD) and non-membership (NMD) 

degrees in the [0, 1] interval with a step increment of 

0.1 were simulated. The resulting visualization in 

Figure 2 highlights the structural contrast between 

natural inconsistency and synthetic indeterminacy. 

The lateral width of the shapes in this figure 

represents the number of identical and distinct values 

within that range, in other words, the frequency. For 

example, in PFS theory, for different values of MD 

and NMD at the MD + NMD = 1.1 level, the IDD can 

take values such as 0.39, 0.52, 0.59, and 0.62.  

As shown in Figure 2(b), the inconsistency (red line) 

maintains a linear and predictable trajectory. In 

contrast, indeterminacy (blue line) exhibits a 

sawtooth fluctuation. This is not a graphical artifact 

but a demonstration of the model’s sensitivity to 

discrete changes. The simulation reveals an 

expansion-contraction anomaly. As the sum of 

𝑀𝐷 +  𝑁𝑀𝐷 approaches 1 (from 0), the range of 

possible indeterminacy values widens (creating the 

upper bulb of the violin shape in Figure 2(a)). 

Immediately at  𝑀𝐷 +𝑁𝑀𝐷 = 1, it collapses to zero. 

However, as the sum exceeds 1, the range expands 

again before narrowing towards the theoretical limit 

(≈ 1.41). This erratic expansion and contraction 

imply that the model interprets similar conflict levels 

differently depending on minor numerical shifts, 

confirming that the generated indeterminacy is an 

algebraic byproduct rather than a consistent measure 

of uncertainty. 
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Figure 2: a) Frequencies and (b) values of indeterminacy 

and inconsistency for Pythagorean fuzzy set 

depending on MD + NMD 

 

As an imposition of the fundamental conditions of 

FSEs, the presence of inconsistency requires the 

presence of indeterminacy. Yet in real life, this is 

often not the case, which raises several unanswered 

questions: What is the basis for assuming that 

inconsistency brings indeterminacy together? Why is 

it not assumed that indeterminacy leads to 

inconsistency? How can we guarantee consistency 

when the sum of the data does not exceed 1? These 

are questions remain unresolved in PFS, FFS, SFS, 

and q-ROFS. In fact, the desired ideal scenario 

(ordinary FSs) satisfies the 𝜇 + 𝜗 = 1 condition in 

real life. The further data deviate from this, the harder 

it becomes to produce sound outcomes (e.g., valid 

decisions). 

Inconsistency may sometimes represent a false state 

of over-determination. In such a case, FSEs other than 

NS do not allow indeterminacy to be zero and would 

therefore model the scenario incorrectly. However, 

this does not mean that NS is perfect. Treating 

indeterminacy as fully independent can sometimes be 

a problematic approach, since indeterminacy is not a 

standalone concept that has a meaning on its own, like 

membership and non-membership. It is typically 

defined relative to non-membership and membership, 

expressing a lack of information about them. For 

example, IFS interprets indeterminacy as a lack of 

information. NS is clearly making a semantic shift 

regarding the meaning of indeterminacy. PFS, FFS 

and q-ROFS claim that indeterminacy exists even 

when 𝜇 + 𝜗 = 1.0001, which is impossible in the 

conceptual framework of IFS. All these FSEs clearly 

introduce a semantic shift in the meaning of 

indeterminacy and use the concepts of IFS in a way 

that differs from their intended sense, without 

providing any explanation or justification for this 

conceptual change. To sum up, PFS, FFS, NS, SFS, 

t-SFS, and q-ROFS are problematic and invalid both 

in terms of theoretical background and real-world 

representation.  

3.3. Mathematical Redundancy of the Refusal 

Parameter 

The concept of refusal should also require scrutiny. 

The term refusal is commonly interpreted as the act 

of declining to provide an assessment. Certain 

extensions, such as PcFs, SFS and t-SFS, introduce a 

separate refusal degree (𝑟) alongside membership (𝜇), 

non-membership (𝜈), and indeterminacy (𝜋) to handle 

specific scenarios.  

A common justification for refusal in the literature is 

to use a voting scenario that categorizes voters into 

four groups: those who vote for a party, those who 

cast a blank vote, those who vote against a party, and 

those who refuse to vote (Wang & Li, 2018). 

However, it must be explicitly stated that this 

described scenario is ill-suited for treatment as an 

uncertainty modeling problem. Fundamentally, there 

is no actual decision-making problem at hand; rather, 

it is nothing more than a static classification or 

clustering of entities based on their actions. In this 

context, the specific decision subject to uncertainty 

modeling remains undefined. Even in this voting 

scenario, the same data resulting from refusal may be 

interpreted differently depending on the research 

question. For instance, if a study focuses on 

understanding voters’ general expectations and does 

not take election results into account, refusal may 

simply be considered missing data, reducing accuracy 

in real-world applications. In almost all real-life 

research contexts (especially in MCDM where 

experts evaluate specific criteria), knowing whether a 

refusal occurred provides little or no additional 

capabilities or benefits beyond standard 

indeterminacy.  

In fact, refusal is not an independent phenomenon, 

but a sub-factor of indeterminacy. Because having 

refusal but not indeterminacy in a scenario is not a 

realistic depiction at all. On the contrary, treating 

refusal as a separate independent term may reduce the 

reliability of the results, since it makes the model 

more complex and requires more subjective ranking 

rules. In nearly all cases, treating refusal as a 

subcomponent of indeterminacy (in other words, lack 

of information) is sufficient for successful modeling 

and yields more reliable results than FS extensions 

that explicitly account for refusal (Işık, 2023a). 

Consequently, treating refusal as an independent 
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dimension violates the Principle of Parsimony 

(Occam’s Razor). 

In a closed logical system defined on a universe of 

discourse 𝑋, if an element 𝑥 is neither a member nor 

a non-member, the residual space naturally represents 

the absence of choice (abstention/refusal). In IFS 

theory, this is already strictly defined as the hesitation 

margin 𝜋𝐼𝐹𝑆 =  1 − (𝜇 + 𝜈). Introducing an external 

𝑟 parameter creates a linear dependency given in Eq. 

(29): 

𝜋𝑡𝑜𝑡𝑎𝑙 =  1 − (𝜇 + 𝜈) = 𝜋ℎ𝑒𝑠𝑖𝑡𝑎𝑛𝑐𝑦 + 𝑟  (29) 

Since 𝜋ℎ𝑒𝑠𝑖𝑡𝑎𝑛𝑐𝑦 and 𝑟 occupy the same semantic 

space (the unknown or unassigned portion of the unit 

interval), separating them introduces an artificial 

degree of freedom without adding new information. 

If 𝜇 and 𝜈 are known, the refusal is explicitly 

determined by the remaining capacity. Therefore, 

enforcing a separate parameter 𝑟 does not enhance 

modeling capability; it merely fragments the 

indeterminacy term, complicating the aggregation 

process without mathematical necessity. Therefore, 

enforcing a separate parameter 𝑟 does not enhance 

modeling capability; it merely fragments the 

indeterminacy term, complicating the aggregation 

process without mathematical necessity. 

This structure creates a category error in 

conceptualization of group scenarios and semantic 

incoherence causing mathematical instability 

problem in single-expert scenarios: 

• The category error in group scenarios 

(Ontological): As previously stated, voting 

scenario is not an uncertainty modeling 

problem. Fundamentally, there is no actual 

decision-making problem at hand; rather, it is 

a deterministic classification or clustering of 

entities based on their actions. Classifying a 

voter as a refuser creates a crisp set 

membership, not a fuzzy degree of hesitancy 

regarding a decision object. In a decision-

making context, the specific decision subject 

to uncertainty remains undefined in such 

voting clusters. Therefore, attempting to 

legitimize a continuous fuzzy parameter (𝑟) 

based on discrete voter classification is 

theoretically inconsistent. 

• The semantic incoherence in single-expert 

scenarios (Mathematical): Even in single-

expert decision-making scenarios where the 

distinction is forced, treating refusal as an 

independent dimension leads to distinction 

without a difference. In a genuine fuzzy 

modeling context (e.g., a single expert 

evaluating a criterion), separating the 

unassigned gap (1 − (𝜇 + 𝜈)) into two 

distinct dimensions (𝜋 and 𝑟) leads to logical 

paradoxes. It is cognitively inconsistent for a 

single expert to declare: “I support this 60%, 

I reject it 10%, I am 15% hesitant, and I 15% 

refuse to answer”. Semantically, both 

hesitancy and refusal in a single mind 

represent the absence of a clear preference (𝜇 

or 𝜈). Differentiating them implies that the 

reason for the silence changes the 

mathematical value of the preference, which 

violates the fundamental principles of 

preference ordering. 

Numerical Example 3: To demonstrate the 

mathematical instability this creates, let us examine 

the distinction without a difference problem using 

Euclidean distance.  Consider two experts evaluating 

the exact same strategy with the exact same level of 

support and rejection (identical preferences). 

• Expert A (Standard Behavior): supports 0.6, 

rejects 0.1, and leaves the rest as unassigned 

(implicitly treated as standard 

indeterminacy/hesitancy): 

𝐸𝐴  = (𝜇 = 0.6, 𝜈 = 0.1, 𝜋 = 0.3, 𝑟 = 0.0) 

• Expert B (Refusal Behavior): supports 0.6, 

rejects 0.1, but explicitly labels the unassigned 

part as refusal (indicating that the expert is 

partially protesting the question). 

𝐸𝐵  = (𝜇 = 0.6, 𝜈 = 0.1, 𝜋 = 0.15, 𝑟 = 0.15) 

From a decision-making perspective, both experts 

have provided the exact same net preference: They 

both favor the option with 0.6 intensity and oppose it 

with 0.1. The reason for the missing 0.3 (hesitation 

vs. refusal) does not alter the fact that the available 

evidence (𝜇, 𝜈) is identical. However, the PcFS 

Euclidean distance (Mahmood, et al., 2021) 

calculates a significant difference between these 

identical preferences: 

𝑑(𝐴, 𝐵)  =  √

1

2
[(𝜇𝐴  − 𝜇𝐵)

2  +  (𝜈𝐴 − 𝜈𝐵)
2 

    + (𝜋𝐴 − 𝜋𝐵)
2  +  (𝑟𝐴 − 𝑟𝐵)

2]
 

𝑑(𝐴, 𝐵)  = √

1

2
[(0)2  +  (0)2  +  (0.15 −  0)2 

+ (0 −  0.15)2]
  =  0.15 
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The model generates a non-zero distance (0.3) for two 

decision-makers who have identical positive and 

negative evidence. This proves that the inclusion of 𝑟 

introduces artificial noise. The model penalizes or 

differentiates inputs based on the label of the missing 

info, rather than the content of the available info. This 

violates the fundamental identity property in 

preference modeling. In CFS (and standard IFS), this 

ambiguity is resolved by unifying the unassigned 

space, ensuring that identical evidence always yields 

zero distance (𝑑 = 0), thus preserving the logical 

consistency of the ranking.  

3.4. Issues about Linguistic Approach: Latent 

Parameter Injection and Discretization 

Artifacts 

Another problem with PFS, FFS, q-ROFS, NS, PcFS, 

SFS and t-SFS relates to the linguistic approach. The 

choice of linguistic term set is not justified in any of 

the studies using these extensions in the literature. 

Studies progress by accepting any linguistic term set 

as a premise. This situation is mainly due to the 

above-mentioned problematic structures of these 

extensions. Since it is not possible to collect linguistic 

data compatible with these FSEs from real-world 

situations, any term set in which fuzzy sets 

corresponding to linguistic expressions are 

predetermined must be accepted without justification.  

This pragmatic solution, however, introduces a severe 

epistemic flaw: latent parameter injection. 

Evaluators, base their assessments on the meanings 

they ascribe to these linguistic expressions, without 

knowing the numerical equivalents of the terms they 

use or the associated levels of indeterminacy and 

inconsistency. This makes the results subjective and 

less reliable. An issue here is that experts who only 

see linguistic terms may not realize that their 

evaluation differ from ordinary linguistic fuzzy 

evaluation. In other words, they believe they are 

making an ordinary linguistic evaluation, they do not 

indicate any indeterminacy, inconsistency, or refusal 

regarding the phenomenon subject to evaluation. 

However, since these are embedded in the definitions 

of linguistic terms, they are processed as if the expert 

had declared them. The indirect generation of 

indeterminacy, inconsistency and refusal via 

predefined term set negatively affects reliability of 

results. Worse, there is no analytical method to 

measure the reliability of such results so judgment 

about the quality of the work must be done entirely 

by intuition. This may cause journals with liberal 

policies to publish many low-novelty studies, as they 

cannot provide analytical justification for negative 

evaluations. 

Mathematical Representation: In a standard 

linguistic evaluation, an expert maps a cognitive state 

𝐶 to a linguistic label 𝐿. In parametric extensions, this 

label is pre-mapped to a complex fuzzy number. This 

process creates a disconnect defined as follows: 

Let 𝐿𝑖 be a linguistic term selected by the expert. The 

model assigns a fixed vector: 

𝑉𝑎𝑙(𝐿𝑖)  = ⟨ 𝜇𝑖 , 𝜈𝑖, 𝜋𝑖 , 𝑟𝑖;  𝑞 ⟩ 

Here, the expert’s explicit intent is usually limited to 

the primary position (𝜇𝑖  vs 𝜈𝑖). However, the 

secondary parameters (𝜋𝑖, 𝑟𝑖) are effectively injected 

into the evaluation by the system designer. 

𝐷𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛𝐸𝑥𝑝𝑒𝑟𝑡 ≈ 𝜇𝑖   𝑣𝑠  𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑒𝑑𝐷𝑎𝑡𝑎
= 𝜇𝑖  + (𝜋𝑖 + 𝑟𝑖)⏟    

𝐿𝑎𝑡𝑒𝑛𝑡 𝐼𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛

 

This implies that 𝜋𝑖 and 𝑟𝑖 are functions of the label 

definition, not the event’s uncertainty. The expert, 

unaware of the numerical underlying structure, 

implicitly signs off on levels of inconsistency and 

refusal they never evaluated. 

Numerical Example 4: Consider a study employing 

SFS using the linguistic term set proposed by Kutlu 

Gundogdu and Kahraman (2019) with 9 terms, 

ranging from “Absolutely More Importance” to 

“Absolutely Low Importance,” where the term “Very 

High Importance” is assigned the spherical fuzzy 

triplet ⟨𝜇, 𝜈, 𝜋⟩ = ⟨0.8, 0.2, 0.2⟩.  

Experts just know the linguistic terms without 

distinguishing whether ordinary fuzzy sets or 

spherical fuzzy sets are assigned to them. Experts just 

make preference between the given terms and do not 

explicitly declare any refusal, indeterminacy, and 

inconsistency.  

• Expert’s View: “I am confident this factor is 

very important.” 

• Model’s Interpretation: “The expert is 80% 

supportive, 20% opposed, and significantly 

hesitant (20%) about this judgment, and have 

a refusal tendency of 53%”. 

This raises critical questions: Why should experts be 

forced to implicitly declare such high levels of 

refusal, indeterminacy, and inconsistency? How 

realistic and meaningful is it for a single linguistic 

term to carry these meanings in such large 

proportions? On what rational basis is the expert 

assumed to have declared a 20% hesitation merely by 
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choosing “Very High Importance”? This arbitrary 

assignment makes the results subjective and heavily 

dependent on the initial design of the term set rather 

than actual field data. 

Furthermore, this reliance on pre-defined linguistic 

terms forces the continuous decision space into a 

discrete system. As discussed in Section 3.2, 

parametric models like PFS and q-ROFS are 

extremely sensitive to such discretization. Since the 

linguistic terms are discrete points (e.g., 𝜇 ∈
 {0.1,… , 0.9}), the resulting indeterminacy values 

jump abruptly between these points. This structural 

necessity is the root cause of the sawtooth or violin-

shaped indeterminacy distributions observed in 

Figure 2. Consequently, the chaotic behavior of 

indeterminacy becomes an artifact of forcing a 

continuous parametric model into a discrete linguistic 

framework, rather than a reflection of actual 

epistemic uncertainty. 

Additionally, for extensions like q-ROFS, the choice 

of the parameter 𝑞 presents a logical deadlock in 

linguistic modeling. If 𝑞 is fixed beforehand, any 

linguistic term set design runs the risk of violating the 

constraint 𝜇𝑞 + 𝜈𝑞 > 1. If an expert wants to express 

high conflict, this renders valid high-conflict data 

unusable. If 𝑞 is adjusted after data collection to fit 

the violations, the semantic meaning of the evaluation 

changes retroactively (as proven in Section 3.1), 

manipulating the weight of the expert’s opinion. 

NS has also limitations about linguistic approach. 

While NS theoretically prides itself on the 

independence of truthiness, indeterminacy, and 

falsity, this ternary structure creates a cognitive 

orthogonality problem in linguistic applications. It is 

cognitively unnatural for an expert to declare 

indeterminacy as a primary variable independent of 

their acceptance or rejection. In natural human 

reasoning, indeterminacy is typically a derivative 

state arising from conflict (high 𝜇 and 𝜈) or ignorance 

(low 𝜇 and 𝜈), not a standalone input dimension. 

Requiring experts to explicitly quantify their 

indeterminacy alongside truthiness and falsity 

introduces nonsense levels of cognitive burden. 

Consequently, a standard, intuitive linguistic term set 

for NS has failed to develop in the literature. Unlike 

other extensions that at least attempt linguistic 

standardization, NS remains largely trapped in 

numerical simulations because no rational linguistic 

scale can meaningfully map a single label (e.g., 

Good) to three independent, orthogonal dimensions 

without severe semantic arbitrariness. 

3.5. Reliability Comparison in Decision Making: 

Aggregation Bias and Topological 

Instability 

Although the above criticisms indicate that many 

FSEs are problematic, some research focuses on how 

to develop more reliable fuzzy models using existing 

extensions. Işık (2023a) discusses the disadvantages 

of FS extensions and proposes a guiding framework 

to facilitate FS extension selection. The framework 

recommends using the simplest possible extension to 

obtain more reliable results. Using more 

comprehensive FSEs in modeling might seem 

appealing but they come with costs. Critics suggest 

avoiding PFS, FFS, and q-ROFS due to their limited 

advantages compared to NSs, along with added 

computational complexity and the risk of violating 

validity conditions under high inconsistency. If it is 

possible to enhance the system to reduce 

inconsistency, that should be the initial approach 

before the fuzzy modeling. After this, IFS is often a 

good preference.  

On the other hand, simpler FSEs rely on more 

generalizing assumptions. Overgeneralization can 

introduce calculation bias. More comprehensive 

extensions may of course be preferred if the system 

and environment allow their use and significantly 

increase sensitivity analysis capabilities. Ultimately, 

the applicability of an FS extension in real-world 

cases depends on the relevance of the scenario. If its 

primary focus does not address a common real-world 

issue, its applicability will be limited. Additional 

parameters increase model complexity, and in some 

cases, excessive complexity can cause application 

failures. If parameters like refusal are insignificant, 

simplifying the scenario will yield better results (Işık, 

2023a). 

When addition and subtraction are performed 

between ordinary FSs, the shape of the FS is 

preserved. In standard arithmetic, averaging is linear. 

If the two sets involved in addition are both 

triangular, the result is also triangular. However, this 

rule does not hold for multiplication. As illustrated in 

Figure 3, topological structure of the fuzzy numbers 

(the set shape) is not preserved in multiplication 

operations.  

Fuzzy extensions typically utilize algebraic t-norms 

and t-conorms for aggregation. In the literature, 

membership functions are multiplied in the definition 

of addition operations for IFS (De, et al., 2000), PFS 

(Peng & Yang, 2015), NS (Wang et al., 2010) etc. For 

instance, the union (addition) of two intuitionistic 

fuzzy values is defined as: 𝜇𝐴̃⊕𝐵̃ = 𝜇𝐴̃ + 𝜇𝐵̃ −

𝜇𝐴̃ × 𝜇𝐵̃. This means the FS shape is not preserved 
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for addition and subtraction in these FSEs. The same 

issue is also valid for aggregation operations. For 

example, weighted (𝑤𝑗)  averaging operator is defined 

as  W𝐴 =  〈1 −∏ (1 − 𝜇𝐴̃𝑗)
𝑤𝑗𝑛

𝑗=1 , 

∏ (𝜗𝐴̃𝑗)
𝑤𝑗𝑛

𝑗=1 〉  for IFS (De, et al., 2000). 

Consequently, standard arithmetic operations in these 

extensions involve non-linear transformations. When 

applied to membership functions (such as triangular 

fuzzy numbers), these operations warp linear 

boundaries into non-linear curves. This phenomenon 

creates topological distortion, meaning that after 

several steps of calculation, the resulting fuzzy 

number loses its linguistic interpretability. The final 

output becomes an irregular mathematical function 

that no longer corresponds to any standard linguistic 

term. 

Due to this structural inability to preserve fuzzy 

number shapes, the arithmetic and aggregation 

operations defined in the literature are largely 

applicable only to the single-valued form of these 

FSEs, not to their membership functions. Researchers 

are restricted to using point-based estimates, 

significantly limiting the model’s ability to represent 

the full scope of uncertainty compared to standard 

fuzzy numbers. 

 

Figure 3: Illustration of arithmetic operations on fuzzy 

sets 

Even when restricted to single-valued forms to avoid 

shape distortion, a critical reliability issue persists: 

parametric sensitivity. In extensions like q-ROFS and 

t-SFS, aggregation results are strictly dependent on 

the external parameter 𝑞. Changing 𝑞 (e.g., from 2 to 

3) can lead to changes in ranking even though expert 

opinions remain constant. This implies that the 

decision outcome is not solely derived from expert 

judgments but is heavily influenced by the analyst’s 

parameter choice. Furthermore, high-order 

extensions often face validity violations during 

aggregation (e.g., sum of memberships exceeding 1), 

which forces analysts to increase the 𝑞 parameter 

dynamically. This creates a moving target for 

decision-making, where the mathematical rules of the 

system change mid-calculation to accommodate the 

data. 

4.  Compact Fuzzy Sets 

Most of the FS extensions mentioned in section 3 

(PFS, SFS, etc.) claim that inconsistency necessarily 

includes indeterminacy. NS, on the other hand, argues 

that indeterminacy can exist independently of 

membership and non-membership degrees. However, 

neither of these propositions are realistic. Because the 

concept of indeterminacy, both in IFS and in natural 

human language, owes its existence to obstacles such 

as hesitancy in reaching complete information, or the 

inability to collect sufficient information. From this 

perspective, the most accurate approach is to consider 

the concept of refusal not a phenomenon independent 

of indeterminacy, but a subcomponent or factor of it. 

In fact, a scenario with refusal but no indeterminacy 

is unrealistic. Therefore, the FSE that most 

realistically addresses the concept of indeterminacy is 

IFS.  

In this section, a unifying approach is proposed that 

addresses both indeterminacy and inconsistency 

while preserving their meanings in natural human 

language. This new approach, namely compact FS 

(CFS), is introduced by combining the conceptual 

basis of IFS with GFS. CFS is promising in terms of 

scenario coverage. Membership and non-membership 

are handled as independent terms in CFS formulation. 

Indeterminacy and inconsistency are considered 

complements to each other, and it is reasonable to 

view them as conjugates since their sum close to 1 is 

desirable. It is expected that this approach will reduce 

FS extension inflation and ensure that investments in 

hypothetical extensions that do not have realistic 

application areas in real life are channeled in the right 

direction. 

CFS is used to model scenarios that contain 

indeterminacy and inconsistency but does not require 

indeterminacy in every inconsistency case. Unlike 

PFS, FFS and q-ROFS, it does not force 

indeterminacy in inconsistent data scenario and does 

not impose a limit on the inconsistency level. CFS has 

two advantages: (i) it allows unlimited inconsistency 

and (ii) its operations are simpler than NS, PcFS, SFS 

and t-SFS, making it more adaptable in modeling 

real-life problems. In practice, when the sum of 

membership and non-membership does not exceed 1, 

people do not describe it as inconsistent data, but 

rather as a lack of information. That is, the lack of 

information is the reason why the sum of these values 
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cannot equal to 1, which leads to the same definition 

of indeterminacy as in the IFS.  

A CFS is defined mathematically as follows: 

Definition 1: Let 𝑋 be the reference universe, 

𝜇𝐴̃(𝑥) ∈ [0,1] be the membership function of 𝑥𝜖𝑋, 

𝜗𝐴̃(𝑥) ∈ [0,1]  be the non-membership function, and 

𝜔𝐴̃(𝑥) ∈ [−1,1]  be the combined indeterminacy-

inconsistency function, namely compact non-

normality function. An CFS 𝐴̃ on 𝑋 is defined as 𝐴̃ =
 { 𝑥, 𝜇𝐴̃(𝑥), 𝜗𝐴̃(𝑥),𝜔𝐴̃(𝑥)| 𝑥 ∈ 𝑋 } satisfying Eq. 

(30):  

𝜇𝐴̃(𝑥) + 𝜗𝐴̃(𝑥) + 𝜔𝐴̃(𝑥) = 1 (30) 

Indeterminacy (𝜋𝐴̃(𝑥)) is calculated as in Eq. (31):  

𝜋𝐴̃(𝑥) = max (0, 𝜔𝐴̃(𝑥)) (31) 

Inconsistency (𝜎𝐴̃(𝑥)) is calculated as in Eq. (32):   

𝜎𝐴̃(𝑥) = −min(0, 𝜔𝐴̃(𝑥))
= max (0, −𝜔𝐴̃(𝑥)) 

(32) 

If 𝜋𝐴̃(𝑥) = 𝜎𝐴̃(𝑥) = 0 complete information case. 

Cases where the compact non-normality term 𝜔𝐴̃(𝑥)  
is not equal to 1 deviate from complete information. 

Experiencing these cases eliminates complete 

information. Indeterminacy (𝜔𝐴̃(𝑥) > 0) and 

inconsistency (𝜔𝐴̃(𝑥) < 0) cases are complementary 

to each other. Thus, scenarios causing incomplete 

information (lack of expertise, hesitation, low 

measurement precision, refusal to evaluate, etc.) is 

addressed with the indeterminacy term, while 

contradictory information points to inconsistency. 

This definition of the indeterminacy concept aligns 

with both the semantic basis of IFS and human logical 

reasoning. 

In definitions, the term function is used, whereas in 

previous sections the term degree is preferred to make 

the definitions more general, describing the overall 

pattern of membership across the entire universe of 

discourse. The “membership degree” refers to a 

specific value assigned to an element, indicating the 

extent to which it belongs to the fuzzy set according 

to the membership function. However, using function 

and degree terms interchangeably throughout the 

study does not cause confusion.  

Definition 2: Let 𝐴̃ be a compact fuzzy set. 𝐴̃ can be 

denoted as  𝐴̃ =  〈𝜇, 𝜗, 𝜔〉 to simplify the notation 

while 𝜇 is membership function, 𝜗 is non-

membership function, and 𝜔 is compact non-

normality function. 

Theorem 2: IFS is a subset of CFS. 

Proof 2:  Let   𝐴̃ =  〈𝜇, 𝜗, 𝜔〉 be a CFS, and assume 

that 𝜔 is non-negative: 𝜔 ≥ 0. This scenario also falls 

within the definition of the compact term since  𝜔 ⊂
 [0,1] ⊂ [−1,1].  Then, the indeterminacy (𝜋) is 

calculated as: 𝜋 = max(0, 𝜔) = 𝜔 according to Eq. 

(28). Then the Eq. (27) can be rewritten as: 𝜇 + 𝜗 +
𝜋 = 1. This equation is the same as the main 

condition of the IFS given in Eq. (15). It is clearly 

shown that IFS is a subset of CFS, so the proof is 

finished. 

In IFS, MD and NMD are partially dependent, 

whereas in NS, they are fully independent. CFS, due 

to its structure, also allows MD and NMD to be 

assigned independently, but unlike NS, it does not 

allow IDD to be completely independent. Instead, 

IDD is defined as dependent on MD and NMD. In this 

way, semantic problems in the asymptotic limits are 

avoided where both MD and NMD are 1 or 0. When 

both are 1, it represents absolute inconsistency, when 

both are 0, it represents absolute indeterminacy. Thus, 

CFS also resolves the semantic problems criticized in 

the previous section. The comparison of other FSEs 

with CFS is presented in Figure 4, taxonomically 

classified according to two basic structural properties: 

(1) parameter independence, and (2) logical 

consistency at boundary limits.  

 

Figure 4: Taxonomic classification of fuzzy set 

extensions 

While IFS and q-ROFS are constrained by 

dependency relations (sums or powers), and NS is 

prone to the semantic collapse paradox due to 

unbounded independence (as detailed in Section 3), 

CFS represents a distinct structural class. It bridges 

the gap by offering fully independent 

parameterization without sacrificing topological 

compactness. Table 3 further elaborates on these 
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distinctions, contrasting the functional capabilities of 

CFS against other FSEs. 

Figure 5 illustrates the limitations of IFS and the 

semantic problems of NS and PFS-like FSEs and also 

compares them with CFS.

                                         Table 3: Conceptual Comparison of CFS with Other FSEs 

Feature IFS 
PFS/FFS/q-

ROFS 
SFS/ t-SFS NS CFS 

Primary  

Constraint 
𝜇 + 𝜈 ≤  1 𝜇𝑞  + 𝜈𝑞 ≤  1 𝜇𝑞  + 𝜈𝑞 + 𝜋𝑞 ≤  1 𝜇 + 𝜈 + 𝜋 ≤  3 

0 ≤ 𝜇 + 𝜈 ≤
 2 (Data-

Driven) 

Indeterminacy  

Handling 

Dependent  

(1 − 𝜇 − 𝜈) 

Dependent  

(1 − 𝜇𝑞 − 𝜈𝑞) 

Dependent  

(1 − 𝜇𝑞 − 𝜈𝑞 − 𝑟𝑞) 
Independent Independent 

Parameter  

Dependency 
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Figure 5: Comparison of CFS with some FSEs in logical and semantic perspectives 

The first column represents the asymptotic limits 

where maximum values are assigned to the terms of 

the FSEs, while the second column represents the 

asymptotic limits where minimum values are 

assigned. The third column shows the term values of 

an intuitionistic fuzzy number when modeled with 
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other FSEs. In the fourth column, for a fuzzy number 

containing inconsistency, although the membership 

and non-membership terms are the same, the 

inconsistency levels differ due to the constraints 

imposed by the FSE formulations.  

For the asymptotic limits of IFS, no semantic problem 

exists, but it does not allow inconsistency. On the 

other hand, NS allows inconsistency but has semantic 

issues at asymptotic limits. For example, at 

asymptotic limit 1, the inconsistency level rises to 2, 

which is logically meaningless (more clearly, a 200% 

inconsistency level is irrational). Similarly, at 

asymptotic limit 2, the IDD is observed to be 0 despite 

the absence of membership and non-membership 

judgments. In the absence of membership and non-

membership judgments, how can indeterminacy be 

zero? Thus, both are problematic. The second 

example fuzzy number given in Figure 5 for NS has 

also semantic and logical problems. How can it be 

possible to observe indeterminacy and inconsistency 

at the same time? The same problem is also available 

for PFS. Some other problems are also available for 

PFS (and therefore with FFS, q-ROFS, SFS, and t-

SFS). Although the problems for asymptotic limits 

are not immediately obvious, the theoretical limit 

restricting membership and non-membership in 

asymptotic limit 1 has no basis and no corresponding 

phenomenon in real life. For instance, in the first 

example fuzzy number, it is not reasonable to observe 

such a large degree of indeterminacy. 

This comparison demonstrates the theoretical 

robustness of CFS. Unlike other approaches, CFS 

does not encounter logical issues at asymptotic limits; 

in the first fuzzy number example, it yields the same 

level of indeterminacy as IFS, while in the second 

example, since it does not assign values to both 

inconsistency and indeterminacy simultaneously, it 

provides a more reasonable modeling framework in 

both logical and human reasoning contexts. 

In order to build a theory that is compatible with the 

existing theoretical background while avoiding these 

logical and semantic problems, the set theoretical 

properties of CFS are derived by merging the 

definitions of IFS presented by Atanassov (1983) and 

Yue (2014). 

Definition 3: Let 𝐴̃ = 〈𝜇𝐴̃, 𝜗𝐴̃, 𝜔𝐴̃〉 and 𝐵̃ =
〈𝜇𝐵̃ , 𝜗𝐵̃, 𝜔𝐵̃〉 be two CFSs. Containment, equality, 

union, intersection and complement properties are 

defined as in Eqs. (33-37) respectively:  

𝐴̃ ⊆ 𝐵̃    𝑖𝑓𝑓     (∀𝑥 ∈ 𝑋, 𝜇𝐴̃ ≤ 𝜇𝐵̃,
𝜗𝐴̃ ≥ 𝜗𝐵̃) (33) 

𝐴̃ = 𝐵̃    𝑖𝑓𝑓     (𝐴̃ ⊆ 𝐵̃  𝑎𝑛𝑑 𝐵̃ ⊆ 𝐴̃ ) (34) 

𝐴̃ ∪ 𝐵̃ = 〈max(𝜇𝐴̃, 𝜇𝐵̃) ,min(𝜗𝐴̃, 𝜗𝐵̃)〉 (35) 

𝐴̃ ∩ 𝐵̃ = 〈min(𝜇𝐴̃, 𝜇𝐵̃) ,max(𝜗𝐴̃, 𝜗𝐵̃)〉 (36) 

𝑐𝑜(𝐴̃) = 𝐴̅̃ = 〈𝜇𝑐𝑜(𝐴̃) = 𝜗𝐴̃, 𝜗𝑐𝑜(𝐴̃)
= 𝜇𝐴̃〉 (37) 

Definition 4: Let 𝐴̃ and 𝐵̃ be two CFSs, and 𝜆 ∈ [0,1] 
be a scalar. Addition, multiplication, subtraction, and 

division operations are defined as in Eqs. (38-42):  

𝐴̃ ⊕ 𝐵̃ = 〈𝜇𝐴̃⊕𝐵̃
= 𝜇𝐴̃ + 𝜇𝐵̃
− 𝜇𝐴̃ × 𝜇𝐵̃,      

                    𝜗𝐴̃⊕𝐵̃ = 𝜗𝐴̃ × 𝜗𝐵̃ , 

                    𝜔𝐴̃⊕𝐵̃
= 1 − (𝜇𝐴̃⊕𝐵̃ + 𝜗𝐴̃⊕𝐵̃)〉 (38) 

𝐴̃ ⊗ 𝐵̃ = 〈𝜇𝐴̃⊗𝐵̃ = 𝜇𝐴̃ × 𝜇𝐵̃,       

                    𝜗𝐴̃⊗𝐵̃ = 𝜗𝐴̃ + 𝜗𝐵̃ − 𝜗𝐴̃ × 𝜗𝐵̃, 

                    𝜔𝐴̃⊗𝐵̃
= 1 − (𝜇𝐴̃⊗𝐵̃ + 𝜗𝐴̃⊗𝐵̃)〉 (39) 

𝜆 ⊗ 𝐴̃ = 〈𝜇𝜆⊗𝐴̃ = 1 − (1 − 𝜇𝐴̃)
𝜆, 

                    𝜗𝜆⊗𝐴̃ = (𝜗𝐴̃)
𝜆, 

                   𝜔𝜆⊗𝐴̃
= 1 − (𝜇𝜆⊗𝐴̃ + 𝜗𝜆⊗𝐴̃)〉 (40) 

𝐴̃ ⊖ 𝐵̃ = 〈𝜇𝐴̃⊖𝐵̃ =
𝜇𝐴̃ − 𝜇𝐵̃
1 − 𝜇𝐵̃

,               

                     𝜗𝐴̃⊖𝐵̃ =
𝜗𝐴̃
𝜗𝐵̃
, 

                 𝜔𝐴̃⊖𝐵̃ = 1 − (𝜇𝐴̃⊖𝐵̃ +

𝜗𝐴̃⊖𝐵̃)〉,  

   𝐴̃ ≥ 𝐵̃, 𝜇𝐵̃ ≠ 1, 𝜗𝐵̃ ≠ 0 (41) 

𝐴̃

𝐵̃
= 〈𝜇𝐴̃

𝐵̃

=
𝜇𝐴̃
𝜇𝐵̃
,                                  

𝜗𝐴̃
𝐵̃

=
𝜗𝐴̃ − 𝜗𝐵̃
1 − 𝜗𝐵̃

,               

𝜔𝐴̃
𝐵̃

= 1 − (𝜇𝐴̃
𝐵̃

+ 𝜗𝐴̃
𝐵̃

)〉 , 

𝐵̃ ≥ 𝐴̃, 𝜇𝐵̃ ≠ 0, 𝜗𝐵̃ ≠ 1 (42) 

To use CFSs in MCDM problems, basic aggregation 

operators and ranking rules must be defined. The 

ranking of CFSs is determined based on the Score and 
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Accuracy functions. These Score and Accuracy 

functions, as well as the ranking rules, have been 

derived from the definitions introduced by Xu (2007).  

Definition 5: Let 𝑗 ∈ {1,… , 𝑛} be an index, 𝐴̃𝑗 a 

CFS, and 𝑤𝑗 ∈ [0,1] satisfying ∑ 𝑤𝑗
𝑛
𝑗=1 = 1 be a 

weight for  𝐴̃𝑗. Weighted averaging (WA) operator is 

defined as in Eq. (43):  

𝐴̃𝑤𝑎(𝐴̃1, 𝐴̃2, … , 𝐴̃𝑛)       

        =  〈𝜇𝐴̃𝑤𝑎 = 1 −∏(1 − 𝜇𝐴̃𝑗)
𝑤𝑗

𝑛

𝑗=1

, 

               𝜗𝐴̃𝑤𝑎 =∏(𝜗𝐴̃𝑗)
𝑤𝑗

𝑛

𝑗=1

, 

              𝜔𝐴̃𝑤𝑎 = 1 − (𝜇𝐴̃𝑤𝑎 + 𝜗𝐴̃𝑤𝑎)〉     (43) 

Since 𝑤𝑗 is a scalar variable, this multiplication 

operation is made by using Eq. (40). 

Definition 6: Let 𝐴̃ be a CFS. Score function (𝑆𝐴̃) 

and Accuracy function (𝐻𝐴̃) are defined as shown in 

Eqs. (44-45): 

𝑆𝐴̃(𝑥) =  
𝜇𝐴̃ − 𝜗𝐴̃
1 + 𝜎𝐴̃

=
𝜇𝐴̃ − 𝜗𝐴̃

1 +  max (0,−𝜔𝐴̃(𝑥))
 

(44) 

𝐻𝐴̃(𝑥) =  
𝜇𝐴̃ + 𝜗𝐴̃

𝜇𝐴̃ + 𝜗𝐴̃ + |𝜔𝐴̃(𝑥)|
 

(45) 

Definition 7: Let 𝐴̃ and 𝐵̃ be two CFSs. 𝐴̃ and 𝐵̃ are 

sorted depending on below rules: 

• If 𝑆𝐴̃(𝑥) >  𝑆𝐵̃(𝑥) => 𝐴̃ > 𝐵̃ 

• If 𝑆𝐴̃(𝑥) =  𝑆𝐵̃(𝑥) 
o 𝐻𝐴̃(𝑥) > 𝐻𝐵̃(𝑥) => 𝐴̃ > 𝐵̃ 

o 𝐻𝐴̃(𝑥) = 𝐻𝐵̃(𝑥) => 𝐴̃ = 𝐵̃   

In solving MCDM problems, the WA operator, Score 

function, and Accuracy function are generally used. 

However, in some cases, more advanced techniques 

such as TOPSIS are required to identify the best 

solution with greater sensitivity. To develop such 

techniques based on CFS, appropriate distance 

measures need to be defined. These distance 

measures are presented in Definition 8. 

Definition 8: Let 𝐴̃ and 𝐵̃ be two CFSs, and 𝜆 > 0 be 

a positive real number. The weighted distance 

(𝑑𝑊(𝐴̃, 𝐵̃)), normalized hamming distance 

(𝑑𝐻(𝐴̃, 𝐵̃)), and normalized Euclidean distance 

(𝑑𝐸(𝐴̃, 𝐵̃)) between 𝐴̃ and 𝐵̃ in 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} 

are calculated as in Eqs. (46-48): 

𝑑𝑊(𝐴̃, 𝐵) 

      = (
1

3
×∑[𝑤𝑖

𝑛

𝑖=1

× (|𝜇𝐴̃𝑖 − 𝜇𝐵̃𝑖|
𝜆

 

                              +|𝜗𝐴̃𝑖 − 𝜗𝐵̃𝑖|
𝜆

+ |𝜔𝐴̃𝑖 −𝜔𝐵̃𝑖|
𝜆
)])

1
𝜆
 (46) 

𝑑𝐻(𝐴̃, 𝐵̃) =  
1

3𝑛
×∑[(|𝜇𝐴̃𝑖 − 𝜇𝐵̃𝑖|

𝑛

𝑖=1

 

               +|𝜗𝐴̃𝑖 − 𝜗𝐵̃𝑖| + |𝜔𝐴̃𝑖 − 𝜔𝐵̃𝑖|
𝜆
)] (47) 

𝑑𝐸(𝐴̃, 𝐵̃) =  (
1

3𝑛
×∑[(|𝜇𝐴̃𝑖 − 𝜇𝐵̃𝑖|

2
𝑛

𝑖=1

    

                 +|𝜗𝐴̃𝑖 − 𝜗𝐵̃𝑖|
2

+ |𝜔𝐴̃𝑖 −𝜔𝐵̃𝑖|
𝜆
)])

1
2
 (48) 

4.1. Linguistic Compact Fuzzy Approach 

CFS offers a highly flexible structure for DM 

problems. In addition to allowing experts to make 

evaluations in a fully flexible manner, it also leaves 

them as free as possible when combining evaluations 

from different sources. Data from various sources no 

longer need to meet certain conditions to be 

aggregated. For example, if the problem is modeled 

as an ordinary FS, while the supporting assessment 

(membership) is collected from one source and the 

opposing assessment (non-membership) from 

another, it would be necessary to ensure that their sum 

equals 1. If modeled as IFS, the sum of these two 

evaluations must not exceed 1. However, in CFS, 

whether the sum exceeds 1 or not does not pose a 

problem. The CFS-based linguistic approach is built 

on this flexibility and consists of two independent 

linguistic statements: one for membership and one for 

non-membership. 

Definition 9: Let 𝑆 = {𝑠𝑖} = {𝑠0, … , 𝑠𝑔} be an 

ordered structure linguistic term set. A compact fuzzy 

linguistic statement 𝑙𝑠𝜇,𝑠𝜗∈𝑆 is described with a triplet 

〈𝑆, 𝑠𝜇 , 𝑠𝜗〉 in which 𝑠𝜇 is an independent linguistic 

evaluation for membership and  𝑠𝜗 is an independent 

linguistic evaluation for non-membership. 

HFS has made significant progress in fuzzy modeling 

and solving group DM problems, such as providing 

mathematical consensus. HFS quantifies the problem 
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by bringing together multiple expert opinions and 

converting them into IFS through the envelopment 

analysis (EA) approach. The use of IFS here is due to 

the fact that hesitation among experts is considered a 

cause of indeterminacy. HFS applies EA just to meet 

the definitional conditions of IFS, but data loss occurs 

due to this conversion. Because EA ignores the 

portion of data corresponding to expert disagreement 

or hesitation.  

Therefore, in scenarios with high conflict, very large 

IDD values are faced. The representative power of the 

results decreases since a large IDD value reduces the 

accuracy of the results. However, if expert 

evaluations are aggregated directly (e.g., via weighted 

averages), data loss is minimized, and collective 

intelligence/wisdom of crowds can be benefited. (For 

example, in a TV show, averaging expert estimations 

yields more accurate results than any individual 

estimates in 91% of cases (Leimeister, 2010)). The 

data obtained by directly aggregating expert opinions 

always meets the definitional conditions of CFS. In 

other words, HFS expert evaluations can be directly 

converted to CFS by aggregation. 

Definition 10: Let 𝑆 = {𝑠𝑖} = {𝑠0, … , 𝑠𝑔} be an 

ordered structure linguistic term set. A compact fuzzy 

linguistic statement 𝑙𝑠𝜇,𝑠𝜗∈𝑆 is described with a triplet 

〈𝑆, 𝑠𝜇 , 𝑠𝜗〉 in which 𝑠𝜇 is an independent linguistic 

evaluation for membership and  𝑠𝜗 is an independent 

linguistic evaluation for non-membership. 

Let 𝑀 = {𝜇1, … , 𝜇𝑁} be a set of membership 

functions, Agg is an aggregation operator such as 

arithmetic averaging or geometric averaging. An HFS 

𝐻̃ =  ⋃ {𝜇(𝑥)}
𝜇𝜖𝑀

 can be converted to a CFS 𝐶̃ by 

applying aggregation operation as in Eq. (49): 

𝐶̃ = 〈𝐴𝑔𝑔(𝜇1, … , 𝜇𝑁),                                 
    𝐴𝑔𝑔((1 − 𝜇1),… , (1 − 𝜇𝑁)) 〉                                                     (49) 

In many existing fuzzy set extensions (FSEs), 

linguistic approaches are commonly employed in 

decision-making processes. Experts are provided 

with linguistic term sets such as “low,” “medium,” or 

“high,” and they make evaluations accordingly. 

However, a crucial limitation exists: the underlying 

fuzzy set representations of these terms, namely the 

membership degree (MD), non-membership degree 

(NMD), and indeterminacy (or hesitation) degree 

(IDD), are rarely disclosed to the experts. 

Consequently, experts make judgments based solely 

on the semantic interpretation of the term, without 

awareness of how these latent parameters influence 

the results. This design choice introduces three 

critical issues: 

• Designer-Centric Determination of 

Indeterminacy: In traditional FSE 

frameworks, the assignment of indeterminacy 

to each linguistic term is determined by the 

model designer rather than the expert. This 

hidden design decision directly affects the 

outcomes, yet its influence is often invisible to 

the evaluators. 

• Restriction of Expert Freedom: When experts 

select terms like “medium” or “high,” they 

cannot independently express their inherent 

uncertainty or adjust the balance between 

membership and non-membership. In effect, 

their subjective uncertainty cannot be freely 

represented within the evaluation process. 

• Unawareness of Inconsistency and 

Indeterminacy: In extended frameworks such 

as Pythagorean or Fermatean fuzzy sets, the 

system’s tolerance for inconsistency is pre-

determined by the designer. As a result, 

experts may unknowingly provide 

inconsistent or indeterminate judgments while 

seemingly selecting conventional linguistic 

terms. Spherical fuzzy sets further exacerbate 

this problem, as even rejection values are 

implicitly enforced; yet the expert remains 

unaware of these underlying implications. 

Compact fuzzy sets (CFS) address these challenges 

fundamentally. In CFS, membership (MD) and non-

membership (NMD) degrees can be assigned 

completely independently, allowing experts to 

directly reflect their uncertainty and inconsistency. 

While the indeterminacy degree (IDD) is 

mathematically dependent on MD and NMD, this 

structure avoids the unreliable or semantically 

meaningless outcomes often observed in 

neutrosophic sets (NS) at asymptotic limits. For 

instance, scenarios where both MD and NMD equal 1 

(leading to 200% inconsistency) or both equal 0 

(producing undefined indeterminacy) are inherently 

resolved within CFS. This ensures that the approach 

remains faithful to natural human reasoning, where 

positive and negative aspects of a decision can be 

simultaneously considered. 

CFS also enhances the semantic transparency of 

linguistic terms. Unlike conventional FSEs, where 

designers must secretly assign fuzzy parameters to 

terms, CFS allows experts’ assessments to enter the 

model directly without hidden manipulations. This 

direct mapping preserves the meaning of linguistic 

expressions and the intention of the evaluators. 
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Moreover, CFS eliminates common limitations 

related to collective evaluations and heterogeneous 

data sources. In traditional hesitant fuzzy sets (HFS) 

or intuitionistic fuzzy sets (IFS), expert opinions 

often require normalization or envelope analysis to fit 

predefined constraints, which can lead to data loss, 

especially in high-uncertainty or conflicting 

scenarios. In contrast, CFS accommodates 

independent assignment of MD and NMD by each 

expert, maintaining data integrity and collective 

intelligence without imposing artificial constraints. 

From a practical standpoint, the CFS linguistic 

approach enhances both reliability and 

reproducibility. Comparative studies have 

demonstrated that ranking results under CFS remain 

fully compatible with IFS outputs, while other FSEs, 

such as q-rough ordered fuzzy sets (q-ROFS) or t-

spherical fuzzy sets (t-SFS), produce results highly 

sensitive to designer choices or parameter selection. 

CFS, therefore, provides a framework in which 

experts can naturally employ linguistic terms without 

inadvertently introducing design biases into the 

outcomes. 

The linguistic CFS approach overcomes semantic 

ambiguity and designer-dependency issues inherent 

in traditional FSEs. By allowing experts to 

independently express membership, non-

membership, and controlled indeterminacy, as 

demonstrated in Figure 6, CFS provides a transparent, 

reliable, and semantically consistent method for 

linguistic decision-making. This structure not only 

aligns with human reasoning but also offers practical 

advantages for robust, interpretable, and flexible 

decision support systems. 

 

Figure 6: Demonstration of group decision making based on the linguistic compact fuzzy set approach 

To address the reliability issues discussed in Section 

3.5, the linguistic CFS approach adopts a stability-

oriented arithmetic framework. Unlike parametric 

extensions that rely on variable-dependent 

operations, CFS utilizes the standard algebraic 

operations defined for IFS. This choice ensures 

operational stability and semantic consistency in 

group decision-making scenarios.  

A common concern in fuzzy arithmetic is the 

saturation effect, where aggregating multiple 

opinions artificially inflates the result. However, CFS 

overcomes this by employing the WA operator 

presented in Eq (43), derived from standard algebraic 

sums for MCDM problems. This operator preserves 

the central tendency of expert evaluations.  

Numerical Example 5: For instance, if multiple 

experts provide an identical moderate evaluation 

(𝜇 = 0.5), WA operator yields exactly the input 

value, ensuring that the consensus reflects the true 

average rather than a mathematical artifact. Assuming 

𝑛 experts with equal weights (∑ 𝑤𝑖
𝑛
𝑖=1 = 1) all 

declare 𝜇𝑗 = 0.5: 

𝜇𝐴̃𝑤𝑎 = 1 − (1 −  0.5)
1 𝑛⁄ × (1 −  0.5)1 𝑛⁄  

     × ⋯× (1 −  0.5)1 𝑛⁄  
= 1 − (0.5)∑𝑤𝑖 = 1 − 0.5 = 0.5 

Unlike q-ROFS or SFS, where the definition of a 

linguistic term effectively shifts depending on the 

chosen parameter (𝑞), CFS evaluations are 

deterministic. A linguistic declaration in CFS has a 

fixed coordinate in the unit square. This ensures that 

the aggregation process is transparent and strictly 

derived from expert inputs, without the risk of 

manipulation through parameter tweaking. This 

stability makes CFS particularly suitable for precise 

linguistic modeling in complex decision 

environments. 

4.2. Integration of Compact Fuzzy Set with 

Scenario-Based Policy Modeling 

Scenario-based policy modeling (SBPM) has 

emerged as a critical approach in strategic planning 

and public policy, as it facilitates the exploration of 

multiple potential futures rather than relying solely on 

a single deterministic forecast. By its nature, SBPM 

involves significant indeterminacy, originating from 
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incomplete or uncertain knowledge regarding future 

conditions, and inconsistency, arising from 

conflicting expert judgments, heterogeneous 

stakeholder perspectives, or competing objectives. 

FSEs often encounter limitations in this context, as 

they may impose rigid constraints on input data or 

introduce artificial design parameters, thereby 

reducing transparency and limiting the 

interpretability of results. 

CFS can offer a framework that is inherently aligned 

with the requirements of SBPM. Unlike other FSEs, 

CFS permits the independent determination of 

membership (𝜇) and non-membership (𝜈) degrees. 

This dual-degree representation enables the 

integration of heterogeneous information sources 

while preserving the inherent uncertainty and conflict 

that characterize real-world policy discussions.  

The suitability of CFS for SBPM is underscored by 

several factors: 

• In terms of contextual alignment, SBPM 

involves the generation of alternative futures 

and the assessment of policies under these 

varying conditions. The prevalence of 

incomplete information (indeterminacy) and 

conflicting expert opinions (inconsistency) 

necessitates a modeling approach capable of 

capturing both phenomena. The independent 

membership and non-membership degrees in 

CFS facilitate a realistic representation of 

policy debates.  

• This approach prevents information loss. 

Whereas converting heterogeneous expert 

opinions into IFS through methods such as 

envelope analysis often results in diminished 

informational richness, CFS retains the full 

scope of expert input, ensuring that scenario-

based analyses reflect original decision logic.  

• CFS demonstrates resilience to parameter 

overload. Alternative fuzzy methods, 

including q-ROFS and t-SFS, depend on 

design parameters that directly affect 

outcomes, whereas CFS circumvents the need 

for such parameters, providing enhanced 

transparency and reduced design dependency.  

• CFS improves interpretability and 

communication. For policymakers and non-

expert stakeholders, the presentation of 

membership, non-membership, and 

indeterminacy degrees offers clear 

explanations for policy preferences, even in 

the presence of conflicting expert opinions. 

Scenario generation involves defining distinct 

scenarios relevant to the policy domain, such as 

economic growth trajectories, climate risks, or 

pandemics. For each scenario, evaluation criteria—

such as cost, impact, equity, or feasibility—are 

identified. Linguistic term sets and scales for 

membership and non-membership are then 

developed, allowing experts to simultaneously 

provide assessments. Expert evaluations are collected 

for each policy–criterion pair under each scenario, 

and these assessments are subsequently aggregated, 

often via weighted averages, to produce CFS values 

without information loss. Policy ranking is performed 

using methods such as CFS-TOPSIS, which 

accommodate high inconsistency (𝜇 +  𝜈 >  1) 

without requiring additional parameters.  

To illustrate, consider a climate adaptation scenario, 

“High Climate Risk,” with two policy options: Policy 

A (construction of a sea wall) and Policy B (migration 

programs), evaluated under the criterion “Urban 

Adaptation Effectiveness.” Policy A exhibits 𝜇𝐴  =
 0.75 and 𝜈𝐴  =  0.65, indicating high inconsistency 

(𝜇 +  𝜈 =  1.40), while Policy B exhibits 𝜇𝐵 =
 0.65 and 𝜈𝐵 =  0.15, reflecting more consistent 

evaluations (𝜇 +  𝜈 =  0.80). Traditional IFS 

frameworks, which require 𝜇 +  𝜈 ≤  1, would 

necessitate adjustment or information loss for Policy 

A. In contrast, CFS naturally accommodates both 

policies, with Policy A’s high inconsistency signaling 

strong simultaneous support and opposition, and 

Policy B indicating balanced support. CFS-TOPSIS 

rankings across scenarios allow for the identification 

of scenario-independent robust policies or scenario-

specific strategies. 

Robustness and decision-support metrics further 

enhance CFS applications. Scenario-robustness 

indices quantify the frequency with which a policy 

ranks among the top alternatives across scenarios, 

while CFS-distance metrics measure differences in 

membership, non-membership, and indeterminacy. 

Monte Carlo or bootstrap simulations can assess the 

stability of rankings under random variations in 

expert judgments, and regret matrices reveal potential 

discrepancies between chosen and scenario-optimal 

policies. Communication to stakeholders can be 

rendered comprehensible, for instance, by framing 

outputs as: “This policy has 0.75 support and 0.65 

opposition; high inconsistency indicates diverse 

stakeholder priorities. Consequently, the policy is 

recommended under specific conditions or with 

supplementary measures.”  This example shows that 

CFS may address the principal challenges of SBPM, 

including uncertainty, high expert inconsistency, and 
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scenario diversity, while preserving information and 

enhancing interpretability. 

5.  Comparative Analyses 

In the last 10 years, there have been over 100,000 

publications (including those outside SCI expanded) 

using FS extensions (Işık, 2023a). A common 

problem in almost all of these publications is the 

inability to concretely measure and prove the 

reliability of the results obtained. As mentioned in 

Section 3, most of the FSEs that deal with the concept 

of indeterminacy make semantic shifts. This shifting 

causes the FSEs proposed to be speculative 

(incapable of accurately addressing real-life 

conditions) and disconnected from real life.  

For this reason, although very successful results have 

been obtained in modeling using these extensions 

within their internal mechanisms, concerns inevitably 

arise about the consistency of the results with reality, 

particularly in MCDM studies, and about how 

reliably they reflect real-world conditions. In fact, 

approaches that redefine concepts with synthetic 

meanings, rather than using their real-life 

interpretations, suffer from a serious reliability 

problem. To clarify this issue and verify the reliability 

of CFS, two comparative analyses were conducted, 

and results are presented in Tables 4 and 5. 

In the first comparative analysis, three fuzzy numbers 

(FNs) including indeterminacy (but not 

inconsistency) were ranked using different 

formulations. The results are given in Table 4. Since 

all FSEs are claimed to be generalizations of IFS, they 

are expected to yield the same ranking as IFS. 

Another justification for comparison with IFS is that 

the model reliability depends on aligning semantic 

interpretations with natural human reasoning. Based 

on this, it is obvious that IFS represents real-life 

phenomena more accurately than other extensions, as 

it preserves the semantic meaning of concepts. The 

ranking rules in IFS theory are consistent with reason, 

logic, and common sense on the same conceptual 

basis. Therefore, the reference point for the reliability 

of other extensions is how closely their results align 

with those obtained using IFS.  

FS extensions that provide the same or similar results 

as IFS across different scenarios can be considered 

more reliable than others. In this context, CFS stands 

out as more reliable, comprehensive, and successful 

than other methods because it does not impose 

synthetic meanings on concepts, avoid semantic shift, 

address a wider variety of scenarios, and yields the 

same results as IFS. Analysis shows that only CFS 

and one of the ranking rules of NS produced the same 

results with IFS (There are highlighted as gray in 

Table 4).

                        Table 4: Fuzzy Number (FN) Rankings of Fuzzy Set Extensions under Indeterminacy 
   FN 1 FN 2 FN 3 

Membership (𝝁) 0.448 0.498 0.423 

Non-membership (𝝂) 0.181 0.229 0.153 

Indeterminacy (𝝅) 0.371 0.273 0.424 

Inconsistency (𝟏 − 𝝁 − 𝝂 − 𝝅) 0 0 0 

IFS 

Score 0.267 0.269 0.270 

Accuracy 0.629 0.727 0.576 

Rank 3 2 1 

PFS 

Score 0.168 0.196 0.156 

Accuracy 0.233 0.300 0.202 

Rank 2 1 3 

FFS 

Score 0.084 0.111 0.072 

Accuracy 0.096 0.136 0.079 

Rank 2 1 3 

q-ROFS  

(q = 1.5) 

Score 0.223 0.242 0.215 

Accuracy 0.377 0.461 0.335 

Rank 2 1 3 

q-ROFS  

(q = 10) 

Score 0.000 0.001 0.000 

Accuracy 0.000 0.001 0.000 

Rank 2 1 3 

PcFS 

Score 1 0.448 0.498 0.423 

Score 2 0.371 0.273 0.424 

Accuracy 0.638 0.542 0.694 

Rank 2 3 1 

SFS Score -0.030 0.049 -0.073 
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Accuracy 0.371 0.375 0.382 

Rank 2 1 3 

t-SFS  

(t = 1.5) 

Score - - - 

Accuracy 0.371 0.375 0.382 

Rank - - - 

t-SFS  

(t = 10) 

Score 0.000 0.000 0.000 

Accuracy 0.000 0.001 0.000 

Rank 2 1 3 

NS  

(Sahin & 

Kucuk) 

Score 0.263 0.362 0.211 

Accuracy 0.129 0.194 0.090 

Rank 2 1 3 

NS  

(Nancy & 

Garg) 

Score 0.174 0.324 0.088 

Accuracy -0.475 -0.277 -0.578 

Rank 2 1 3 

NS  

(Singh & 

Bhat) 

Score 0.191 0.284 0.148 

Accuracy -0.285 -0.233 -0.307 

Rank 2 1 3 

NS  

(Işık) 

Score 0.267 0.269 0.270 

Accuracy 0.282 0.362 0.244 

Rank 3 2 1 

NPcFS  

Score -0.104 -0.004 -0.154 

Accuracy 1.000 1.000 1.000 

Rank 2 1 3 

CFS 

Score 0.267 0.269 0.270 

Accuracy 0.629 0.727 0.576 

Rank 3 2 1 

 The comparative analysis reveals distinct ranking 

shifts between q-ROFS, NS, and the proposed CFS. 

These divergences are not random; they stem from 

the fundamental mechanisms of how each model 

handles conflict and indeterminacy. The reason why 

other extensions yield different results is that they 

assign different meanings to the concept of 

indeterminacy.  

A notable finding is that results vary depending on the 

q value set as a design parameter in q-ROFS. A 

similar issue is observed with changes of 𝑡 value in t-

SFS. In q-ROFS, increasing the parameter 𝑞 (e.g., 

from 𝑞 = 1 to 𝑞 = 3) is often cited as providing 

flexibility. However, this analysis suggests that this 

mechanism acts as a signal dampening filter. 

Mathematically, increasing 𝑞 rapidly decreases 

membership and non-membership values to satisfy 

𝜇𝑞  + 𝜈𝑞 ≤  1. This effectively suppresses the intensity 

of the expert’s opinion. A strong objection in IFS 

effectively becomes a mild objection in q-ROFS 

because its impact is attenuated when incorporated 

into the fundamental constraint equation via 

exponentiation. This reduction occurs because raising 

any positive number less than 1 to a power 𝑞 > 1 

yields a result strictly smaller than the original value: 

𝜇𝑞 < 𝜇 (or 𝜈𝑞 < 𝜈) for all 𝑞 > 1. The model treats 

high-conflict situations (strong signal) similarly to 

low-information situations (weak signal) by 

artificially compressing the decision space. 

Consequently, while the explicit signals from both 𝜇 

and 𝜈 are attenuated due to the power operation, this 

leads to a compensatory, yet artificial, amplification 

of the indeterminacy term (𝜋). Since the residual 

space defined by 1 − (𝜇𝑞  + 𝜈𝑞) expands as the 

primary parameters shrink, the system mechanically 

fills this void with indeterminacy, thereby falsely 

reporting high uncertainty in valid high-conflict 

scenarios. This explains why q-ROFS rankings 

fluctuate significantly with different 𝑞 values: the 

model is essentially ignoring the severity of the 

conflict to fit the data into the admissible region. CFS, 

on the other hand, being parameter-free, preserves the 

raw intensity of the expert’s judgment without this 

artificial suppression. 

Another striking observation is that the ranking rules 

chosen for NS directly affect the results. This is a 

structural consequence of the independence principle. 

Since truthiness (𝜇), indeterminacy (𝜋), and falsity 

(𝜈) are independent, there is no universal geometric 

consensus on how to aggregate them. Among the 

evaluated neutrosophic ranking functions, only Işık’s 

(2022b) method produced the theoretically correct 

ordering. This performance is analytically 

unsurprising, as the method is fundamentally 

constructed by adapting robust IFS ranking axioms to 

the neutrosophic domain (stabilized via a minute 𝜖 
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term to ensure definability at singular points). In 

contrast, other functions that treat truth, 

indeterminacy, and falsity as purely independent 

variables failed to capture the logical precedence in 

the dataset. Some functions penalize 𝜋 heavily (e.g., 

(Sahin & Küçük, 2014)), while others prioritize the 

difference between 𝜇 and 𝜈. This leads to decision 

instability, where the outcome depends more on the 

choice of the algebraic operator than on the data itself. 

In contrast, CFS relies on a fixed geometric topology 

(compact unit square). The ranking is derived from a 

consistent Euclidean or angular distance from the 

ideal state, eliminating the subjectivity associated 

with choosing a scoring algorithm. As demonstrated, 

all of these extensions have serious reliability 

problems even in such a simple problem. The ranking 

rule preference or initial design parameters directly 

affects the results. This analysis clearly shows that, 

apart from IFS, existing FSEs have serious reliability 

problems in DM problems. On the other hand, CFS 

proposed in this study achieved exactly the same 

result as IFS. 

The reliability of CFS must also be evaluated under 

inconsistency scenario. For this aim, another 

comparative analysis was conducted, and results are 

presented in Table 5. Two approaches can be 

followed for the evaluation of reliability. First 

approach is to compare with other well-performing 

FSEs. From this viewpoint, CFS appears promising 

because it produced the same ranking results with NS 

(Işık) in both comparative analyses. The second 

approach is to establish a meaningful and logical 

evaluation rule grounded in human reasoning and 

semantic perception. 

Logically, in fuzzy evaluations, membership can be 

considered as evidence supporting a proposition, 

while non-membership serves as evidence against it. 

In this case, it is expected that among two fuzzy 

numbers with the same positive evidence and 

inconsistency level, the one with the lower 

unfavorable evidence, that is non-membership, will 

indicate a more positive evaluation and rank higher. 

With this point of view, IFN 4 should be in the first 

order since it has a more favorable membership (𝜇 −
𝜗 = 0.656) than IFN4 (𝜇 − 𝜗 = 0.556) and IFN6 

(𝜇 − 𝜗 = 0.316), even though it is not inconsistent. 

When the results are analyzed, only NS (Işık), q-

ROFS (q=1.5) and CFS ranked IFN4 in the first order. 

 

                            Table 5: Fuzzy Number (FN) Rankings of Fuzzy Set Extensions under Inconsistency 

    FN 4 FN 5 FN 6 

Membership (𝝁) 0.758 0.848 0.658 

Non-membership (𝝂) 0.102 0.292 0.342 

Indeterminacy (𝝅) 0.14 0 0 

Inconsistency (𝟏 − 𝝁 − 𝝂 − 𝝅) 0 0.14 0 

PFS 

Score 0.564 0.634 0.316 

Accuracy 0.585 0.804 0.550 

Rank 2 1 3 

FFS 

Score 0.434 0.585 0.245 

Accuracy 0.437 0.635 0.325 

Rank 2 1 3 

q-ROFS  

(q = 1.5) 

Score 0.627 0.623 0.334 

Accuracy 0.693 0.939 0.734 

Rank 1 2 3 

q-ROFS  

(q = 10) 

Score 0.063 0.192 0.015 

Accuracy 0.063 0.192 0.015 

Rank 2 1 3 

PcFS 

Score 1 0.758 0.848 0.658 

Score 2 0.140 0.000 0.000 

Accuracy 0.796 0.556 0.316 

Rank 2 1 3 

SFS 

Score 0.380 0.634 0.316 

Accuracy 0.605 0.804 0.550 

Rank 2 1 3 

t-SFS  

(t = 1.5) 

Score - 0.634 0.316 

Accuracy 0.605 0.804 0.550 

Rank - - - 

t-SFS  

(t = 10) 

Score 0.01 0.19 0.02 

Accuracy 0.063 0.192 0.015 



 
 

Isik (2026). J Inno Sci Eng 10(2):208-247 

233 

 

Rank 3 1 2 

NS  

(Sahin & 

Kucuk) 

Score 0.688 0.778 0.658 

Accuracy 0.636 0.556 0.316 

Rank 2 1 3 

NS  

(Nancy 

& Garg) 

Score 0.714 0.739 0.658 

Accuracy 0.376 0.556 0.316 

Rank 2 1 3 

NS  

(Singh & 

Bhat) 

Score 0.604 0.905 0.658 

Accuracy 0.414 0.264 -0.026 

Rank 3 1 2 

NS  

(Işık) 

Score 0.656 0.488 0.316 

Accuracy 0.652 0.848 0.658 

Rank 1 2 3 

NPcFS  

Score 0.516 0.488 0.316 

Accuracy 1.000 1.000 1.000 

Rank 1 2 3 

CFS 

Score 0.656 0.488 0.316 

Accuracy 0.860 1.000 1.000 

Rank 1 2 3 

Crucially, results for other FSEs depend heavily on 

initial modeling decisions. For q-ROFS, when the 𝑞 

value is determined more carefully, better quality 

results (more suitable with intuition) can be obtained. 

When the 𝑞 value is determined more superficially, 

the quality of the results decreases significantly. Once 

it surpasses a certain threshold, it cannot even list the 

alternatives. The same criticisms also apply to t-SFS. 

Similarly, when modeling a problem, whether PFS or 

FFS is preferred (equivalently, whether SFS or t-SFS 

is preferred) directly affects the quality of the results. 

The ranking rule preferred for NS also directly affects 

the results. This is not surprising because the ranking 

rules for NS lack any theoretical basis. Similarly, the 

ranking rules for PFS, FFS, q-ROFS, SFS and PcFS 

were also suggested arbitrarily without any basis. 

FSEs that take refusal into account can also be 

criticized. Although NPcFS is the only FSE that 

incorporates refusal and correctly ranks IFNs in the 

second comparative analysis, it fails in the first 

analysis. For this reason, its results cannot be 

considered reliable overall. Although taking the 

refusal into consideration does not offer an important 

and functional capability/output to decision makers, 

it brings a very serious reliability issue. The 

comparative analysis exposes a critical instability in 

extensions that explicitly model a refusal degree (𝑟). 

While NPcFS performed correctly in the second 

analysis, its failure in the first reveals a structural flaw 

named residual noise effect. In many frameworks, 

refusal is not an independent expert assignment, but a 

dependent residual value derived from the constraint 

(e.g., 𝑟 =  1 − (𝜇 + 𝜈 + 𝜋)). Treating this passive 

mathematical artifact as an active input in ranking 

functions introduces significant volatility. Since 𝑟 

depends on all other variables, a minor fluctuation in 

membership (𝜇) or indeterminacy (𝜋) creates an 

inverse fluctuation in refusal. When ranking functions 

weight this residual value heavily, they effectively 

rank based on the void rather than the signal. This 

explains the erratic behavior observed in Table 5. 

NPcFS succeeds only when the residual noise 

coincidently aligns with the dominance of 𝜇, but fails 

when the signal-to-noise ratio decreases. 

Consequently, explicit refusal modeling often 

reduces reliability without adding functional value. 

CFS avoids this pitfall by treating refusal not as a 

separate parameter, but as part of the geometric 

distance within the compact unit square. This ensures 

that the decision space is fully covered without 

introducing unstable residual variables. 

6.  Compact Fuzzy Set based TOPSIS 

Methodology  

TOPSIS, initially conceived by Hwang and Yoon 

(Hwang & Yoon, 1981), is widely recognized as the 

primary approach for addressing multiple criteria 

decision making (MCDM) problems (Rashidi & 

Cullinane, 2019; Özbek & Yildiz, 2020; Asante, et 

al., 2022). In TOPSIS methodology, the alternative 

closest to the positive ideal solution (PIS) is identified 

as the best alternative. In other words, the best 

alternative minimizes cost factors while maximizing 

benefit factors. It also stands out by being the farthest 

from the negative ideal solution (NIS), which 

represents the poorest-performing alternative in terms 

of both cost and benefit factors (Gupta, 2018).  

Conventional TOPSIS assumes precise data which is 

often impractical. Real-world problems are better 



 
 

Isik (2026). J Inno Sci Eng 10(2):208-247 

234 

 

modeled using intervals, verbal descriptions, or 

linguistic variables rather than exact figures (Rudnik 

& Kacprzak, 2017). To address this limitation, Chen 

(Chen, 2000) extended the TOPSIS methodology by 

incorporating fuzzy numbers (Zhang & Dai, 2022). 

Subsequently, researchers have introduced various 

extensions of TOPSIS to handle uncertain conditions 

(Zhang & Dai, 2022; Saeidi, et al., 2022).  

This section extends TOPSIS using CFS, 

incorporating an aggregation step for group decision-

making. The steps of the proposed CFS-based 

TOPSIS methodology are presented as follows: 

 

 

 

 

 

 

Algorithm: CFS Based TOPSIS 

Input: Assessments of the multiple (𝑘 ∈ {1,2,… , 𝑝}) experts (𝑥̃𝑖𝑗𝑘) for the alternatives (𝑖 ∈ {1,2,… , 𝑛}) depending on multiple criteria (𝑗 ∈
{1,2,… ,𝑚})  
Output: Best alternative 

Begin  

Step 1: Build a decision matrix as in Eq. (1) by aggregating expert assessments via the WA operator presented in Definition 5 for each criterion 

and alternative combination to build the decision matrix (𝐷), while the weights of the expert assessments, 𝜓𝑘 satisf𝑦 ∑ 𝜓𝑘𝑘=1,..,𝑝 = 1 and 𝜓𝑘 ∈
[0,1] using Eq. (50):  

𝐷 = [𝑎̃𝑖𝑗] =  〈𝜇𝑎̃𝑖𝑗 = 1 −∏(1 − 𝜇𝑥̃𝑖𝑗𝑘)
𝜓𝑘

𝑝

𝑘=1

,  𝜗𝑎̃𝑖𝑗 =∏(𝜗𝐴̃𝑗)
𝑤𝑗

𝑝

𝑘=1

, 𝜔𝑎̃𝑖𝑗 = 1 − (𝜇𝑎̃𝑖𝑗 + 𝜗𝑎̃𝑖𝑗)〉 , ∀𝑖, 𝑗 (50) 

Step 2: Build a normalized decision matrix (𝑅 = [𝑟̃𝑖𝑗]) by using Eqs. (2-3) with the help of the operations presented in Definition 4 while 𝐶 is 

the set of cost criteria and 𝐵 is the set of benefit criteria by using Eqs. (51-52):  

𝑟̃𝑖𝑗 = 〈𝜇𝑟̃𝑖𝑗 =
𝜇𝑎̃𝑖𝑗

max
𝑗
(𝜇𝑎̃𝑖𝑗)

, 𝜗𝑟̃𝑖𝑗 =
𝜗𝑎̃𝑖𝑗

max
𝑗
(𝜇𝑎̃𝑖𝑗)

,   𝜔𝑟̃𝑖𝑗 = 1 − 𝜇𝑟̃𝑖𝑗 − 𝜗𝑟̃𝑖𝑗 〉 , 𝑗 ∈ 𝐵 (51) 

𝑟̃𝑖𝑗 = 〈𝜇𝑟̃𝑖𝑗 =
min
𝑗
(𝜇𝑎̃𝑖𝑗)

𝜇𝑎̃𝑖𝑗
, 𝜗𝑟̃𝑖𝑗 =

min
𝑗
(𝜗𝑎̃𝑖𝑗)

𝜗𝑎̃𝑖𝑗
,   𝜔𝑟̃𝑖𝑗 = 1 − 𝜇𝑟̃𝑖𝑗 − 𝜗𝑟̃𝑖𝑗  〉  , 𝑗 ∈ 𝐶 (52) 

Step 3: Build a weighted decision matrix (𝑉 = [𝑣̃𝑖𝑗] = [𝑤𝑗⊗ 𝑟̃𝑖𝑗]) for the scalar weights (𝑤𝑗 ∈ [0,1]) using Eq. (53): 

𝑉 = [𝑣̃𝑖𝑗] = 〈𝜇𝑤𝑗⊗𝑟̃𝑖𝑗 = 1 − (1 − 𝜇𝑟̃𝑖𝑗)
𝑤𝑗 , 𝜗𝑤𝑗⊗𝑟̃𝑖𝑗 = (𝜗𝑟̃𝑖𝑗)

𝑤𝑗 , 𝜔𝑤𝑗⊗𝑟̃𝑖𝑗 = 1 − (𝜇𝑤𝑗⊗𝑟̃𝑖𝑗 + 𝜗𝑤𝑗⊗𝑟̃𝑖𝑗)〉 (53) 

Step 4: Calculate positive ideal solution (𝑣̃𝑗
∗) and negative ideal solution (𝑣̃𝑗

−) for each criterion by using Definition 6-7 as in Eq. (54): 

𝑣𝑗
∗ = max

𝑗
(𝑣̃𝑖𝑗) , ∀𝑗  ,    𝑣𝑗

− = min
𝑗
(𝑣̃𝑖𝑗) , ∀𝑗 (54) 

Step 5: Calculate total normalized Euclidean distance between alternatives and the positive ideal solution (𝑑𝑖
∗) and negative ideal solution (𝑑𝑖

∗) 
with the help of Definition 8 as in Eqs. (55-56): 

𝑑𝑖
∗ = 𝑑𝑁𝐸(𝑣̃𝑖𝑗 , 𝑣̃𝑗

∗) =
√
∑ (|𝜇𝑣̃𝑖𝑗 − 𝜇𝑣̃𝑗

∗|
2

+ |𝜗𝑣̃𝑖𝑗 − 𝜗𝑣̃𝑗
∗|
2

+ |𝜔𝑣̃𝑖𝑗 − 𝜔𝑣̃𝑗
∗|
2
)

𝑚

𝑗=1

3𝑚
  , ∀𝑖   

(55) 

𝑑𝑖
− = 𝑑𝑁𝐸(𝑣̃𝑖𝑗 , 𝑣̃𝑗

−) =  
√
∑ (|𝜇𝑣̃𝑖𝑗 − 𝜇𝑣̃𝑗

−|
2

+ |𝜗𝑣̃𝑖𝑗 − 𝜗𝑣̃𝑗
−|
2

+ |𝜔𝑣̃𝑖𝑗 −𝜔𝑣̃𝑗
−|
2
)

𝑚

𝑗=1

3𝑚
  , ∀𝑖 

(56) 

Step 6: Calculate the relative closeness of the alternatives to the ideal solution (𝑐𝑖
∗) using Eq.(57): 

𝑐𝑖
∗ =

𝑑𝑖
−

𝑑𝑖
− + 𝑑𝑖

∗  , ∀𝑖 (57) 

Step 7: Rank the alternatives depending on 𝑐𝑖
∗ in descending order and select the first alternative having maximum 𝑐𝑖

∗. 

End 

7.  A Real Case Application on Reputation 

Management Strategies in Finance Sector 

A growing financial technology company has decided 

to enhance its reputation in the long term. The 

company aims to prioritize among predetermined 

strategies and then invest in those strategies that have 

the greatest impact on reputation. Based on this 

prioritization, the middle and short-term strategic 

plans will be determined. The criteria list and weights 

for measuring the effects on reputation were derived 

from the findings of a study investigating the factors 

affecting reputation risk in the finance sector (Hanay, 

et al., 2024). The referenced study employs two 

different methods to rank the factors, but these two 

methods yield slightly different results. In this study, 

the weights are determined by averaging the results 

of these two methods as shown in Table 6.  

Table 6 indicates that financial indicators are primary 

factors in reputation risk management. Financially 

strong institutions generally achieve greater 
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reputation resilience. It can also be stated that the 

reputation management strategies they adopt will be 

shaped accordingly.  

                   Table 6: Criteria Weights 

Code Criterion Weight 

C1 Market Value 29.8% 

C2 Revenue 14.5% 

C3 Risk Culture 13.6% 

C4 Firm Performance 11.7% 

C5 Shareholder Value 11.1% 

C6 Reputation 

Awareness 10.6% 

C7 Return on Equity 8.7% 

 

Twelve strategies that are considered to have an 

impact on corporate reputation were identified: 1 - 

Social responsibility projects, 2 - Quality product and 

service delivery, 3 - Innovation and technology 

investments, 4 - Employee satisfaction and 

development, 5 - Transparent communication 

policies, 6 - Brand image strengthening, 7 - Crisis 

management strategies, 8 - Education and awareness 

programs, 9 - Business expansion, 10 - Strategic 

partnerships and alliances, 11 - Energy & 

sustainability investments, 12 - Iconic design of 

facilities. 

The decision schema is illustrated in Figure 7.

 

Figure 7: Strategy determination schema

Evaluations were collected using the term set given in 

Table 7: 

                  Table 7: Linguistic Terms 

Linguistic 

Term 

Abbreviation 
Degree 

None N 0 

 Very Low  VL 0.17 

 Low L 0.33 

Medium M 0.50 

High H 0.66 

Very High  VH 0.83 

Perfect P 1 

 Experts were divided into two groups. The results 

were based on evaluations made by the experts 

considering the conditions in Türkiye. The first group 

evaluated the influence of the alternatives in terms of 

the criteria using the guidance: “Evaluate the 

influence degree of alternative 𝑖 on factor 𝑗”. The 

second group, on the other hand, evaluated the lack of 

effect using the guidance: “Evaluate the noninfluence 

degree of alternative 𝑖 on factor 𝑗”. The evaluations 

were combined such that the evaluation of the first 

group represented the membership degree, and the 

evaluation of the second group represented the non-

membership degree. Linguistic compact fuzzy expert 

evaluations are presented in Table 8. 

 

                                                              

 

 

 

 

 

 

 



 
 

Isik (2026). J Inno Sci Eng 10(2):208-247 

236 

 

Table 8: Linguistic Expert Evaluations 
In

fl
u
en

ce
 

Alternative 
C1-Market 

Value 
C2-Revenue 

C3-Risk 

Culture 

C4-Firm 

Performance 

C5-

Shareholder 

Value 

C6-

Reputation 

Awareness 

C7-Return 

on Equity 

S1-Social Responsibility Projects Medium Medium Low Medium Medium Very High Medium 

S2-Quality Product and Service 

Delivery 
Very High Very High Medium Very High Very High Very High Very High 

S3-Innovation and Technology 
Investments 

High High Very High High High High High 

S4-Employee Satisfaction and 

Development 
High High Very High High High High High 

S5-Transparent Communication 
Policies 

Medium Medium Very High Medium Medium High Medium 

S6-Brand Image Strengthening Very High Very High Medium Very High Very High Very High Very High 

S7-Crisis Management Strategies High High Perfect High High High High 

S8-Education and Awareness 
Programs 

High High Perfect High High Very High High 

S9-Business Expansion Perfect High Very Low High Very High Medium High 

S10-Strategic Partnerships and 

Alliances 
Perfect Very High Low Very High High High Very High 

S11-Energy & Sustainability 
Investments 

Low Medium Low Medium Low Low High 

S12-Iconic Design of Facilities Low Low Very Low Low Low Medium Low 

N
o

n
-i

n
fl

u
en

ce
 

Alternative 
C1-Market 

Value 
C2-Revenue 

C3-Risk 

Culture 

C4-Firm 

Performance 

C5-

Shareholder 

Value 

C6-

Reputation 

Awareness 

C7-Return 

on Equity 

S1-Social Responsibility Projects Very Low Very Low Very Low Very Low Low Low Very Low 

S2-Quality Product and Service 
Delivery 

Medium Low Medium Low Very Low Low Low 

S3-Innovation and Technology 

Investments 
Medium High Low Medium Medium Medium Low 

S4-Employee Satisfaction and 
Development 

High Low Low Low Low Low Low 

S5-Transparent Communication 

Policies 
High Medium High Medium High Medium High 

S6-Brand Image Strengthening Medium High Medium High High Medium High 

S7-Crisis Management Strategies Medium Medium Low Medium Medium Low Medium 

S8-Education and Awareness 

Programs 
High Medium Very Low High Medium Low High 

S9-Business Expansion High Medium High Medium Medium High Medium 

S10-Strategic Partnerships and 
Alliances 

High Medium High High High Very High Very High 

S11-Energy & Sustainability 

Investments 
High Very High High Very High Very High High High 

S12-Iconic Design of Facilities High Very High High Very High Very High High High 

Notably, “S6-Brand Image Strengthening” has the 

highest MD values. Since its NMD values are also 

considerably high, the assessment of this strategy 

contains a significant degree of inconsistency. 

Therefore, the reliability of the positive evaluation 

decreases, and it cannot be expected to be the best 

strategy. “S11-Energy & Sustainability Investments” 

and “S12-Iconic Design of Facilities”, on the other 

hand, generally exhibit low MD and high NMD 

values, suggesting that they are among the least 

effective strategies. “S4-Employee Satisfaction and 

Development”, “S7-Crisis Management Strategies”, 

and “S8-Education and Awareness Programs” appear 

to have generally high MD and low NMD values, 

indicating that they can be expected to be among the 

best strategies. In this context, although “S10-

Strategic Partnerships and Alliances” and “S9-

Business Expansion” have relatively higher NMD 

values compared to these, they are not considered 

very poor alternatives due to their high MD 

assessments in criteria with high weights. Similarly, 

although “S2-Quality Product and Service Delivery” 

and “S4-Employee Satisfaction and Development” 

do not show very high MD values for highly weighted 

criteria, their NMD values are also not excessively 

high, giving them the potential to produce surprises 

in sensitivity analysis. 

7.1. Calculations 

The algorithm steps of the CFS-based TOPSIS 

method were applied to expert evaluations. 

Step 1: Linguistic expert evaluations in Table 8 were 

converted into numerical values using Table 7 and 

aggregated to build the decision matrix shown in 

Table 9, using Eq. (1). 

Step 2: The normalized decision matrix was 

obtained, as shown in Table 10 using Eqs. (2-3). 
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Step 3: The weighted decision matrix was obtained 

as in Table 11 using the weights given in Table 6 

using Eq. (4). 

Step 4: PIS and NIS were determined, as shown in 

Table 12 using Eqs. (5). 

Step 5-7: Normalized Euclidean distances of 

alternatives to the positive and negative ideal 

solutions were calculated using Eqs. (6-7), the 

relative closeness ratios of alternatives were found 

using Eq. (8), and alternatives were ranked according 

to their closeness ratios. The results are presented in 

Table 13. 

                                                                        Table 9: Decision Matrix 

Alternative 
C1 C2 C3 C4 C5 C6 C7 

𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 

S1 0.50 0.17 0.50 0.17 0.33 0.17 0.50 0.17 0.50 0.33 0.83 0.33 0.50 0.20 

S2 0.83 0.50 0.83 0.33 0.50 0.50 0.83 0.33 0.83 0.17 0.83 0.33 0.83 0.30 

S3 0.66 0.50 0.66 0.66 0.83 0.33 0.66 0.50 0.66 0.50 0.66 0.50 0.66 0.30 

S4 0.66 0.66 0.66 0.33 0.83 0.33 0.66 0.33 0.66 0.33 0.66 0.33 0.66 0.30 

S5 0.50 0.66 0.50 0.50 0.83 0.66 0.50 0.50 0.50 0.66 0.66 0.50 0.50 0.70 

S6 0.83 0.50 0.83 0.66 0.50 0.50 0.83 0.66 0.83 0.66 0.83 0.50 0.83 0.70 

S7 0.66 0.50 0.66 0.50 1.00 0.33 0.66 0.5 0.66 0.50 0.66 0.33 0.66 0.50 

S8 0.66 0.66 0.66 0.50 1.00 0.17 0.66 0.66 0.66 0.50 0.83 0.33 0.66 0.70 

S9 1.00 0.66 0.66 0.50 0.17 0.66 0.66 0.50 0.83 0.50 0.50 0.66 0.66 0.50 

S10 1.00 0.66 0.83 0.50 0.33 0.66 0.83 0.66 0.66 0.66 0.66 0.83 0.83 0.80 

S11 0.33 0.66 0.50 0.83 0.33 0.66 0.50 0.83 0.33 0.83 0.33 0.66 0.66 0.70 

S12 0.33 0.66 0.33 0.83 0.17 0.66 0.33 0.83 0.33 0.83 0.50 0.66 0.33 0.70 

                                                                Table 10: Normalized Decision Matrix 

Alternative 
C1 C2 C3 C4 C5 C6 C7 

𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 

S1 0.50 0.205 0.50 0.205 0.33 0.205 0.50 0.205 0.50 0.398 0.83 0.40 0.50 0.20 

S2 0.83 0.602 0.83 0.398 0.50 0.602 0.83 0.398 0.83 0.205 0.83 0.40 0.83 0.40 

S3 0.66 0.602 0.66 0.795 0.83 0.398 0.66 0.602 0.66 0.602 0.66 0.60 0.66 0.40 

S4 0.66 0.795 0.66 0.398 0.83 0.398 0.66 0.398 0.66 0.398 0.66 0.40 0.66 0.40 

S5 0.50 0.795 0.50 0.602 0.83 0.795 0.50 0.602 0.50 0.795 0.66 0.60 0.50 0.80 

S6 0.83 0.602 0.83 0.795 0.50 0.602 0.83 0.795 0.83 0.795 0.83 0.60 0.83 0.80 

S7 0.66 0.602 0.66 0.602 1.00 0.398 0.66 0.602 0.66 0.602 0.66 0.40 0.66 0.60 

S8 0.66 0.795 0.66 0.602 1.00 0.205 0.66 0.795 0.66 0.602 0.83 0.40 0.66 0.80 

S9 1.00 0.795 0.66 0.602 0.17 0.795 0.66 0.602 0.83 0.602 0.50 0.80 0.66 0.60 

S10 1.00 0.795 0.83 0.602 0.33 0.795 0.83 0.795 0.66 0.795 0.66 1.00 0.83 1.00 

S11 0.33 0.795 0.50 1.000 0.33 0.795 0.50 1.000 0.33 1.000 0.33 0.80 0.66 0.80 

S12 0.33 0.795 0.33 1.000 0.17 0.795 0.33 1.000 0.33 1.000 0.50 0.80 0.33 0.80 

                                                                Table 11: Weighted Decision Matrix 

Alternative 
C1 C2 C3 C4 C5 C6 C7 

𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 

S1 0.19 0.62 0.10 0.79 0.05 0.81 0.08 0.83 0.07 0.90 0.17 0.91 0.06 0.87 

S2 0.41 0.86 0.23 0.87 0.09 0.93 0.19 0.90 0.18 0.84 0.17 0.91 0.14 0.92 

S3 0.27 0.86 0.14 0.97 0.21 0.88 0.12 0.94 0.11 0.95 0.11 0.95 0.09 0.92 

S4 0.27 0.93 0.14 0.87 0.21 0.88 0.12 0.90 0.11 0.90 0.11 0.91 0.09 0.92 

S5 0.19 0.93 0.10 0.93 0.21 0.97 0.08 0.94 0.07 0.97 0.11 0.95 0.06 0.98 

S6 0.41 0.86 0.23 0.97 0.09 0.93 0.19 0.97 0.18 0.97 0.17 0.95 0.14 0.98 

S7 0.27 0.86 0.14 0.93 1.00 0.88 0.12 0.94 0.11 0.95 0.11 0.91 0.09 0.96 

S8 0.27 0.93 0.14 0.93 1.00 0.81 0.12 0.97 0.11 0.95 0.17 0.91 0.09 0.98 

S9 1.00 0.93 0.14 0.93 0.03 0.97 0.12 0.94 0.18 0.95 0.07 0.98 0.09 0.96 

S10 1.00 0.93 0.23 0.93 0.05 0.97 0.19 0.97 0.11 0.97 0.11 1.00 0.14 1.00 

S11 0.11 0.93 0.10 1.00 0.05 0.97 0.08 1.00 0.04 1.00 0.04 0.98 0.09 0.98 

S12 0.11 0.93 0.06 1.00 0.03 0.97 0.05 1.00 0.04 1.00 0.07 0.98 0.03 0.98 
 

                                                       Table 12: Positive and Negative Ideal Solutions 
 

 C1 C2 C3 C4 C5 C6 C7 

  𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 𝜇 𝜗 

PIS 1.000 0.934 0.226 0.875 1.000 0.805 0.187 0.898 0.179 0.838 0.171 0.907 0.142 0.923 

NIS 0.113 0.934 0.056 1.000 0.025 0.969 0.046 1.000 0.044 1.000 0.041 0.976 0.034 0.980 
 

Table 13: Distances to Ideal Solutions, Closeness Ratios, and Rankings 
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Alternative di* di- ci Rank 

S1-Social Responsibility Projects 0.43506 0.135 0.24 7 

S2-Quality Product and Service Delivery 0.32729 0.123 0.27 5 

S3-Innovation and Technology 

Investments 0.33429 0.080 0.19 9 

S4-Employee Satisfaction and 

Development 0.32522 0.092 0.22 8 

S5-Transparent Communication Policies 0.34119 0.071 0.17 10 

S6-Brand Image Strengthening 0.33276 0.123 0.27 6 

S7-Crisis Management Strategies 0.24191 0.295 0.55 2 

S8-Education and Awareness Programs 0.22843 0.289 0.56 1 

S9-Business Expansion  0.28417 0.279 0.50 4 

S10-Strategic Partnerships and Alliances 0.27664 0.285 0.51 3 

S11-Energy & Sustainability Investments 0.39300 0.025 0.06 11 

S12-Iconic Design of Facilities 0.40045 0.009 0.02 12 

Table 13 presents the aggregated closeness 

coefficients obtained from the CFS-TOPSIS method. 

When these results are analyzed, it is shown that the 

best strategy is “S8-Education and Awareness 

Programs” based on the given criteria set and weights. 

The results clearly show that “S8-Education and 

Awareness Programs” and “S7-Crisis Management 

Strategies” outperform the other strategies with the 

highest closeness values. This indicates that both 

strategies are consistently evaluated as highly 

suitable, even when expert opinions exhibit high 

inconsistency. Undoubtedly, the high weights of the 

Market Value and Revenue criteria have been 

particularly decisive in this. 

 Importantly, these results reveal that CFS does not 

penalize strategies simply because experts strongly 

disagree. Instead, it realistically reflects both the 

support and opposition that a strategy may receive, 

producing a more faithful representation of the 

decision context. “S7-Crisis Management 

Strategies”, “S10-Strategic Partnerships and 

Alliances”, and “S9-Business Expansion” also have 

relatively high closeness ratios indicating that these 

strategies can also be considered effective in 

improving the company’s reputation. 

The closeness ratio values of “S11-Energy & 

Sustainability Investments” and “S2- Quality Product 

and Service Delivery” are so small that, at first 

glance, it is evident they cannot be among the best 

alternatives throughout the sensitivity analysis. On 

the other hand, the closeness ratio values of “S7-

Crisis Management Strategies”, “S8- Education and 

Awareness Programs”, “S9- Business Expansion”, 

and “S10- Strategic Partnerships and Alliances” are 

quite close to each other. Changes in criterion weights 

may affect the ranking among them. Their proximity 

stems from the fact that they have similar and high 

evaluations for the most heavily weighted criteria, 

namely Market Value, Revenue, and Risk Culture. 

When examined in terms of criterion weights, “S2- 

Quality Product and Service Delivery”, “S3-

Innovation and Technology Investments”, and “S4- 

Employee Satisfaction and Development” present an 

interesting picture. Although they slightly lag behind 

other alternatives in the highly weighted criteria, they 

hold relatively high MD and low NMD values in the 

other criteria, with these evaluations containing little 

inconsistency. Therefore, they may not necessarily be 

considered very poor alternatives. In sensitivity 

analyses where the criterion weights are adjusted, 

they may move up in the rankings. 

7.2. Sensitivity Analysis 

To verify the validity and robustness of the results, 

two sensitivity analyses were conducted. In the first 

analysis, some expert evaluations of the “S8-

Education and Awareness Programs” strategy were 

modified, and the strategy alternatives were ranked 

again. A total of 15 scenarios, shown in Table 14, 

were tested.

                            

 

                           Table 14: Scenarios for the Sensitivity Analysis Based on Evaluation Changes 

Scenarios Combinations 

Scenario 1 Current 

Scenario 2 Market Value is (None, Perfect), the rest are current 

Scenario 3 Revenue is (None, Perfect), the rest are current 
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Scenario 4 Risk Culture is (None, Perfect), the rest are current 

Scenario 5 Firm Performance is (None, Perfect), the rest are current 

Scenario 6 Shareholder Value is (None, Perfect), the rest are current 

Scenario 7 Reputation Awareness is (None, Perfect), the rest are current 

Scenario 8 Return on Equity is (None, Perfect), the rest are current 

Scenario 9 Market Value is (Perfect, None), the rest are current 

Scenario 10 Revenue is (Perfect, None), the rest are current 

Scenario 11 Risk Culture is (Perfect, None), the rest are current 

Scenario 12 Firm Performance is (Perfect, None), the rest are current 

Scenario 13 Shareholder Value is (Perfect, None), the rest are current 

Scenario 14 Reputation Awareness is (Perfect, None), the rest are current 

Scenario 15 Return on Equity is (Perfect, None), the rest are current 

Results of the first sensitivity analysis are shown in 

Figure 8. According to the results, S8 emerged as the 

best strategy in 10 scenarios. In the 2nd and 3rd 

scenarios, “S8-Education and Awareness Programs” 

remained a good strategy, even if not the best one. 

However, in the 4th scenario, it dropped to 10th place. 

Since S8’s impact on risk culture is extremely high, 

the absence of the risk culture criterion has a huge 

impact on the rankings. In the 5th and 6th scenarios, 

S8’s ranking fell substantially due to its high 

influence on the Firm Performance and Shareholder 

Value criteria, both of which have relatively high 

weights.  

In particular, although Market Value has the highest 

weight, a deterioration in S8’s rating for this criterion 

does not result in a significant ranking change. There 

are several reasons for this: (i) expert assessments of 

S8’s impact on Market Value are somewhat 

inconsistent, with positive and negative assessments 

offsetting each other, and (ii) S8 also has quite 

positive ratings on other highly weighted criteria. 

Consequently, changing the weight of this criterion 

alone had little impact on S8's ranking. Since S7 

performed similarly to S8, a ranking change between 

the two was observed in nearly half of the scenarios. 

From this perspective, it seems reasonable that the 

rankings would not change significantly. The second-

best strategy was observed to be “S7-Crisis 

Management Strategies.” If there are doubts about the 

reliability of the assessments, especially regarding 

criteria 3, 4, and 5, “S7-Crisis Management 

Strategies” could be used instead of “S8-Education 

and Awareness Programs”. 

From a business perspective, this analysis shows 

which strategy can prevail if the company excludes 

any criteria. This indicates to decision-makers the 

circumstances under which alternative plans, such as 

crisis management and strategic partnerships, might 

be more advantageous. The relatively high closeness 

rates of S8 and S7 compared to other strategies 

suggest that these two strategies can be considered 

complementary measures. 

 

Figure 8: Ranking results for the sensitivity analysis scenarios based on evaluation changes  

In all scenarios the least effective strategies were 

“S11-Energy & Sustainability Investments” and 

“S12-Iconic Design of Facilities”. This finding is 

unsurprising, as energy and sustainability 

investments are now necessities for companies rather 

than tools to gain a nominal advantage. Iconic design 

of facilities may not be an element that builds 

reputation on its own for most companies. The 

customers of some very reputable companies may not 

know what the facility buildings are like at all. 
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However, it can be an auxiliary element that helps 

companies with a certain level of reputation to appear 

even more reputable.   

Additionally, “S2-Quality Product and Service 

Delivery” and “S4-Employee Satisfaction and 

Development” reaching top positions in the 5th and 6th 

scenarios is a significant finding. It is not surprising 

that S2 and S4 rise to the top positions in scenarios 

where S8’s evaluations of firm performance and 

shareholder value are worsened. Likewise, S8’s 

attainment of the top rank is largely due to its success 

in these particular criteria (especially firm 

performance and shareholder value) since its 

evaluations in Market Value and Revenue contain a 

certain degree of inconsistency. Therefore, its decline 

in the ranking as these criteria deteriorate is an 

understandable outcome. 

In the second sensitivity analysis, the criteria weights 

were changed to examine their effect on the ranking 

results. Total 8 scenarios, as shown in Table 15, were 

tested.  

                                  Table 15: Scenarios for the Sensitivity Analysis Based on the Weight Changes 

Scenarios Combinations 

Scenario 1 Current 

Scenario 2 Market Value is removed, weights of the rest are normalized 

Scenario 3 Revenue is removed, weights of the rest are normalized 

Scenario 4 Risk Culture is removed, weights of the rest are normalized 

Scenario 5 Firm Performance is removed, weights of the rest are normalized 

Scenario 6 Shareholder Value is removed, weights of the rest are normalized 

Scenario 7 

Reputation Awareness is removed, weights of the rest are 

normalized 

Scenario 8 Return on Equity is removed, weights of the rest are normalized 

Results of the second sensitivity analysis are shown 

in Figure 9. “S8-Education and Awareness Programs” 

is observed as the best strategy in 7 out of 8 tested 

scenarios, falling to 3rd place only in the 2nd scenario. 

“S7-Crisis Management Strategies” was the second-

best strategy in 7 scenarios, dropping to 3rd place only 

in the 2nd scenario. In this scenario, “S10-Strategic 

Partnerships and Alliances” took the first place. 

 

Figure 9: Ranking results for the sensitivity analysis scenarios based on evaluation changes

As mentioned in the first sensitivity analysis, “S8-

Education and Awareness Programs” and “S7-Crisis 

Management Strategies” are relatively strong 

strategies compared to the others. However, although 

they receive good evaluations across all criteria, it is 

possible for them to fall in the ranking if they fail to 

create the desired impact on financial indicators. In 

this context, when the weight of the Market Value 

criterion is reduced to zero (i.e., excluded from the 

decision framework), it is observed that S8 falls to 

third place. This change in ranking highlights the 

importance of this criterion. Despite the inconsistency 

in the experts’ evaluation of the S8’s impact on 

Market Value, S8 did not fall too far in the rankings 

in the second scenario, while “S10-Strategic 

Partnerships and Alliances” emerged as a leading 

alternative. The observation that S10 is an effective 

strategy was not evident in the initial sensitivity 

analysis. 

From a reputation risk management perspective, this 

indicates that financial performance and strategic 
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collaborations play a decisive role in sustaining long-

term resilience and may outweigh the benefits of 

awareness and training initiatives under certain 

conditions. 

7.3. Discussion 

The case study results demonstrate the practical value 

of CFS. Sensitivity analyses indicate that strategy S8 

is the most effective, although S7 performs almost 

equally well across scenarios. These findings align 

with earlier studies on corporate reputation 

management, which emphasize proactive educational 

efforts (Hogan & Lodhia, 2011; Gatzert & Schmit, 

2016) and readiness in crisis planning (Kessler, et al., 

2017; Eckert, 2017) as central components of 

reputation resilience. Moreover, the potential of S10 

(Strategic Partnerships) to become highly effective 

option under specific scenarios supports stakeholder 

theory arguments, where building alliances and 

strengthening stakeholder engagement enhance trust 

and long-term sustainability. The least effective 

strategies across all analyses were consistently S11 

and S12. S3 and S5 can also be considered the other 

least effective strategies in most cases. 

Beyond validating existing literature, these findings 

highlight the distinctive advantages of CFS over 

widely used FSEs like PFS, q-ROFS and NS. Unlike 

these FSEs, CFS enables experts’ evaluations to be 

aggregated without requiring restrictive constraints or 

normalization processes. This characteristic directly 

addresses key criticisms in the literature: (i) PFS-like 

FSEs often cause information loss during aggregation 

and produce synthetic indeterminacy dependent on 

initial modeling choices, leading to unreliable results 

(especially in applications requiring sensitive 

calculations), and (ii) NS suffers from semantic 

inconsistencies in boundary cases (Işık, 2023a; Işık, 

2023c; Sevastjanov & Dymova, 2021). In contrast, 

CFS maintains both semantic transparency and 

operational simplicity, ensuring that conflicting and 

incomplete evaluations are realistically represented. 

Specifically, CFS allows unlimited inconsistency 

without forcing indeterminacy, enabling more 

flexible representation of human reasoning patterns in 

group decision-making. This flexibility makes it 

possible to capture the nuanced dynamics of real-

world problems, such as strong simultaneous support 

and opposition to a single policy option, without 

artificially distorting the data. This case study 

demonstrates that the CFS-based TOPSIS method can 

reliably solve group DM problems even when expert 

evaluations exhibit high inconsistencies or 

incompleteness. Since there is no theoretical limit for 

inconsistency in CFS like PFS, it enables a more 

flexible decision process than most of existing FSEs.  

As a matter of fact, in that case, each group of experts 

made their evaluations freely, without being 

dependent on the evaluations of the other expert 

group. When these evaluations were aggregated, both 

inconsistency and incompleteness were observed. 

Among the evaluations, there are some with an 

inconsistency level of 66%, while there are also some 

with an incompleteness level of 50%. 

Aggregated evaluations in IFS or HFS form cannot 

always guarantee compliance with the definitional 

limitations of IFS after aggregation (Atanassov, 

1983; Torra, 2010). A similar situation may be 

encountered when normalizing the decision matrix 

and building the weighted decision matrix. However, 

in all cases the merged evaluations always meet the 

definitional limitations of CFS. Therefore, the 

proposed CFS based-TOPSIS method is highly 

flexible and effective, even with significant expert 

disagreement. The implications of this contribution 

extend beyond the financial sector. Fields such as 

healthcare (e.g., conflicting expert opinions during 

pandemic management), environmental policy (e.g., 

scenario planning under climate uncertainty), and 

public governance (e.g., reconciling divergent 

stakeholder priorities) could equally benefit from 

CFS. By addressing both inconsistency and 

indeterminacy in a linguistically and semantically 

consistent manner, CFS emerges as a unifying 

framework that overcomes the extension inflation 

problem in fuzzy set theory, channeling research 

efforts toward more qualified and impactful 

contributions. 

8.  Conclusion  

In recent years, many fuzzy set extensions have been 

proposed to address different situations arising 

especially due to the diversifying nature of decision-

making problems. Despite this inflation, most of these 

approaches still suffer from limitations in terms of 

reliability and flexibility because they often rely on 

hypothetical assumptions, semantic shifts, or 

conceptual flaws. Researchers continue to generate 

numerous variations of similar models, while the 

fundamental problems of fuzzy modeling remain 

unresolved, and a theoretical blockage persists. Most 

studies either focus on applying existing fuzzy set 

extensions to different domains or replicate similar 

studies with very limited novelty. This study critically 

reviews widely used extensions, such as the 

Pythagorean, Fermatean, neutrosophic, spherical, t-

spherical, and q-rung orthopair fuzzy sets, and 

highlights their fundamental weaknesses, including 

synthetic indeterminacy, semantic inconsistencies, 
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redundant constructs (e.g., refusal), and unrealistic 

restrictions that compel data manipulation. 

To address these challenges, the compact fuzzy set is 

introduced as a parameter-free, unifying framework 

by combining the strengths of earlier models while 

eliminating their semantic and structural problems. A 

compact fuzzy set-based linguistic approach is also 

proposed and the compact fuzzy TOPSIS method is 

developed to use in decision-making problems. The 

compact fuzzy set handles indeterminacy and 

inconsistency simultaneously, in a way consistent 

with human logic and language, avoids data loss 

when aggregating evaluations from multiple experts 

and allows unlimited inconsistency without forcing 

indeterminacy. The quality of results of the compact 

fuzzy set theory is demonstrated by a comparative 

analysis under several scenarios. These analyses 

prove that the compact fuzzy set yields semantically 

sound outcomes at asymptotic limits where other 

extensions fail and provides robust results consistent 

with intuitionistic fuzzy sets in standard scenarios. 

The practical utility of the compact fuzzy set was 

validated through a real-world case study on 

reputation management strategies in the finance 

sector. Even under conditions of high expert 

inconsistency, the compact fuzzy TOPSIS method 

produced stable, reasonable, and interpretable results. 

The most effective strategies have been determined as 

“Education and Awareness Programs” and “Crisis 

Management Strategies”, while the least effective 

strategies have been determined as “Iconic Design of 

Facilities” and “Energy & Sustainability 

Investments”. Crucially, the model succeeded in 

integrating divergent expert opinions directly without 

normalization and loss of information, proving its 

superiority over methods that dampen conflict 

through artificial parameters. These findings align 

with prior literature but are strengthened by the 

methodological robustness of the compact fuzzy set, 

which avoids the hidden data manipulation and 

semantic ambiguity present in other fuzzy set 

extensions. For instance, aggregated intuitionistic or 

hesitant fuzzy evaluations may not always meet the 

constraints of intuitionistic fuzzy sets, even after 

normalization and weighting. In contrast, the case 

study demonstrates that compact fuzzy set 

evaluations consistently adhere to their definitional 

limits, even in the presence of significant expert 

disagreement.  

Finally, it is crucial to address the current state of the 

field. The fuzzy logic literature is currently 

experiencing a phenomenon of extension inflation, 

where minor parameter modifications lead to an 

endless proliferation of new set definitions. The 

proposed compact fuzzy set is not intended to be 

merely another extension in this expanding list. 

Instead, it serves as a unification protocol. CFS 

demonstrates that bipolar uncertainty can be modeled 

within a compact, parameter-free geometric structure 

without sacrificing independence. This proves that 

complex parameters are not required to model human 

reasoning. Thus, it is a combining concept that has the 

potential to reduce the proliferation of redundant 

fuzzy set extensions and channel the academic 

research efforts toward more meaningful and 

pragmatic contributions. 

Future research may focus on applying the compact 

fuzzy set to dynamic decision-making environments, 

such as climate adaptation and policy modeling, and 

developing conversion formulas to further establish 

the compact fuzzy set as a practical standard for 

reliable fuzzy modeling. 
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