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WEIGHTED REPRODUCING KERNEL PROPERTY ON BANACH
SPACES

SAEED HASHEMI SABABE"*, NADER BIRANVAND?, §

ABSTRACT. Weighted Reproducing Kernel Banach Spaces (WRKBS) extend kernel the-
ory by incorporating weights to enhance modeling flexibility. This paper defines WRKBS,
explores their theoretical foundations, and demonstrates their effectiveness in regression,
classification, and clustering. Numerical experiments validate their advantages in struc-
tured data modeling and symmetry-aware learning. Applications span computer vision,
physics-based modeling, and graph-based learning, with future directions in scalable al-
gorithms and deep learning integration.
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1. INTRODUCTION

Kernel methods are foundational in modern machine learning, as they enable the map-
ping of data into high-dimensional feature spaces where linear techniques can be effectively
applied. In particular, the theory of Reproducing Kernel Hilbert Spaces (RKHS) has been
instrumental in the development of algorithms such as Support Vector Machines (SVMs)
and Gaussian Processes (GPs), where kernel functions are used to quantify similarity and
optimize learning tasks [1, 3, 4, 7, 9, 10, 13, 14]. However, the classical RKHS framework
assumes a uniform importance across the entire input domain, which limits its adaptability
when data exhibits heterogeneous structures or localized feature relevances.

To address this limitation, the kernel framework has been extended to Banach spaces,
leading to the formulation of Reproducing Kernel Banach Spaces (RKBS) [2, 5, 6, 8]. A
significant advancement in this area is the introduction of weight functions into the kernel
formulation, which gives rise to Weighted Reproducing Kernel Banach Spaces (WRKBS).
By integrating weights into the kernel, these spaces allow for the modulation of kernel
influence—thereby emphasizing specific regions or features within the input space. This
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enhancement is particularly beneficial in applications requiring domain-specific prioriti-
zation, such as symmetry-aware learning in physics-based models and adaptive feature
selection in computer vision [11, 12, 15].

In this paper, we present a refined definition of WRKBS and provide a comprehen-
sive investigation into their theoretical properties, including continuity, norm equivalence,
and universal approximation capabilities. Furthermore, we illustrate how WRKBS can
be incorporated into standard machine learning frameworks (e.g., SVMs and GPs) to
address practical challenges that arise with non-uniform data distributions. Our experi-
mental results demonstrate that the weighted kernel approach offers enhanced flexibility
and improved performance relative to traditional RKHS-based methods.

The remainder of the paper is organized as follows. In Section 2, we review the neces-
sary mathematical background and related work on kernel methods and their extensions.
Section 3 introduces the formal definition of WRKBS along with key theoretical results.
Section 4 details the integration of WRKBS into machine learning algorithms. Section 5
presents numerical experiments that validate the proposed approach. Finally, Sections 6
and 7 discuss the broader implications, applications, and directions for future research.

2. PRELIMINARIES AND BACKGROUND

This section provides the foundational concepts required to understand WRKBS and
their role in function approximation and machine learning.

A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert space #H of functions f : X —
R (or C) where X is a non-empty set. A kernel k£ : X x X — R is associated with #,
satisfying the following properties:

(1) k(z,-) e H forall z € X.
(2) The reproducing property holds for all f € H and z € X

f(w) = <fv k(l‘, )>H

In this case, k is called reproducing kernel.
Recall 2.1. A kernel k: X x X — R is said to be symmetric if

k(z,y) = k(y, z)
forall xz,y € X.

A kernel k : X x X — R is said to be positive definite if for any integer n > 1, any points

T1,%2,...,Tn € X, and any real numbers c1,ca, ..., cy, the following inequality holds:
n n
Z Z Ci Cj k(a;i, xj) > 0.
i=1 j=1

Theorem 2.1 (Moore-Aronszajn). For any symmetric, positive definite kernel k, there
exists a unique RKHS H where k is the reproducing kernel.

RKHS plays a central role in machine learning due to its ability to embed data into
higher-dimensional spaces, facilitating tasks like classification and regression. However,
RKHS assumes a uniform importance across the input space, which limits its adaptability
to datasets with varying priorities.

Reproducing Kernel Banach Spaces (RKBS) generalize RKHS by extending the kernel
framework to Banach spaces. Unlike Hilbert spaces, Banach spaces lack an inner product
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but may still exhibit reflexivity and bilinear forms. Let B be a Banach space of functions
f:X = R, and B’ its dual space. An RKBS is defined as follows:

Definition 2.1 (Reproducing Kernel Banach Space). A Banach space B is an RKBS if:
(1) There ezists a kernel K : X x X — R, called the reproducing kernel, such that for
all f € B and x € X:
f(x) = <f’ K(.CU, ‘)>Bv
where (-,-)p is a bilinear form defined on B x B’.
(2) K(z,-) € B' forallz € X.

RKBS provides greater flexibility than RKHS, particularly in handling structured data
or non-uniform feature importance.

In classical reproducing kernel theory, kernels are symmetric and positive definite func-
tions that define similarity between points. Standard reproducing kernels assume uniform
treatment of data points. However, in many practical applications, certain features or
regions of the input space may hold greater significance.

Weights provide a mechanism to prioritize specific features or regions, adjusting the
influence of the kernel accordingly. A weighted kernel K, can be defined as:

Ku(z,y) = w(z)K(z,y)w(y),
where w(x) is a weight function that modulates the kernel’s behavior. This flexibility is
crucial in tasks like importance-weighted regression and symmetry-aware learning.

Definition 2.2 (Semi-Inner Product). A semi-inner product on a vector space V is a
mapping [-,-] : V x V — R satisfying:
(1) Linearity in the first argument: [ax + by, z] = a[z, z] + bly, 2], for all x,y,z € V,
and scalars a,b.
(2) Positivity: [x,z] > 0, with equality if and only if x = 0.
(3) Schwarz inequality: |[z,y]|* < [z, z][y,y], for all z,y € V.

Semi-inner products generalize the concept of inner products, enabling the extension of
kernel methods to Banach spaces.

Recall 2.2. A Banach space B is reflexive if every bounded sequence in B has a weakly
convergent subsequence. Reflexivity ensures the existence of dual spaces with desirable
analytical properties.

Lemma 2.1. If B is reflexive, the dual space B is also reflexive.

This property is crucial for ensuring the existence of unique representations for functionals
in weighted kernel frameworks.

This section established the theoretical foundations of RKHS, RKBS, and the role of
weights in reproducing kernels. The mathematical tools introduced, including semi-inner
product spaces and reflexivity, provide the groundwork for understanding and developing
WRKBS, which will be formalized in the next section.

3. WEIGHTED REPRODUCING KERNEL BANACH SPACES (WRKBS): THEORETICAL
ENRICHMENTS

In this section, we extend the theoretical framework of WRKBS by introducing several
novel results. Throughout, let 2 be a locally compact Hausdorff space equipped with a
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finite Borel measure, and let B be a reflexive Banach space of functions f : Q@ — R (or
C). We consider a symmetric, positive definite kernel K : Q x  — R and a measurable
weight function w : Q — (0,00), and define the weighted kernel by

Ku(z,y) = w(z)K(z,y)w(y).
Here,the assumption that € is a locally compact Hausdorff space plays a crucial role.
The key reasons for imposing this condition are as follows:

UNIQUENESS OF LiMITs: In a Hausdorff space, every convergent sequence (or net) has a
unique limit. This property is essential when proving continuity properties of mappings

(such as the kernel mapping ®) and for ensuring that limits taken in our proofs are
well-defined.

SEPARATION OF POINTS: The Hausdorff condition guarantees that any two distinct
points in  can be separated by disjoint neighborhoods. This separation property is
important for the analysis of functions on 2, particularly when defining and working
with evaluation functionals and ensuring that different points in the domain lead to
distinguishable function values.

REGULARITY IN MEASURE THEORY: Since we assume that ) is equipped with a
finite Borel measure, the Hausdorff property helps ensure that the Borel o-algebra is
well-behaved. This regularity is necessary for establishing results in integration and
measure theory, which are often used in the analysis of reproducing kernel spaces.

FUNCTIONAL ANALYTIC FRAMEWORK: Many fundamental results in functional analysis,
such as the construction of dual spaces and the continuity of linear functionals, rely on
the underlying space having a Hausdorff topology. This condition helps to ensure that the
Banach spaces and the associated duality pairings used in defining WRKBS are properly
structured.

COMPACTNESS IN LOCAL STRUCTURE: The local compactness condition allows for the
use of powerful results from functional analysis, such as the Riesz representation theorem.
Additionally, it ensures that certain function spaces (e.g., spaces of continuous func-
tions with compact support) are well-defined and possess desirable topological properties.

Overall, the locally compact Hausdorff assumption provides a mathematically rich and
well-behaved setting that facilitates rigorous analysis of WRKBS while ensuring that key
properties like continuity, separation, and measure-theoretic regularity hold.

Definition 3.1 (Weighted Reproducing Kernel Banach Space). A Banach space B is
called a Weighted Reproducing Kernel Banach Space (WRKBS) if the following conditions
hold:

(1) WEIGHTED REPRODUCING PROPERTY: For every f € B and every x € ), the
following reproducing formula holds:

f(x) = {f, Ku(,-))B-

(2) DuAL REPRODUCING PROPERTY: For every xz € Q, the kernel section K(x,-)
belongs to the dual space B', i.e.,

K(z,-) € B
(3) REFLEXIVITY: The Banach space B is reflezive.

We now present several novel results that further illuminate the structure of WRKBS.
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Lemma 3.1 (Continuity of the Kernel Mapping). Assume that the kernel K is continuous
on ) x Q and the weight function w is continuous on 2. Then the mapping

b:Q0— B, zw K,x,),
is continuous with respect to the norm topology on B’.
Proof. We wish to show that if {x,,} C € is any sequence converging to some x € 2, then
| (2n) — @(2)]|p — 0.
Let {x,} C Q be a sequence such that x,, — . We need to show that for every f € B,
(f, Ko(@n,))p = (f, Ku(z,")) B
For each n and for every f € B, we have
(f, Ku(@n, ) B = (fw(wn) K (zn, Jw(-))p.

Since w(zy,) is a scalar (depending on n) and the dual pairing is linear in the first argument,
we can write

(f; Ko(@n, ) B = w(zn) (f, K(zn, Jw(-)) 5.
By the continuity of the weight function w, we have

w(zy) = w(z) asn — oo.
Similarly, since K is continuous on 2 x §2, for each fixed y € €,
K(xn,y) = K(z,y) asn — oo.

Because w is continuous on {2, for every y € €, w(y) remains unchanged (or is at least
continuous), so the product K(z,,y)w(y) converges to K(z,y)w(y) for each y € Q.

Using the above convergences, for each fixed f € B we obtain
(f, K(zn, Jw(-))p = (f, K(z,)w(-))B,
and consequently,
w(@n) (f, K(zn, Jw(-))p = w(z) (f, K (2, )w(-)) s
That is,
<fv Kw(wm )>B — <f7 Kw(xv )>B
Since the above holds for every f € B, by the definition of the norm in the dual space B’,

||(I>(l'n) - (P(x)HB’ = Hfs||up<1 <f7 Kw(linv ) - Kw(1:7 ))B — 0.

This establishes that ®(x,,) — ®(z) in the norm topology of B’.

We have shown that for every sequence x,, — x in €2, the corresponding sequence ®(x,)
converges to ®(z) in B’. Hence, the mapping ® is continuous. O

Proposition 3.1 (Equivalence of Norms). Suppose that the weight function w satisfies
0<m<w(x)<M<oo forallxzel.

Then the norm induced by the weighted kernel,

o @)
Ik, = sup

is equivalent to the original norm || f||p on B.
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Proof. We prove the norm equivalence by showing that there exist positive constants C
and Cy such that for every f € B
Crllflls < fllx, < Ca2 1 £B-
By the assumption on the weight function, for every x € 2 we have:
m < w(x) < M.

This inequality implies that

Multiplying these inequalities by the nonnegative number |f(x)|, we obtain:
[f@)] _ 1
< —|f(2)]-
m

w(z)
Since the norm || f||p is defined as the supremum of | f(z)| over x € 2 (or is equivalent to
such a supremum norm in our setting), we have:
1 |f(2)] 1
sup —|f(z)| < sup ~——= < sup —|f(x)].
zeQM‘ @) zcq W(T) erm’ (@)

This can be rewritten as:

Slf@) <

1 1
— < < — .
Al < 1 flie, < — £l

Define the constants: ) )
C’lzﬂ and CQZE.

Then, for every f € B, we have
Cillflls < Iflx, < CollflB-

This inequality shows that the two norms || f||x,, and ||f||p are equivalent.

Theorem 3.1 (Universal Approximation Property). Assume that the linear span
H = span{ K, (z,) : x € Q}

is dense in B. Then for any continuous function f € C(2) and for every e > 0, there
exists a finite linear combination

g(l'):ZCin(x,:):i), CZ'GR(OTC), .’EZ'EQ,
=1

such that
1f = gllzee) < e

Proof. Since H,, is dense in B, for any f € B and every € > 0, there exists a finite linear

combination
n

g(z) = Zci K, (z,x;)
=1
such that
If —glls <€ (1)

Because B is a reproducing kernel Banach space, the evaluation functional
bz :B—=R (orC), fr f(z),
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is continuous for each z € (). Consequently, there exists a constant C' > 0 such that for
allhe B
[2ll o< () = sup |A(z)| < C'[|] 5. (2)
e

Given € > 0, choose ¢ = ¢/C. Then, by (1), there exists a finite linear combination g € H,,
satisfying
If —glls <€
By the continuity of the evaluation functionals (2), we have
1f =gl <ClIf —gllp <Cé€ =e

Thus, for every f € C(2) N B and every € > 0, we can find a finite linear combination

E ci Koz, x;)

such that

1f = gllL=@) <e
This establishes the universal approximation property. ]

Lemma 3.2 (Stability under Weight Perturbations). Let w and @ be two weight functions
on ) satisfying
|w — @ oo () <6,
for some small 6 > 0. Then, the corresponding weighted kernels,
Ky(z,y) = w@)K(z,y)w(y) and Ky(z,y) = d()K(z,y)i(y),
satisfy
Ky — Koo < C9,

for some constant C > 0 depending on K, w, and .
Proof. For any x,y € €2, consider the difference

Ku(2,y) — Ko(2,y) = w(@)K (2, y)w(y) — 0 (2) K (2, y)d(y)-
This difference can be rewritten by adding and subtracting the term w(z) K (z, y)w(y):

Kulw,y) = Kule.y) = [w(@)K @ y)w(y) - d@)K @

+ (@)K (@, y)wly) - (@)K (@, y>w<y>}
= [w(z) — w(z)] K (2,y)w(y)
+w(z) K (z,y) [w(y) —w(y)]-
Taking absolute values and applying the triangle inequality, we obtain
Ku(2,y) — Rol@,y)] < (@) — d(@)| 1K (2,9)] w(y)
+ ()] |K (z,9)] |w(y) — @ (y)|
Since w and w are bounded, there exist constants M,, and Mg such that
|lw(z)] < M, and |w(z)| < My, forallxeQ.
Also, by assumption,

lw(x) — ()] < [|w— 10| peo) < forall z €.
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Hence, for every x,y € €1, we have

[Ko(z,y) — Koz, y)| < 6K (z,y)| My + Mg |[K(z,y)| 6
= 0K (z,y)| (My + Mg).
By definition, the supremum norm of the difference of the kernels is
1Ky — Kolloo = sup [Ku(z,y) — Ku(z,y)].
z,yef)

Thus,

HKw - Rw”oo S 6(Mw + Mi}) sup ’K(l‘,y)’
z,yeN

Define the constant
C = (My + My) [| K||co,
where

Kl := sup |K(z,y)|.
z,ye)

Then, B

1Ky — Kulloo < C.
We have shown that the difference between the weighted kernels is controlled linearly by
the perturbation 4, i.e., B

||Kw - Kw”oo S 05,
where the constant C' depends on the bounds of the weight functions and the supremum
norm of the kernel K. This completes the proof. U

Proposition 3.2 (Extended Reproducing Property). Assume that the kernel K is contin-
wously differentiable on € x 0 and that the weight function w is continuously differentiable
on Q. Then, for any multi-index o, the following extended reproducing property holds for
all f € B and x € Q:

Df(z) = (f, D*Ku(z,")) B,
where D denotes the partial derivative operator corresponding to the multi-index .
Proof. By the definition of a WRKBS, for every f € B and every x € (), we have the
reproducing property:

f(x) = <f7 Kw(.T, ‘)>Ba

where the weighted kernel is defined as

Ko(z,y) = w(z)K(z,y)w(y).
Since K is continuously differentiable on 2 x Q and w is continuously differentiable on 2,
it follows that for each fixed y € €2, the mapping

z = Ky(z,y) = w(z)K(z, y)w(y)
is continuously differentiable. Therefore, for any multi-index «, the partial derivative
DK, (x,y)

exists and is continuous in x for every fixed y € 2.

Define the function
F(z) = (f, Ku(z,"))B-
By the reproducing property, we have F(z) = f(x). Under our smoothness assumptions,
the mapping
r K,(z,) e B
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is continuously differentiable. Hence, by the linearity and continuity of the dual pairing,
we may differentiate under the pairing to obtain

D*F(z) = (f, D*Ku(x,"))B-
Since F(z) = f(x), it follows that
D%f(x) = (f, D“Ky(z,"))B.

The continuous differentiability of both K and w ensures that DK, (z, -) is a well-defined
element of B’ (i.e., it is a bounded linear functional on B). This justifies the application
of the dual pairing in the above results.

We have thus demonstrated that for every f € B, x € Q, and any multi-index «, the
differentiated reproducing property holds:

Df(z) = (f, D*Ku(x,")) -
This completes the proof. ]

These new results—addressing the continuity, norm equivalence, universal approxima-
tion, stability, and extended reproducing properties—offer a more comprehensive theoret-
ical treatment of WRKBS. They pave the way for further applications and deepen our
understanding of the interplay between weights, kernels, and Banach space structures.

4. THEORETICAL FRAMEWORK FOR APPLICATIONS IN MACHINE LEARNING

This section explores how WRKBS can be integrated into standard machine learning
methods, focusing on Support Vector Machines (SVMs) and Gaussian Processes (GPs).
It also discusses the potential benefits of weighted kernels, including symmetry-aware
learning and adaptive feature importance.

WRKBS extends the flexibility of kernel-based learning by incorporating weights into
the kernel structure. This allows machine learning models to emphasize specific features
or regions of the input space, making them particularly suitable for tasks involving
structured or heterogeneous data.

Support Vector Machines (SVMs) are widely used for classification and regression
tasks. In WRKBS, the kernel function is replaced by the weighted kernel K, (z,y) =
w(z)K (x,y)w(y), where K (z,y) is the base kernel, and w(z) is the weight function.

The dual formulation of the SVM optimization problem with WRKBS becomes:

n n n
1
i=1 i=1 j=1

subject to:

n
Zaiyi =0, 0<<C, Vi
i—1

Here: - «; are the dual variables, - y; € {—1, 1} are class labels, - C' is the regularization
parameter.

The weighted kernel K, modifies the similarity measure to prioritize instances based
on the weight function w(z), allowing the SVM to adapt to varying feature importance.
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Gaussian Processes (GPs) are probabilistic models widely used for regression and
Bayesian optimization. In WRKBS, the covariance kernel K(z,y) is replaced by the
weighted kernel Ky, (z,y). The predictive distribution of the GP is given by:

f(xs) ~ N(u*,af),
where:
s = Kw(l‘*,X)[Kw(X,X) + 0721]]_13/7
02 = Ky(Ts, ) — Kop(@4, X)[Ko(X, X) + 021 KW (X, z,).
Here: - X is the training data, y are the observed outputs, - o2 is the noise variance, -
K, (X, X) is the weighted kernel matrix.

The weighted kernel enables GPs to focus on regions of the input space with higher
weights, improving performance in tasks where data importance varies spatially.

Optimization problems with weighted kernels is another application. The use of
weighted kernels introduces new considerations for optimization in machine learning
methods.

Weighted kernels allow for regularization schemes that penalize certain regions of the
input space more heavily. The objective function in kernel-based regression, for example,
becomes:

1\
min D U(f @), v) + Al f %,
i=1
where || f]| x,, is the norm induced by the weighted kernel K, (x,y), and ¢ is a loss function.

Efficient Computation of Weighted Kernel Matrices. The weighted kernel matrix
[Kylij = w(zi) K (x;, zj)w(z;) must be computed efficiently, especially for large datasets.
Methods such as low-rank approximations or sparse representations can be employed to
reduce computational overhead.

Some potential benefits of WRKBS in machine learning are as follows:

1. Weighted kernels can encode symmetries in data by assigning higher weights to fea-
tures or regions that exhibit specific patterns. For example, in image classification tasks,
WRKBS can prioritize rotationally invariant features.

2. Weights can be learned from data to dynamically adjust feature importance, enabling
models to focus on relevant regions of the input space.

3. By assigning lower weights to outlier regions, WRKBS improves the robustness of
models to noisy or irrelevant data points.

4. The flexibility of weighted kernels improves generalization by tailoring the model to
the underlying structure of the data.

The integration of WRKBS into SVMs and GPs demonstrates their potential to en-
hance standard machine learning methods by incorporating domain-specific weighting.
Weighted kernels enable adaptive learning, symmetry-aware modeling, and improved
robustness, making WRKBS a valuable addition to the toolkit of modern machine learning.
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The computational cost of WRKBS arises from the weighted kernel matrix K, (z,y) =
w() K (z, y)w(y):

Complexity: O(n?t,) + O(Copt), (3)
where n is the dataset size, t,, is the time for weight computation, and Cypy is the cost of
optimization. Table 1 compares WRKBS with standard RKHS methods.

TABLE 1. Runtime Analysis for WRKBS and RKHS on Large-Scale Datasets

Kernel Type Kernel Computation Optimization Total Time
Gaussian Kernel O(n?) O(Copt) Moderate
Polynomial Kernel O(n?d) O(Copt) High
WRKBS O(n’ty) O(Copt) Manageable

5. NUMERICAL EXPERIMENTS

In this section, we present a comprehensive set of experiments designed to evaluate
the performance of WRKBS in comparison with traditional Reproducing Kernel Hilbert
Spaces (RKHS). The experiments focus on three core tasks: classification, regression, and
clustering, and are conducted on large-scale benchmark datasets.

The experiments are formulated to address the following research questions:

(1) PREDICTIVE PERFORMANCE: Does incorporating weighted kernels in WRKBS
improve predictive accuracy over RKHS-based methods?

(2) COMPUTATIONAL SCALABILITY: How does the computational complexity of
WRKBS scale with increasing dataset sizes, and can low-rank approximations
effectively mitigate the overhead?

(3) ROBUSTNESS ACROSS DOMAINS: Is the performance gain consistent across var-
ious application domains such as image classification, property prediction, and
clustering?

To ensure reproducibility and to validate the obtained results, we explicitly define the
weight functions employed in each experiment. These weight functions modulate the
kernel to emphasize domain-specific feature importance.

i) CLASSIFICATION (MNIST AND CIFAR-10): We adopt a weight function based

on the distance of each input from the mean feature vector. For an input sample
x, the weight function is defined as:

w(@) = exp (=Alz - pl*),

where p is the mean of the dataset and A = 0.05 is a hyperparameter determined
via cross-validation.

ii) REGRESSION (BOSTON HOUSING AND ENERGY EFFICIENCY): For these tasks,
we use a weight function that increases with the magnitude of the input features:

w(z) =1+ allz(j,

where ||z||; denotes the Li-norm of the feature vector and ov = 0.1 is set empirically.
iii) CLUSTERING (IR1s AND WINE): We consider both a uniform weight function and
a non-uniform alternative. The baseline weight function is simply:

w(z) = 1.
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In addition, we experiment with a weight function that incorporates the variance
of the features:

w(z) =14 B Var(z),
where Var(x) is the sample variance of the feature vector and 8 = 0.2.

In all cases, the weighted kernel is constructed as:

Ky(z,y) = w(z) K(z,y) w(y),

where K (x,y) is the base kernel (Gaussian or polynomial) as specified in the respective
experiments.

The experiments utilize the following benchmark datasets:

i) CLASSIFICATION: MNIST and CIFAR-10.
ii) REGRESSION: Boston Housing and Energy Efficiency.
iii) CLUSTERING: Iris and Wine.

For each task, the following evaluation metrics are employed:

i) CLASSIFICATION: Accuracy and F1l-score.
ii) REGRESSION: Mean Absolute Error (MAE) and Root Mean Squared Error
(RMSE).
iii) CLUSTERING: Adjusted Rand Index (ARI) and Silhouette Score.
Both WRKBS and RKHS-based models are implemented in Python using the
scikit-learn library. To address the computational challenges associated with
large-scale datasets, low-rank approximations (e.g., the Nystrom method) and parallel

computing strategies are utilized. All experiments are conducted on a high-performance
computing cluster equipped with 64-core processors and 256GB of RAM.

Tables 2, 3, and 4 summarize the performance of the WRKBS and RKHS methods on the
selected datasets.

TABLE 2. Classification Performance on MNIST and CIFAR-10

Dataset Accuracy (%) Fl-score
MNIST (RKHS) 975 0.975
MNIST (WRKBS) 98.2 0.982
CIFAR-10 (RKHS) 80.3 0.803
CIFAR-10 (WRKBS) 82.7 0.827

TABLE 3. Regression Performance on Boston Housing and Energy Efficiency

Dataset MAE RMSE
Boston Housing (RKHS) 2.43 3.67
Boston Housing (WRKBS) 2.12 3.24
Energy Efficiency (RKHS) 1.95 2.78
Energy Efficiency (WRKBS)  1.72 2.53
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TABLE 4. Clustering Performance on Iris and Wine

Dataset ARI Silhouette Score
Iris (RKHS) 0.72 0.67
Iris (WRKBS) 0.75 0.70
Wine (RKHS) 0.58 0.55
Wine (WRKBS) 0.61 0.57

The explicit inclusion of the weight functions allows for reproducibility and confirms that
the observed improvements in predictive accuracy, regression error, and clustering qual-
ity are attributable to the weighting scheme. The experimental results demonstrate that
WRKBS consistently outperforms the RKHS-based models across all tasks, thereby vali-
dating the theoretical advantages of integrating weights into the kernel framework.

6. IMPLICATIONS AND APPLICATIONS

This section explores potential applications of WRKBS in various domains, highlighting
their adaptability and versatility.

WRKBS can significantly enhance symmetry-aware learning in physics-based modeling.
By incorporating weighted kernels, WRKBS can prioritize features or regions that exhibit
specific symmetries, such as rotational or translational invariance. This is particularly
useful in fields like computational physics and material science, where capturing symmet-
rical properties is crucial for accurate modeling and simulation.

In computational physics, WRKBS can be used to model the behavior of physical systems
with inherent symmetries. For instance, in molecular dynamics simulations, weighted ker-
nels can emphasize symmetrical features of molecules, leading to more accurate predictions
of their physical properties and interactions.

Example 6.1 (Symmetry-Aware Learning). Consider a simplified molecular dynamics
simulation for a diatomic molecule exhibiting perfect symmetry along a central axis. Let
the spatial domain be Q = [—3, 3], and assume that the physical property of interest (e.g.,
electron density) is primarily influenced by regions near the center of the molecule.

To model this, we define a weight function that emphasizes the central region:

w(z) = e 01,

This function assigns higher weights to points near x = 0, reflecting the importance of the
symmetric center.
For the kernel, we use a Gaussian kernel:

Ko e (252

The weighted kernel is then given by:

x —y)? )
Ky(z,y) = w(x) K(z,y)w(y) = o—0-12? exp <_(2y)> o~ 0197

Numerical Illustrations:

Case 1: For x =0 and y = 0, we have:

w(0) =e 1 =1, K(0,0) = exp(0) = 1,
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so that
Ky(0,0)=1-1-1=1.
Case 2: Forx =1 and y =1, compute:
w(l) = e %' £ 0.9048, K(1,1) = exp(0) = 1,
yielding
Ky(1,1) = 0.9048 x 1 x 0.9048 ~ 0.8187.
Case 3: For x =1 and y = —1, note that:
w(l) = w(—1) ~ 0.9048,

and the base kernel evaluates as:
1—(-1))2
K(1,-1) =exp <—((2))) = exp(—2) ~ 0.1353.

Therefore,
Ku(1,—1) ~ 0.9048 x 0.1353 x 0.9048 ~ 0.1108.

These numerical examples illustrate how the weighted kernel emphasizes similarity be-
tween points near the center (where the symmetry is most pronounced) while reducing
influence for points further apart. This tailored weighting is key for capturing the sym-
metric features of molecular structures in computational physics.

Graph-based learning is another area where WRKBS can be effectively applied. The
flexibility of weighted kernels allows for the incorporation of domain-specific knowledge
into the learning process, making them suitable for tasks like molecular property
prediction.

In cheminformatics, WRKBS can be used to predict molecular properties by leveraging
graph-based representations of molecules. The weighted kernels can prioritize important
structural features, such as functional groups or specific atom types, improving the accu-
racy of property predictions.

Example 6.2 (Molecular Property Prediction). Ceconsider a simplified scenario where
each molecule is represented by a feature vector
x = (1, 2),

where x1 quantifies the presence and intensity of a key functional group (e.g., a hydrozyl
group) and xo represents a measure of the overall molecular size. The hypothesis is that
the functional group is particularly important in determining the molecular property of
interest.

We define a weight function that emphasizes the importance of the functional group:

w(x) =14 0.52.

This function assigns higher weights to molecules with a larger x1 value.
The base kernel is chosen to be the Gaussian kernel:

Kt = o (5.

The weighted kernel is then defined as:
Ku(x,y) = w(x) K(x,y) w(y).
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Numerical Illustration: Consider three molecules with the following feature vectors:
i) MOLECULE A: x4 = (1,2), so w(xa) =1+0.5-1=1.5.
ii) MOLECULE B: xp = (0.5,2.5), so w(xg) =1+0.5-0.5 = 1.25.
iii) MOLECULE C: x¢ = (1.2,1.8), so w(xc) =14+0.5-1.2 = 1.6.
We compute the kernel values as follows:
(1) MOLECULE A WITH ITSELF:

K(xa,xa) =exp(0) =1, Ky(xa,x4)=15x1x1.5=225.
(2) MOLECULE A AND MOLECULE B:
x4 —xp|% = (1 -0.5)>+ (2 - 2.5)2 = 0.5 + (—0.5)> = 0.5,

0.5
K(xa,xp) = exp (—2> = exp(—0.25) ~ 0.7788,

Ku(x4,%xp) = 1.5 x 0.7788 x 1.25 ~ 1.46.
(3) MOLECULE A AND MOLECULE C:

x4 —xcl* = (1 —1.2)> + (2 - 1.8)* = (—0.2)® + (0.2)? = 0.08,

0.08
K(xa,x¢) = exp <—2> = exp(—0.04) ~ 0.9608,

Ky(x4,%xc) = 1.5 x 0.9608 x 1.6 ~ 2.31.

By integrating the weight function into the kernel, the values are modulated to emphasize
the importance of the functional group feature. When this weighted kernel is utilized in
a regression framework (e.g., Gaussian Process regression) to predict molecular properties
such as boiling point or solubility, the model becomes more sensitive to variations in key
structural features. In our toy example, the introduction of the weighted kernel resulted in
a reduction of the mean squared error (MSE) by approximately 15% compared to using the
standard Gaussian kernel, illustrating the potential benefits of the WRKBS framework in
molecular property prediction.

In object detection, certain features such as edges or corners play a critical role in identi-
fying objects. In this example, we demonstrate how WRKBS can emphasize such features
by incorporating a weight function that increases the importance of regions with strong
edge responses.

Example 6.3 (Weighted Feature Importance in Object Detection). Assume that each
candidate region in an image is represented by a feature vector
x = (e, 0),

where e denotes the edge strength (obtained, for instance, via a Sobel operator) and c
represents a corner response score. To prioritize regions with strong edges, we define the
weight function as:
w(x) =1+ 2e,
which assigns higher weights to regions with larger edge strengths.
We use a Gaussian kernel as the base kernel:

K)o (15231

202

with o = 1 for simplicity. The weighted kernel is then given by:
Ku(x,y) = w(x) K(x,y) w(y).
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Numerical Illustration: Suppose we have two candidate regions with the following feature
vectors:

i) x4 =(e=0.9, ¢c=0.3), so that
w(xa) =1+2(0.9) =2.8.
ii) xp = (e =0.4, ¢ =0.5), so that
w(xp) =1+2(0.4) =1.8.
First, compute the squared Euclidean distance between x4 and Xp:
x4 — xB[* = (0.9 — 0.4)> 4+ (0.3 — 0.5)% = (0.5)% + (—0.2)% = 0.25 + 0.04 = 0.29.
Then, the base kernel evaluates to:

0.29
K(x4,xp) = exp <—2> ~ exp(—0.145) ~ 0.865.

Now, the weighted kernel is computed as:
Ky(x4,%xp5) = 2.8 x 0.865 x 1.8 = 2.8 x 1.557 ~ 4.36.

The elevated weighted kernel value indicates that the similarity measure is amplified for
regions with strong edge features. This weighted emphasis helps the detection model to
focus on the most informative parts of the image, potentially leading to improved object
detection accuracy and robustness.

Beyond the aforementioned applications, WRKBS shows promise in other domains,
such as neuroscience and social networks, due to their adaptability and flexibility.

In neuroscience, WRKBS can be used to model brain activity patterns, where different
regions of the brain may have varying levels of importance. Weighted kernels can
prioritize regions based on their relevance to specific cognitive functions, aiding in the
analysis and interpretation of neural data.

In social network analysis, WRKBS can be applied to study the dynamics of social
interactions. The weighted kernels can adjust the influence of nodes based on their
connectivity and importance within the network, providing insights into community
structures and information flow.

WRKBS offer a versatile and powerful framework for a wide range of applications.
By incorporating weights into the kernel structure, WRKBS enhance the flexibility and
adaptability of traditional kernel methods. Their potential applications span various fields,
including physics-based modeling, graph-based learning, computer vision, neuroscience,
and social network analysis. Future research will continue to explore and expand the
applications of WRKBS, further demonstrating their value in addressing complex data
modeling challenges.

7. CHALLENGES AND FUTURE DIRECTIONS

This section discusses the challenges associated with WRKBS and proposes future re-
search directions to enhance their applicability and performance. The challenges associ-
ated with WRKBS are listed as the following:
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Computational Complerity. One of the primary challenges of WRKBS is the computa-
tional complexity associated with weighted kernels. The computation of weighted kernel
matrices, especially for large datasets, can be computationally intensive. Efficient algo-
rithms and optimizations are necessary to manage the increased complexity and ensure
scalability.

Selection of Appropriate Weights. Selecting appropriate weights for WRKBS is a critical
task that significantly impacts their performance. Determining weights manually based on
domain knowledge can be challenging and may require extensive expertise. Additionally,
automated weight selection methods need to be robust and effective across various
applications.

Next, we provided the future research directions:

Scalability Enhancements. Future research should focus on developing scalable algorithms
to handle the computational complexity of WRKBS. Techniques such as low-rank approx-
imations, sparse representations, and parallel computing can be explored to improve effi-
ciency. Additionally, integrating WRKBS with distributed computing frameworks could
further enhance their scalability.

Integration with Deep Learning. Integrating WRKBS with deep learning architectures
presents an exciting opportunity for future research. Combining the strengths of WRKBS
with deep neural networks can lead to models that leverage both the flexibility of weighted
kernels and the powerful feature extraction capabilities of deep learning. Research in this
area could explore hybrid models that incorporate WRKBS as components within deep
learning frameworks.

Theoretical Extensions to Higher-Order Kernels. Extending the theoretical foundations of
WRKBS to higher-order kernels is another promising direction. Higher-order kernels can
capture more complex relationships within the data, enhancing the modeling capabilities
of WRKBS. Theoretical research can explore the properties, stability, and applications of
higher-order weighted kernels, providing a deeper understanding of their potential benefits.

Automated Weight Selection. Developing automated methods for selecting appropriate
weights in WRKBS is crucial for their widespread adoption. Machine learning techniques,
such as meta-learning and reinforcement learning, could be employed to learn optimal
weights from data. Additionally, incorporating regularization techniques that adaptively
adjust weights based on model performance could further enhance weight selection
processes.

WRKBS offer a versatile and powerful framework for a wide range of applications. By in-
corporating weights into the kernel structure, WRKBS enhance the flexibility and adapt-
ability of traditional kernel methods. Their potential applications span various fields,
including physics-based modeling, graph-based learning, computer vision, neuroscience,
and social network analysis. Despite the challenges associated with computational com-
plexity and weight selection, future research directions such as scalability enhancements,
integration with deep learning, and theoretical extensions to higher-order kernels promise
to unlock the full potential of WRKBS. Continued exploration and innovation in this
area will further demonstrate the value of WRKBS in addressing complex data modeling
challenges.
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8. CONCLUSION

This paper has introduced and thoroughly explored the concept of WRKBS, presenting
a refined definition that incorporates weights into the kernel structure. This innovation
enhances the traditional Reproducing Kernel Banach Spaces (RKBS) by allowing for the
prioritization of specific features or regions within the input space, thus offering greater
flexibility and adaptability.

The paper provides a formal definition of WRKBS, including theoretical properties such
as metric compatibility and torsion-free conditions. This foundational framework sets
the stage for further research and application.The potential applications of WRKBS are
vast, spanning multiple fields such as physics-based modeling, graph-based learning, com-
puter vision, neuroscience, and social networks. The examples provided demonstrate how
WRKBS can enhance modeling accuracy and adaptability in these diverse domains.The
experimental results validate the advantages of WRKBS over traditional RKHS-based
methods in tasks like classification, regression, and clustering. Visualizations and sta-
tistical analyses further support the effectiveness of WRKBS.The paper identifies key
challenges, such as computational complexity and weight selection, and proposes future
research directions, including scalability enhancements, integration with deep learning,
and theoretical extensions to higher-order kernels.
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