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ABSTRACT

In this study, a Physics-Informed Neural Network (PINN) model was developed and used to solve first-order Ordinary
Differential Equations (ODEs). The proposed model implements the initial conditions and incorporates physical laws
through its differential equation into the neural network training process to further improve its accuracy and solution. The
main interest of this work is to test accuracy, evaluate, and compare the performance of this model with established
Artificial Neural Network (ANN) solutions in solving first-order ODEs. We validate the effectiveness and accuracy of
these models through the conclusions drawn from the six numerical tests carried out after close evaluation of the results
presented by the models which show that the developed PINN model consistently achieves high accuracy with absolute
errors in the range of 108 and 107!° compared to the established ANN model. This also illustrates their weakness and lets
researchers make wise decisions in selecting the suitable method of addressing certain ODE problems.
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1. INTRODUCTION

Ordinary Differential Equations (ODEs) are equations
which include functions and derivatives of functions with
respect to their variables. In different fields, ODEs are
important in the modeling of dynamic systems. [1-3].
Among the types of ODEs, first-order equations represent
the most basic and widely applicable differential equation
which model various phenomena such as population
growth, chemical reactions, electrical circuits and
mechanics [4-7]. The first order ODEs are those equations
where a function and the first derivative are involved.
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Conventional numerical approaches, such as Runge-kutta
methods are widely used when solving equations
involving first-order ODE due to their simplicity and
stability [8-10]. Nevertheless, these approaches are
applicable but may be computationally expensive when
dealing with complicated nonlinear ODEs and can
regularly face difficulties with nonlinear problems,
constrained datasets, restrictions and other constraints.
[11-15].

The limitation of these traditional methods led to the rise
of Artificial Intelligence particularly Neural Network to
obtain absolute solutions to these equations [16-19]. The
importance of neural network techniques in providing so-
lutions to problems of ODEs cannot be overstated, so, the
demand for an accurate method is required by researchers.
Artificial Neural Networks (ANNs) model is effective but
only it learns from the data and does not necessarily vali-
date the solution of the equation which can alter accuracy
[20-22]. To overcome this limitation, this study develops
a Physics-Informed Neural Networks (P/NNs) as an alter-
native to addresses these problems by embedding conser-
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vation laws, such as the residuals of the governing equa-
tions and the initial conditions, as constraints within the
neural network’s loss function and utilizing automatic dif-
ferentiation techniques for precise solutions which ena-
bles the network to model in respect to the physical con-
straints during training and by this improve its accuracy,
efficiency, generalization and consistency. This paper
provides researchers with guidance when choosing be-
tween the ANN model and the developed PINN model for
solving first-order ODEs of the form;

S (nm,m’) =0 M
where f is the function that defines the relationship be-
tween the independent variable 71, the dependent varia-
ble M and its first derivative 2.

Numerous studies have been done regarding the PINNs
and ANNSs such as solving ordinary differential equations
using an optimization technique based on training im-
proved artificial neural networks [23], a novel method for
solving ordinary differential equations with artificial neu-
ral networks [24, 25] carried out an overview on artificial
neural network, using of multilayer neural networks for
solving systems of differential equations [26, 27] con-
ducted research on utilizing the artificial neural network
approach for the resolution of first-order ordinary differ-
ential equations and [28] conducted a review of Physics-
Informed Neural Network. Although considerable re-
search has been carried out in respect to first-order ODEs,
there remains a need for further investigation into the ap-
plication of the ANN and PINN model [29-32]. But, in
spite of the vast application of these methods, a literature
gap can be found where the extensive comparative studies
have not been conducted to assess their performance over
a variety of problems on first-order ODEs. Previous
studies have primarily focused on one model which brings
uncertainty on the model that is more appropriate to solve
first-order ODEs. Therefore, this study seeks to bridge the
gap by developing a PINN model for solving first-order
ODE prioritizing on validating its capacity in embedding
physical laws into the neural network while maintaining
accuracy and conducting a comparison between the PINN
approach with the established ANN approach.

The proposed study will provide a clear understanding of
circumstances in which each of the models performs
better through a series of numerical experiments. The
results obtained during such assessments are supposed to
guide the practitioners and researchers to make sound
decision on the choice of the best model to apply in their
respective applications.

2. METHODOLOGY

In this section, we described how the models are being
used to obtain the solution to the general form of a first-
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order ODEs equation in the form (1) with its initial
condition specified as:

m(n,) =m, )
2.1 Description of Artificial Neural Network

A computational model based on the structure and
functions of biological neural networks is known as an
ANN [33-35]. The neural network contains the input layer
as n e R, the hidden layer which comprises of the weight
and bias parameters with the activation function and
output #71(n) € R of the information that goes through

the network. The neural network architecture is shown in
Figure 1.
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Figure 1: Architecture of an Artificial Neural Network

An ANN with j"h hidden layers is equivalently expressed
as:

M G)
K o( pli) 1) +u(-’))

i = PU) 4y %)

where

x(l) ’x(z) and x(j ) are the 1st, 2nd and jth hidden layers
respectively

O s the non-linear activation function (tanh) applied on
each nodes

P(j ) is the weight parameter acting on the jth layer

is the predicted output of the neural network

)

m
uV

is the bias tensor of the j “ layer
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2.2 Description of the Proposed PINN-FODE

The developed PINN model used to solve (1) is formula-
ted as:

NN(n,m)=oc (Pn + u) 4)
where the neural network is denoted as NN, 72 is the in-
put of the network, O is the activation function of the
neural network, P is the weight parameter of the func-
tion and ¥ denotes the bias that acts on each neuron of the
neural network. The architecture of the developed PINN
model used to solve first-order ODE:s in this paper is dia-
grammatically displayed in Figure 2.
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Figure 2:.The Developed PINN-FODE Model Architecture

The developed PINN model architecture shown in Figure 2
takes the independent variable 7 as an input into the input
layer, and then passes it into the hidden layers each composed
of neurons, and these neurons in the hidden layer apply a non-

linear activation function which aids the weight P and bias
U to act on the input and approximate the solution of the first-
order ODE through the training process which then gives the
solution as output 772 through the output layer. During the

process of training the neural network, the developed model
integrates the physical laws into its loss function through the
differential equation which allows the network to learn solu-
tion that satisfies both the data and physical laws enabling
better accuracy. The parameter used to determine the differ-
ence between the predicted and actual output during training
is the loss function.

2.3  The Loss Function

The loss function is obtained using the Mean Square Error

(MSE) which is mathematically represented as:
2

K
MSE:%Z(@;'_ ’i’l:) &)

i=1
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where m,; is the actual output , ri’ll. is the predicted

output and K is the number of nodes. The total loss
function applied during training is denoted as:

LTozal(‘g) :LODE(Q) + LIC( ‘9) (6)

where 0 is the parameter of the neural network,
L, is the ODE residual loss and the L, represent

the initial condition loss. The primary notion of compu-
ting the PINNSs loss function is to define a residual loss

dm
function from the first-order ODEd—_Z f (n,m(n)) .
n

The residual loss function is defined as:

Loss o, = R(n; 0) = %2[%(”) - f(n, ’il(nz))j @)

i=1

where K is the number of residual points, Z—m(ni) rep-
n

resents the predicted output and [ (I’li , @(nl)) is the ac-

tual output of the ODE. This is implemented in the neural
network while computing the loss function with its initial
conditions as part of the PINN’s loss function. For a first-
order ODE with an initial condition (2), this is incorpo-
rated as a MSE term denoted as:

Loss(@)c == () -m(n))  ®)

where K is the number of initial points, 7 (”0 ) is the
prediction of the initial condition in the network and
m (n0 ) is the actual initial condition.

2.4  Training Process of the Model

In this section, the training of the developed PINN model
is discussed with its structure, which is an iterative opti-
mization procedure to reduce the loss. The developed
PINN model takes 7 as the input into the input layer,
then transfers it to the hidden layer and yields an output
Ii/l which is the solution of the network through the output

layer. The network output is then differentiated using the
automatic differentiation which is then implemented in
the residual ODE and initial condition to obtain the total
loss of the network. Fig. 3 illustrates the training process
of the developed PINN model for solving first-order
ODEs.
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Figure 3. The Developed PINN Model Training Process

As shown in Figure 3 above, the network uses the Adam
optimizer to optimize the parameters during the backward
propagation before transferring it back into the neural net-
work to retrain in other to obtain an absolute solution. The
Adam optimizer used is mathematically expressed as:

0j+1 = 0]‘ _ﬁ X |:’£/lj+1:| ©)

such that
m,, =oy.m, +(1-a,).VLoss(0)

—J

(10)
2
n,,=opn, +(1-a,).(VLoss(0))
and the bias correction denoted as:
m _ ll/lj-#l
—Jj+ l_mi/H
(11
nj = el
1 =T
J l_azj+l

where 6 ; is the model parameter, 77 is the learning
rate, @ 1is a constant that prevents division by zero and
VLoss(0) is the gradient of the loss with respect to net-
work parameters. The construction of the loss function
forms the framework of the developed PINN-FODE model
algorithm. In the case of a first-order ODE (1) with initial
condition (2), the neural network is trained to reduce the

errors. The algorithm of solving these equations with the
developed PINN model is described in Algorithm 1:

4: Define the loss functions:
Loss residual obtained from first- order ODEs (FODE):

K

LosS o = R(1; 0) = %Z(%(nz) - f(ni’ @(nl))j

i=l1

Loss obtained from the constraints (initial criteria):
K

| . 2
LOSS(Q)initial criteria - E Z [m(n()) - ll’l(no )]
i=1
Total loss:

LTotal( 9) = FODE( 9) + Linm'al criteria( 9)

5: Train and optimize the network hyper-parameters using the Adam
optimizer.
Optimizer (Adam):

0. =0 —

n ~
j+ Y —[X[mf“:'
nj+1 + (0]

6: Evaluate the trained model over domain

3. NUMERICAL EXPERIMENTS AND RESULTS

In this section, we present six numerical tests involving
first-order ODEs. The results obtained from the developed
Physics-Informed Neural Network model were compared
with the established solutions obtained from [27] using the
Artificial Neural Network model. All computations were
done using Python software and the results are tabulated.
To evaluate the models’ accuracy, we consider the MAE
(Mean Absolute Error) and the RMSE (Root Mean
Squared) represented as:

1 & .
MAE= = |m, i,

i=1

(12)

K
RSME=J%Z(@ ~i,)

i=1

(13)

where K represent the total number of the data sets, m,
is the actual output of the network and @i is the pre-

dicted output of the network.

Test 1: We consider the developed PINN model to solve

Algorithm for the Proposed PINN-FODE

the first-order ODE

1: The first-order ODE problem is defined along with its
initial condition.

2: Configure the neural network from the input to the output
with the non-linear activation function.

3: Generate training data points 7 € [0,1].

d—m:nz —4m
dn -

Given the conditions (initial): 77, = 0, m, =1

e-ISSN: 3023-6460
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Table 3: ANN-FODE (Audu ef a/, 2024) Model Perfor-
mance Evaluation for Test 1

Number
of MAE RSME Time(s)

Nodes

40 5.57465e-04  7.15516e-04 9.82
80 5.50018e-04  8.03820e-04 3.76
160  7.50821e-04  1.11994e-03 4.50
320  6.23421e-04  9.85016e-04 3.99
500  6.79855e-04  9.82182¢-04 4.27

Table 4: PINN-FODE Model Performance Evaluation

for Test 1
Number
10+ of MAE RSME Time(s)
Nodes
40  1.23075e-08  1.50032e-08 7.32
105 80  3.18291e-08  3.40456e-08  11.12
T o o o p o 160 1.01325¢-08  1.15880e-08 9.04
Eoocts 320 1.32519¢-08  1.53966¢-08 14.15
Figure 4: Training Loss Visual Representation for Test 1 500 1.03509¢-08 1.15252¢-08 31.80
Table 1: Computed Solution for Test 1 e 10 b - l°7—m“mUs
N Real PINN ANN jj -~ 1.
Solution Solution Solution or ol 1 e
0.0 1.0000000000  1.0000000000 0.9975615740 g “ e )
0.1 0.6706225276  0.6706225406 0.6668983698 " o
0.2 0.4515374005 0.4515374287 0.4484636486 " | — i
0.3 0.3080318868  0.3080318792 0.3070761859 | — e 17— o
0.4 02168372571 0.2168372476 0.2169048488 LA Soton uduetal2029) 372603
0.5 0.1623560488 0.1623560556 0.1619767845 o w - Ij:
0.6 0.1341329962  0.1341330130 0.1327966154 e .
0.7 0.1251597404  0.1251597483 0.1234643161 g -
0.8 0.1307384074 0.1307383865 0.1297434270 51 HZI 1 i":
0.9 0.1477198452  0.1477198509 0.1479196250 © “ w "
1.0 0.1739932895  0.1739932752 0.1742707193 o — 1 — !
Table 2: Computed Error for Test 1 Figure 5: Heat-Map [llustration for Test 1
Sol:lf:;:)n Real-PINN| |Real-ANN| Test 2: We employ the developed PINN model approach
0.0 1.0000000000  0.0000¢+00  2.43843¢-03 to-obtain solution to the first-order ODE
0.1  0.6706225276  1.30154e-08  3.72416e-03
0.2  0.4515374005  2.82409e-08  3.07375e-03 dm _ o 5
0.3 0.3080318868  7.64130e-09  9.55701e-04 dn =
04 02168372571  9.55564e-09  6.75917e-05
0.5 0.1623560488  6.81307e-09  3.79264¢-04 Obeying the conditions (initial): 7, =0,m, =1,
0.6 0.1341329962  1.68388e-08 1.33638¢-03 1, »
0.7  0.1251597404  7.84701e-09  1.69542¢-03 Real Solution: —(e +2e )
0.8  0.1307384074  2.08741e-08  9.94980e-04 3
0.9  0.1477198452  5.72083e-09  1.99780e-04
1.0 0.1739932895  1.42972¢-08  2.77430e-04

e-ISSN: 3023-6460
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Table 7: ANN-FODE (Audu et al, 2024) Model Perfor-
mance Evaluation for Test 2

Number

of MAE RSME Time(s)
Nodes
40 2.87856e-03  3.65093e-03 11.56
80 1.53313e-03 1.88205e-03 4.45
160 3.14159e-03  3.54243e-03 3.85
320 2.24916e-03  2.68689¢-03 4.28
500 2.10997e-03 2.56384¢-03 3.71

Table 8: PINN-FODE Model Performance Evaluation

for Test 2
10° Number
: : : : : of MAE RSME Time(s)
100 0 0 a 500 Nodes
e 40 2.00024e-08  2.34893e-08  2.57
Figure 6: Training Loss Visual Representation for Test 2 80 2.52332¢-08 3.52516e-08 2.14
160 1.53896¢-08 1.76348¢-08 2.69
Table 5: Computed Solution for Test 2 320 2.50953e-08 3.14821e-08 277
n Real PINN ANN 500  1.83280e-08  2.22532¢-08  3.64
Solution Solution Solution
0.0 1.0000000000 1.0000000000 0.9966232181
0.1 0.6772640944 0.6772640203 0.6730039120 v
0.2 0.4686929882 0.4686929711 04664441943 B (P [
0.3 0.3316906691 0.3316906389 0.3313499391
0.4 0.2399998605 0.2399998391  0.2397259176 w o
0.5 0.1773498058 0.1773498128 0.1765649021 )
0.6 0.1335894465 0.1335894408 0.1327142864 )
0.7 0.1023305878 0.1023305801 0.1018679067 "
0.8 0.0795092732 0.0795092629  0.0795983225 oo e w6 a1 S
0.9 0.0625056326 0.0625056306 0.0628914014 A [ pEmm—
1.0 0.0496037267 0.0496037257 0.0497684479 o w
Table 6: Computed Error for Test 2 o : N |
n o el Real-PINN|  [Real-ANN .
Solution . .
0.0  1.0000000000  0.00000e+00  3.3768e-03 oo oM mw wom
01 OIS T SR st i o
0.3  0.3316906691 3.01574e-08 3.4073e-04
82 8%;32232822 2547‘4612(3)2:82 %;iggz:gj Test 3: Use the developed PINN-FODE model to obtain
06 01335804465  5.73941e-09 8 7516¢-04 solution to the first-order initial value problem
0.7 0.1023305878  7.71586e-09  4.6268e-04 am _ o —1.5m
0.8 0.0795092732  1.02464¢-08  8.9049¢-05 an -
0.9 0.0625056326  2.02936e-09 3.8577e-04 Satisfying the condition (initial): 7, =0,m, =1
1.0 0.0496037267  9.69922e-10 1.6472¢-04 -

e-ISSN: 3023-6460
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Table 10: Computed Error for Test 3

Table 11: ANN-FODE (Audu et al, 2024) model perfor-
— Training loss mance evaluation for Test 3
U Number
of MAE RSME Time(s)
Nodes
10 40 2.09673e-03  2.46768¢-03 1.61
80 1.69236¢-03  2.01606¢-03 1.15
.y 160 1.75061e-03  2.08635¢-03 1.28
g 320 1.71439¢-03  2.09706e-03 1.09
500 1.86815¢-03  2.27046¢-03 1.01
107
Table 12: PINN-FODE Model Performance Evaluation
0 for Test 3
Number
) 100 0 0 0 00 of MAE RSME Time(s)
Epochs Nodes
. [ . . 40 2.51063e-08  2.74804e-08 6.47
Figure 8: Training Loss Visual Representation for Test 3 20 3 317530-08 25441 10-08 717
Table 9: Computed Solution for Test 3 160 1.79785¢-08 2.01207e-08 8.87
Real PINN ANN 320 8.78145e-09 9.80727¢-09 13.43
" Solution Solution Solution 500 7.80371e-09  9.47628e-09  31.435
0.0 1.0000000000 1.0000000000 0.9985585213
0.1 0.8607295156 0.8607294925 0.8599051237 e — =
0.2 0.7411146164 0.7411146039 0.7379962206 ” b ) - i
0.3 0.6389206648 0.6389206456 0.6338128448 “ ) s
0.4 0.5523353219 0.5523352895 0.5468689799 0 . o 08 oo
0.5 0.4798052311 0.4798052436 0.4756994247 @ o w,
0.6 0.4199582338 0.4199582277 0.4183301330 . o i
0.7 0.3715859950 0.3715859857 0.3726402521 " i
0.8 0.3336709440 0.3336709298 0.3365982175 RO A
0.9 0.3054482341 0.3054482279 0.3083880544 O 1 g —
1.0 0.2865048051 0.2865047969 0.2864583731 " * " )

06 07 06 07 06

E

06
04 04 04

n Real [Real-PINN|  [Real- ANN| ) i "
Solution 04 o
0.0 1.0000000000 0.00000e+0  1.441479¢-03 oa 0 o I &, TR
0.1 0.8607295156 2.30817e-08 8.243919¢-04 '
0.2 0.7411146164 1.24461e-08 3.118396e-03
03 06389206648 1915786-08 51078206'03 Figure 9: Heat-Map illustration for Test 3
0.4 0.5523353219 3.23871e-08  5.466342¢-03
0.5 0.4798052311 1.24653e-08 4.105806¢-03 Test 4: Applying the developed PINN model to solve the
0.6 0.4199582338  6.17733e-09 1.628101e-03 first-order ODE
0.7 0.3715859950 9.27833e-09  1.054257¢-03 dm 5
0.8 0.3336709440 1.41703e-08 2.927273e-03 E=_2”m
0.9 0.3054482341 6.21503e-09 2.939820e-03 Given the conditions (initial): 7. — 0. —1
1.0 0.2865048051 8.22785¢-09  4.643200e-05 - My =V M =

e-ISSN: 3023-6460

Real Solution: 3
1+n
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Table 15: ANN-FODE (Audu et al, 2024) Model Perfor-
mance Evaluation for Test 4

Number
of MAE RSME Time(s)

Nodes

40 1.78224¢-03 2.20796e-03 7.89
80 1.78306e-03 2.21889¢-03 1.29
160 1.62840e-03 2.10299¢-03 1.04
320 1.70748e-03 2.21773e-03 1.51
500 1.37523e-03 1.72094¢-03 1.18

Table 16: PINN-FODE model performance evaluation

Figure 10 : Training Loss Visual Representation for Test 4

Table 13: Computed Solution for Test 4

for Test 4
Number

of MAE RSME Time(s)
Nodes
40 5.98407¢-08 7.19209¢-08 3.89
80 2.66390e-08 3.55360e-08 4.48
160 1.81068¢-08 2.18038e-08 4.25
320 1.59817e-08 1.99443¢-08 6.98
500 2.68448¢-08 3.25243e-08 22.21

n Real PINN ANN
Solution Solution Solution
0.0  1.000000000 1.0000000000 0.9995874763
0.1 0.990099012 0.9900990096 0.9895322323
0.2 0.961538493 0.9615384604 0.9612917304
0.3 0917431175 0.9174311866 0.9176725149
0.4 0.862069010 0.8620689620 0.8626384735
0.5 0.800000011 0.8000000000 0.8005299568
0.6 0.735294103 0.7352941022 0.7354393005
0.7 0.671140909 0.6711409471 0.6707770824
0.8 0.609756052 0.6097560905 0.6090454459
0.9 0.552486181 0.5524862009 0.5518095493
1.0 0.500000000 0.5000000000 0.4998184443
Table 14: Computed Error for Test 4
n Real [Real-PINN|  [Real- ANN
Solution
0.0  1.0000000000  0.00000 4.12524¢-04
0.1  0.9900990129  3.24288e-09 5.66781e-04
0.2 09615384936  3.31970e-08 2.46763¢-04
03 09174311757 1.09316e-08 2.41339¢-04
0.4 0.8620690107  4.87610e-08 5.69463e-04
0.5 0.8000000119 1.19209¢-08  5.29945e-04
0.6 0.7352941036 1.44371e-09 1.45197e-04
0.7 0.6711409092  3.79197¢-08 3.63827e-04
0.8 0.6097560525 3.79754e-08 7.10607e-04
0.9 0.5524861813 1.96857¢-08  6.76632¢-04
1.0 0.5000000000  0.00000e+0  1.81556¢-04

e-ISSN: 3023-6460

Real Solution PINN_FODE Solution
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Figure 11: Heat-Map llustration for Test 4

Test 5: We optimize the application of the developed
PINN model to the first-order ODE

diy 3 1

—=———m

dn 2 2°
Obeying the conditions (initial): s (n,)=4
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Real Solution: 3+e 2
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Figure 12: Training Loss Visual Representation for Test 5

Table 17: Computed Solution for Test 5

Table 19: ANN-FODE (Audu et a/, 2024) Model Per-

formance Evaluation for Test 5

Number
of MAE RSME Time(s)

Nodes

40 1.68965e-03 1.91179¢-03 3.09
80 1.70129¢-03 1.93147¢-03 4.67
160 9.82436e-04 1.12452¢-03 2.79
320 1.00528e-03 1.15369¢-03 3.49
500  8.36221e-04 9.61375e-04 2.55

Table 20: PINN-FODE Model Performance Evalua-
tion for Test 5

Number
of MAE RSME Time(s)

Nodes

40 3.07028e-08  4.87733¢-08 2.20
80 4.41247e-08  6.08441¢-08 2.72
160 4.85418e-08  6.67564¢-08 2.36
320 4.57698e-08  6.11071e-08 2.14
500 4.26862¢-08  4.83555e-08 2.31

Real
Solution

PINN
Solution

ANN
Solution

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

4.0000000000
3.9512293339
3.9048373699
3.8607079983
3.8187308311
3.7788007259
3.7408182621
3.7046880722
3.6703200340
3.6376280785
3.6065306664

4.0000000000
3.9512294238
3.9048374167
3.8607079713
3.8187307506
3.7788007831
3.7408182119
3.7046880939
3.6703200420
3.6376281592
3.6065306597

4.0002832413
3.9523916245
3.9059658051
3.8612987995
3.8186030388
3.7780096531
3.7395720482
3.7032728195
3.6690378189
3.6367480755
3.6062524319

Table 18: Computed Error for Test 5

Real Solution Error: 8.99¢-08

0.008
0,007
0,006
6
0,005 5
2
0004 ¥
4
0.003
0.002
0001
0,000

00 02 04 05 08 1o
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n n

Real Solution Error: 1 AZe 03
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ANN Solution (Audu et al. 2024)
10

Real

0 U
00 02 04 06 08 10
n

00 02 04 06 08 10
n

%0 02 0s 05 o8 10

Solufi |Real-PINN|  |Real- ANN|
olution

0.0 4.0000000000 0.00000e+00  2.83241e-04
0.1 3.9512293339 8.99144e-08  1.16229¢-03
02 3.9048373699 4.67688¢-08  1.12844e-03
03 3.8607079983 2.69809¢-08  5.90801e-04
04 3.8187308311 8.05083e-08  1.27792¢-04
0.5 3.7788007259 5.71345e-08  7.91073e-04
0.6 3.7408182621 5.02497e-08  1.24621e-03
0.7 3.7046880722 2.17144e-08  1.41525e-03
0.8  3.6703200340 8.01312e-09  1.28222¢-03
0.9 3.6376280785 8.07622e-08  8.80003e-04
1.0 3.6065306664 6.63869¢-09  2.78234e-04
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Figure 13: Heat-Map illustration for Test 5

Test 6: A metal rod has initial temperature at 1000. 00
Kelvin, at time 500 seconds, what will its temperature be?
The DE (differential equation) of the temperature of the

metal rod is governed by
dm
=—22067x10"" (m* ~81x10"), that satisfies
dn
the initial conditions

n, = 0, m, = 1000, 2 =50secs . We implement the

developed PINN model to determine the temperature of
the metal rod.
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n Table 23: ANN-FODE (Audu et al, 2024) Model Perfor-
Training loss mance Evaluation for Test 6
1 Number
of MAE RSME Time(s)
10 Nodes
500 1.2350 1.6468 51.69
8 1500 1.4534 1.9360 64.54
4 2500 1.1668 1.6233 65.66
s 3500 1.1375 1.3130 78.43
5000 1.2348 1.0124 89.21
4
Table 24: PINN-FODE Model Performance Evaluation
2 for Test 6
Number
0 of MAE RSME Time(s)
0 100 0 0 0 20 50 Nodes
Epochs 500 0.0018 0.0023 3.56
Figure 14: Training Loss Visual Representation for Test 6 1500 0.0027 0.0068 1.88
2500 0.0083 0.0012 4.50
Table 21: Computed Solution for Test 6 3500 0.0069 0.0057 2.52
Real PINN ANN 5000 0.0017 0.0006 3.59
" Solution Solution Solution
0 1000.000000  1000.000122  1000.000244 Lo ReslSohton - PMNFODE Souton o PN FODE Eror (max03470)

50 909.836070  909.880493 909.729736
100 845.551286 845.520020 846.158691
150 796.467377  796.120361 796.613464
200 757.261554  757.227844 756.757019
250 724.928388 724.914185 725.446655
300 697.618880  697.472351 697.427002
350 674.121546  674.300781 674.778076
400 653.603327  653.802734 653.534729
450 635.469029  635.298950 634.877075
500 619.279966  619.271484 619.168701

250

200
Kl

150 %

100

00
00 02 04 06 08 10
m

00 00
00 02 04 06 08 10 00 02 04 06 08 1

m n
Real Solution ANN_FODE Solution

ANN_FODE Error {max 0.6565)
00 10 10 n

[T 1000
%0
900
850

800 ©

Table 22: Computed Error for Test 6

Real : :
n Solution  IREPINN| 1 1 ANN| I S | B
0 1000.000000  0.000122 0.000244 " " "
50  909.836070 0.044423 0.106334 .
100 845.551286 0.031266 0.607405 Figure 15: Heat-Map Illustration for Test 6
150 796.467377 0.347016 0.146087
200 757.261554 0.033710 0.504535
250 724.928388 0.014204 0.518267
300 697.618880 0.146529 0.191886
350 674.121546 0.179236 0.656530
400 653.603327 0.199408 0.068598
450 635.469029 0.170079 0.591954
500 619.279966 0.008482 0.111265
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Figure 16: Illutration of Collocation point

The training configuration utilized for both ANN and
PINN models is presented in Table 25.

Table 25: Training Configuration Parameters

Tes Collocation Hidden = Number Num- Acti- Learn-
t Point Layers of Neu- ber of vation  ing Rate
rons Epochs Func-
tion
1 nel0,1,100] 4 50 5000 Tanh 10
2 nel0,1,100] 4 40 2000 Tanh 10
3 nel0,1,100] 4 50 2000 Tanh 10
4 nel0,1,1000 4 80 5000 Tanh 10
5 nel0,1,100] 4 60 2000 Tanh  10*
6 nel0,1,100] 4 50 2000 Tanh 10*
4. DISCUSSION

From the results acquired in this study, it can be noticed
that the developed PINN model yields solutions that out-
performed those obtained from the established ANN
model (Audu et al, 2024) and a few crucial considerations
should be mentioned. Firstly, the results of the ANN to be
compared were obtained from the established ANN model
(Audu et al, 2024) study and trained under the same train-
ing conditions like network structure, optimizing method,
stopping criteria and computations as the PINN model.
Secondly, their incredibly small values of errors 1078 to
107! must be deduced as physics-informed on the PINN,
where the governing differential equation is an effective
regularization method that reduces the space of solutions
and control overfitting. The current research, however, is
concerned with the accuracy of solutions in the training
field and the generalization ability of the model in another
field was not directly explored. Moreover, this work is
limited to first-order ODEs, it is widely understood that
the extension of PINNs to higher-order ODEs and partial
differential equations are associated with other challenges,

e-ISSN: 3023-6460
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such as numerical instability due to higher-order auto-
matic differentiation, higher computational costs and con-
vergence problems. Lastly, although the computation
times reported show that PINNs can be more expensive
per-epoch because they replace the application of different
operators with the objective, they also show competitive
scalability where high accuracy and physical consistency
are needed.

It was observed from the tables that the developed PINN
model gives more accurate and better results than the es-
tablished ANN model by authors in [27]. Throughout all
the 6 tests, the developed PINN model yields consistently
low absolute errors between the range of 1078 to 1071° and
that of the established ANN model ranging from 10! to
1073, Furthermore, this is clarified by the comparison be-
tween the errors which was represented by the heat-map
solution where the developed PINN model maintains sta-
bility and nearly absolute error-free outcomes across all
tests while the established ANN model displays irregular
error patterns which remains significantly higher.

The results obtained from these models highlight the ef-
fectiveness and accuracy of the developed PINN model
over the established ANN model in solving the presented
problems. These findings provide a motivation to future
research to integrate both models to be trained under ex-
actly the same conditions so as to examine their generali-
zation and robustness, and to enhance the scalability to
higher-order and large-scale tasks.

S. CONCLUSION

In this study, we constructed and trained a Physics-In-
formed Neural Network model that aims at the solution of
first-order ODEs by applying physical constraints to its
training procedure via the loss function so that it can
achieve better results. Six numerical tests were conducted
to check its efficacy, and the results indicate that both the
developed PINN model and the established ANN model
[27] are effective, but the developed PINN model is al-
ways more effective at the expense of the established
ANN model.

As the tables and heat-maps visualization indicate, the de-
veloped PINN model can produce credible solutions with
only a few errors that present the accuracy and efficiency
of the developed model to work with on various problems
with first-order ODEs. This study shows the value of the
chosen model in solving the problems of the first order of
the ODEs. In future research, the developed PINN model
can be extended to seek solutions to higher-order ODEs,
which would provide a more essential contribution of ar-
tificial intelligence to neural network and further refine
the knowledge of its contribution.

Overall, this study has made a substantial contribution to
the PINN model, which helps to make an informed choice
of the model in order to find the solutions to first-order
ODEs.
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