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Abstaract − In this article, we introduced N-fuzzy bi-topological space by using the concepts
of fuzzy bi-topological space. We further define some basic properties of N-fuzzy bi-topological
spaces, secondly we study the concepts of natural separation axioms of bi-topological in N-fuzzy
bi-topological space which is pair wise separation Axioms mixed topology with the help of two
N-fuzzy topologies of a N-fuzzy bi-topological space. Relation between such pairwise separation
axioms and natural fuzzy separation axioms of the mixed fuzzy topological space are investigated.

Keywords − N-fuzzy set, N-fuzzy bi-topological space, natural separation axioms, natural fuzzy
separation axioms.

1 Introduction

The concept of fuzzy sets was introduced by Zadeh in [1] and thereafter the paper
of Chang [3] give the way for the farther growth of new direction. The notion of
fuzzyness has been applied for studying different aspects of mathematics by Tripathy
and Baruah [20], Tripathy and Borgoha in [21, 22], Tripathy and Tripathy and
Sarma [23] and many research on sequence spaces in recent years. The notion of bi-
topological spaces has been discuss from different aspects by Tripathy and Acharjee
[24], Tripathy and Debnath [25] and others. Kandil introduced the concept of fuzzy
bi-topological spaces. Later on several researcher were attracted by the notion of
fuzzy bi-topological spaces. An N-fuzzy bi-topological space is a non-empty Set X
together with two N-fuzzy topologies on it. We will apply the N-structure to fuzzy
bi-topological space and pairwise, separation axioms. Different pair wise separation
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Axioms are defend which is the generalization of natural Separation axioms in the
sense that such a notion reduces to the natural separation axioms of a N-fuzzy
topological space when two topological spaces coincide. In this paper, pairwise,
separation axioms are introduced and a mixed topology is introduced with the help
of two N-fuzzy topologies of a N-fuzzy bi-topological space. Relation between such
pairwise separation axioms and natural fuzzy separation axioms of the mixed fuzzy
topological space are investigated. Finally, pairwise N-fuzzy normal bi-topological
space, pairwise weakly and pairwise strongly separated space are introduced and
investigated their properties with the mixed topology.

2 Preliminary

In this section we deals with basic concept of fuzzy set, fuzzy topological spaces
N-fuzzy set and N-fuzzy topological and bi- topological spaces.

Definition 2.1. [1] Let X be a non-empty set. A fuzzy set A in X is characterized
by its membership function µA : X → [0, 1] and µA(x) is interpreted as the degree of
membership of element x in fuzzy set A for each xεX. It is clear that A is completely
determined by the set of tuples A = {(x, µA(x)) : xεX}.
Definition 2.2. [2] A fuzzy topological space on a set X is a family τ of fuzzy sets
in X which satisfies the following condition:
i For all 0, 1 ε τ .
ii For all A,Bετ ⇒ A ∧Bετ .
iii For all (Aj)jεJετ ⇒ ∨jεJAjετ .
The pair (X, τ) is called fuzzy topological space and the members of τ are called
fuzzy open sets.

Definition 2.3. [5] A fuzzy bi-topological space on a set X is a families (τ1, τ2) of
fuzzy sets in X which satisfies the following condition:
i 0, 1 ε τ1, τ2.
ii For all A,Bετ1, τ2 ⇒ A ∧Bετ1τ2.
iii For all (Aj)jεJετ1, τ2 ⇒ ∨jεJAjετ1, τ2.
The pair (X, τ1, τ2) is called fuzzy bi-topological space and the members of τ1, τ2 are
called fuzzy open sets.

3 N-Fuzzy Set and its Properties

Definition 3.1. N-Structure:(Negative-valued function): A mapping from
f : X → [−1, 0] is the collection of functions from a set X to [-1,0],(we say that an
elements of f : X → [−1, 0]) is a negative-valued function from X to [-1,0] (briefly,N-
function on X). (By an N-structure we mean an ordered pair (X,f)) of X and an
N-function f on X.

Note: Through out this paper we apply N-Structure to fuzzy bi-topological space
and pairwise, separation axioms.
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Definition 3.2. Let X be a set and I be the interval I = [−1, 0] a N-fuzzy set A is
characterized by a membership function µA which associate with each point x ε X
its grade of membership µA(x) ε [−1, 0].

Definition 3.3. N-fuzzy topological space: A N-fuzzy topological space on a set
X is a family τ of N-fuzzy sets in X which satisfies the following condition:
i −1, 0 ε τ .
ii if Aj ε τ then ∀ j ε J,

⋂
j ε J Aj ε τ .

iii if A and B ε τ then A
⋃

B ε τ .
The pair (X, τ) is called N-fuzzy topological space and the members of τ are called
N-fuzzy open sets.

Definition 3.4. A N-fuzzy set λ is called N-fuzzy closed set if λc ε τ . i.e the
complement of N-fuzzy set λ of τ belongs to τ .

4 N-Fuzzy BI-Topological Space and Separation

Axioms

Definition 4.1. A N-fuzzy bi-topological space on a set X is a families τ1, τ2 of
N-fuzzy sets in X which satisfies the following properties:
i −1, 0 ε τ1, τ2.
ii if Aj ε τ1, τ2 then ∀ j ε J,

⋂
j ε J Aj ε τ1, τ2.

iii if A and B ε τ1, τ2 then A
⋃

B ε τ1, τ2.
The pair (X, τ1, τ2) is called N-fuzzy bi-topological space, and the members of τ1, τ2

are called N-fuzzy open sets.

Definition 4.2. A N-fuzzy set λ is called N-fuzzy closed set if λc ε (τ1, τ2), the
complement belongs to (τ1, τ2).

Definition 4.3. A N-fuzzy bi-topological space (X, τ1, τ2) is said to be pairwise T1

if every pair of distinct N-fuzzy points x and y in X, there exits τ1 open set R and a
τ2 open set S such that R(x) = 0, y 6∈ R and x 6∈ S then S(y) = 0.

Definition 4.4. A N-fuzzy bi-topological space (X, τ1, τ2) is said to be pairwise N-
fuzzy Hausdorff space if for each pair of distinct points x and y, there are τ1 open
set R and a τ2 open set S such that R(x) = 0, S(y) = 0, and R ∪ S = −1.

Definition 4.5. A N-fuzzy bi-topological space (X, τ1, τ2) is said to be pairwise N-
fuzzy regular w.r.t.τ2 iff µ ε (−1, 0), R ε τ c

1 , x ε X and λ < −1 − R(x) imply that
there exists S ε τ2 and T ε τ2 with λ < S(x) ⊆ S and S ⊆ − 1−T . (X, τ1, τ2) is
called pairwise N-fuzzy regular if it is N-fuzzy regular w.r.t.τ1 and τ2 N-fuzzy regular
w.r.t.τ1.
The following theorem play a fundamental role in this work. The relation between
compactness and closeness of a subject of a pairwise Hausdorff bi-topological space.
The ordinary subset Y is regarded as a N-fuzzy subsets.

Theorem 4.6. If (X, τ1, τ2) is a pairwise Hausdorff N-fuzzy bi-topological space and
Y is an ordinary-1 compact N-fuzzy set in X, then Y is closed.
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Proof. To show that xλ is not in Y implies xλ is not an accumulation point of Y.
Means that xλ 6∈ Y implies that −1 > λ > y(x) and so, x 6∈ Y . Then x 6= Y for
all y ε Y , by the pairwise Hausdorff property of (X, τ1, τ2) there exists a τ1 open set
R and a τ2 open set S such that R(x) = S(y) and R ∪ S = −1. Thus, for xλ 6∈ Y
and y ε Y . R(x) = (R ∪ S) = 0 with R ∪ S = −1. Varying y over all points
belonging to Y, the collection {Y ∪ S} is a 1∗ shading of Y, then so, it reduces to a
finite 1∗ subshading say, {Y ∪ Sy1, Y ∪ Sy2,........ Y ∪ Syn}. Simply write S = Sy1.
Since Ry1

x (x) = 0 for all 0 ≤ i ≤ n, we have R(x) = 0 and xλ ε R. Now
R ∪ S = (Ry1

x ∪ ..... Ryn
x ) ∪ (Sy1 ∩ Sy2 ∩ ..... ∩ Syn) = −1 for y ε Y , there exists

Y ∪ Sy1 such that Y ∪ Sy1(y) = 0 implies Y ∪ S(y) = 0 = Y (y) so Y ∪ S = Y .
Also, Y ∪ R = Y ∪ R = −1 implies that Y (x) = −1 or R(x) = −1. Therefore,
Y (x) + U(x) > 0. Hence Y and R are not quasi-coincident, and therefore xλ is not
a τ1 accumulation point of Y. This proves that Y is τ1 closed.

Definition 4.7. In a pairwise N-fuzzy Hausdorff space (X, τ1, τ2) is τ1-1
∗ compact

subset is τ2 closed.

Definition 4.8. With the help of two N-fuzzy topologies of a N-fuzzy bi-topological
space a third N-fuzzy topology is defined on it. This topology is named as mixed
N-fuzzy topology. We then relate separation axioms and there property relative to
the mixed topology with pairwise separation axioms of the N-fuzzy bi-topological
space.

Theorem 4.9. Let (X, τ1, τ2) be a N-fuzzy bi-topological space, {Yµ} be a collection
of ordinary subsets of X which are τ2 1∗ compact as N-fuzzy subsets.

Proof. Let τ = {iµ, : Y → X} and (τν) be the collection of N-fuzzy topologies on
X such that Eµ : (Yµ, τ1) → (X, τν) are continuous, where (Yµ, τ1) means subspace
topology on X, then they are continuous. That is, τ1(τ2) is topology such that

(a): τ1(τ2) ⊇ τν for all ν

Eµ : (Yµ, τ1) → (X, τ1)(τ2) are continuous.

(b): If (τo) ⊇ τν for all ν s. t.

Eµ : (Yµ, τ1) → (X, τo are continuous then τo ⊇ τ1(τ2) the N-fuzzy topology τ1(τ2)
is called a mixed N-fuzzy topology on X. Clearly, τ1ε{τν} and therefore, τ1 ⊆ τ1(τ2).
Although we have used the symbol τ1(τ2) for the mixed topology arising out of
N-fuzzy topologies τ1 and τ2. This theorem is applied to the rest of this paper.
The following theorem shows the relation between Hausdorff property of the mixed
topology and the pairwise Hausdorff property of the bi-topological space.

Theorem 4.10. If (X, τ1, τ2) is a pairwise N-fuzzy Hausdorff space then the mixed
N-fuzzy topology τ1(τ2) is a N-fuzzy Hausdorff topology.

Proof. The pair (X, τ1, τ2) is a pairwise N-fuzzy Hausdorff space, x, yεX and x 6=
y there exist Rετ1 and Sετ2,R(x) = S(x) such that R ∪ S = −1 To show that
(X, τ1, (τ2)) is a N-fuzzy Hausdorff space, we claim that both R and S are τ1, (τ2)
open. Let, Yµ be ordinary subsets of X which are 1∗ compact w.r.t. N-fuzzy topology
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τ2, let A = {iµ : Y → X} and {τµ be the collection of inclusion mappings and N-
fuzzy topologies on X such that iµ : (X, τ1, (τ2)) → (X, τν) are continuous. For each
zεYµ,i−1

µ (R)(z) = R((iµ(z) = max{Yµ(z), R(z)}) = (Yµ ∪ R)(z). Therefore, i−1
µ (R)

is (Yµ,τ1) open since τ1 is coarser then τ1(τ2) τ1 − open set R is τ1(τ2) open. In the
similar way, B = i−1

µ (s) = (Yµ ∪S) is open in (Yµ ∪ τ2) and therefore its complement
in Yµ, Yµ B is closes Yµ, τ2 from the result of 1.7.9 show that Yµ-B is (Yµ,τ2)-1

∗

compact. Also (Yµ,τ1τ2) inherits pairwise Hausdorff property from (X, τ1, τ2). From
the theorem 4.2, Yµ B is (Yµ,τ1) closed and i−1

µ (s) = Yµ ∪ s = B is (Yµ,τ1) open for
every Yµ. We say that sετ1, (τ2). Now let τo = {s|i−1

µ (s)ε(Yµ,τ1)} open for every Yµ

we have sετ1(τ2). Let τo = {s|i−1
µ (s)ε(Yµ,τ1)} for all Yµ so τo is a topology on X such

that iµ((X,Yµ, τ1)) → (X, τo) are continuous So, τo is one of the members of {τν} and
hence τo is ⊆ τ1(τ2). Now B = Yµ∪S = i−1

µ (s)ε(Yµ,τ1) for all Yµ then so sετo ⊆ τ1(τ2),
and B = Yµ ∪ S = i−1

µ (s)(Yµ,τ1) for all Yµ so,sετo ⊆ τ1(τ2). This prove that Sετ1(τ2).
Thus x, yεX and x 6= y implies that there exists Rετ1(τ2) and Sετ1(τ2) with the
R(x) = S(x) = 0 and r ∪ s = −1 then, (X, τ1, (τ2)) is a N-fuzzy Hausdorff space.
Note: Some authors have studied fuzzy regularity in different ways. Some of them
are equivalent and others are independent as shown by Dewam M.ali. The following
lemmas are related with the theorems of pairwise fuzzy regular bi-topological spaces.

Theorem 4.11. If R is a closed relative to subspace topology on y induced from τ
then, R = Y ∪Ro Ro is τ closed.

Proof. Here the subspace topology τ1y = {Y ∪ H|Gετ}. R is τ1y-closed. Then
1 − R is τ1y-open. −1 − R = Y ∪ S where S is τ -open. therefore −1 − R(y) =
max{Y (y), S(y)} = max{−1, S(y)} = S(y) implies that R(y) = −1 − S(y) =
max{Y (y),−1 − S(y)} = (Y ∪ Sc)(y). Then R = (Y ∪ Sc) = Y ∪ Ro. Since S
is τ open, Sc = Ro is τ closed. Here is the representation of open subsets of the
supremum topology Sτµ.

Theorem 4.12. An the supremum topology (Sτµ) there open set are the intersec-
tions of finite unions of different τµ open set.

Proof. Let τ be the collection of intersection of finite unions of elements Rτµ, that
is τ = {∩(Un

i=1Ri), RiεRτµ it clear that τ is a N-fuzzy topology and (i) τ ⊇ τµ for
all µ. (ii) If τo is N-fuzzy in τo ⊇ τµ for all µ Then so, τo ⊇ τ ⊇ τµ. Now let
∩(Un

i=1Ri)ετ ,Where RiεRτµ then ∩µ(Un
i=1Ri) 6∈ τ ,τo for some i = io implies that

R 6∈ τµ for all µ which contradicts that RεRτµ. Hence we have ∩n(Un
i=1Ri)ετo and

so, τ ⊆ τo and τ = l.u.b.τo.

Theorem 4.13. A function f : (X, τ) → (Y, τµ) is continuous for all if f : (X, τ) →
(Y, Sτµ) is continuous.

Proof. (i) Let the function f : (X, τ) → (Y, τµ) is continuous for all µ and RεSτµ,
then R = ∩(Un

i=1Ri). Now the inverse function is f−1 : (∩(Un
i=1Ri)) = ∩(Un

i=1f
−1Ri)ετ .

Hence the function f is continuous from X, τ to (Y, τµ) for all µ.
(ii) Let the function f : (X, τ) → (Y, Sτµ) be continuous in every R in τµ is in Sτµ and
we conclude that the function f−1(R)ετ . And hence the function f : (X, τ) → (Y, τµ)
is continuous.
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Theorem 4.14. Let (X, τ1, τ2) be pairwise N-fuzzy Hausdorff and pairwise N-fuzzy
regular space,Yk be a τ2-1

∗ compact ordinary subsets of X means N-fuzzy subsets
and τ1(τ2)1yk is N-fuzzy regular for each Yk.

Proof. Let us consider xεYk and Rε(τ1(τ2)1yk)
c and µε(−1, 0),such that µ < −1 −

R(x). Then R = Yk ∪ R1 where R1 is τ1(τ2) closed. From the continuity of iyk :
(Y k, τ1) → (X, τ1, τ2), and i−1

yk (R1)τ1 1yk is closed, that is R = Yk∪R1 is τ1 1yk-closed.
Since Yk is τ1-1

∗ compact set in the pairwise Hausdorff space (X, τ1, τ2) and Yk is
τ1 closed. So by lemma above, R is τ1 closed. The pair (X, τ1, τ2) is pairwise N-
fuzzy regular there exists Sετ1 and Uετ2 with the condition µ < S(x),R ⊆ U and
S ⊆ −1 − U also Sετ1 ⊆ τ1(τ2) implies that Sετ1 ⊆ τ1(τ2). It can be shown that
Uετ1(τ2) that (R ⊆ Yk ∪ U), µ < (Yk ∪ S)(x) and Yk ∪ S ⊆ −1− Yk ∪ U . Therefore
(Yk, τ1, τ2), then i−1

yk is N-fuzzy regular.

Theorem 4.15. Let (X, τ1, τ2) be a pairwise N-fuzzy Hausdorff space in which every
τ2-1

∗ compact sets are τ2-1
∗ compact. Let Ykτ2-1

∗ compact ordinary sets and τ1(τ2) be
the mixed topology on X. If (X, τ1, τ2) is a N-fuzzy regular space then (Yk, τ1i

−1
yk , τ2i

−1
yk )

is pairwise N-fuzzy regular for each Yk.

Proof. Let us consider xεYk and R is a τ1i
−1
yk closed set and R = Yk ∪ Ro where

Ro is τ1 closed and Yk is τ1 closed. Then R is τ1(τ2) closed. Since (X, τ1, τ2) is
N-fuzzy regular, for µε(−1, 0), Rε(τ1(τ2))

c, xεX and µ < −1−R(x) then there exist
(S, Uετ1, τ2) with the condition µ < −1 − S(x), R ⊆ U and S ⊆ −1 − U . Now
i−1
yk (s) = Yk ∪ S is τ1 1yk-open and so [−1 − Yk ∪ S] is τ1 1yk closed. Since Yk is

τ1-1
∗ compact, [−1 − (Yk ∪ S)] is τ21yk closed and hence Yk ∪ S is τ21yk open and

R ⊆ Yk ∪ U . Now i−1
yk (U) = Yk ∪ U is τ2 1yk open. Therefore Yk ∪ Sετ2 1yk and

Yk ∪ Uετ2 1yk, Yk ∪ S ⊆ −1 − (Yk ∪ U). Hence, (Yk, τ1 1yk, τ2 1yk)τ2 1yk is regular.
So, (Yk, τ1 1yk, τ2 1yk) is pairwise N-fuzzy regular for each Yk. Which completes the
theorem.

5 Conclusion

The results in this paper give us the structural properties of a N-Fuzzy bi-topological
space and pairwise separation axioms which is the generalization of natural separa-
tion axioms. Many more results and its structural properties and applications can
be expected.
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