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Abstract:We investigate the variational problem of the generalized relaxed elastic line
defined as the problem of finding critical points of the functional obtained by adding
the twisting energy to the bending energy functional, on a non-degenerate surface in
Minkowski 3-space. There arise two different situations for the curve @ given on any
non-degenerate surface S in Minkowski 3-space according to the absolute value expression
in the curvature and torsion formulas. We study the problem for both cases and as a result
we characterize the generalized relaxed elastic line with an Euler-Lagrange equation and 3
boundary conditions in both cases. Finally, we search special solutions for the differential
equation system obtained with regard to the geodesic curvature, geodesic torsion and
normal curvature of the curve.

Genellestirilmis Gevsetilmis Egrilik Enerji Hareketi Uzerine Bir Calisma

Anahtar Kelimeler
Genellestirilmis gevsetilmis
elastik ¢izgi,
Euler-Lagrange denklemleri,
Varyasyonel hesap

Ozet:Biikiilme enerjisinin egilme enerji fonksiyoneline eklenerek elde edildigi fonksiy-
onelin kritik noktalarini bulma problemi olarak tanimlanan genellestirilmis gevsetilmis
elastik cizgi varyasyonel problemini Minkowski 3-uzayda dejenere olmamus bir yiizey
tizerinde inceledik. Minkowski 3-uzayda bulunan herhangi bir dejenere olmamuis S yiizeyi
tizerinde verilen o egrisi i¢in egrilik ve burulma formiillerinde yer alan mutlak deger
ifadesine gore iki farkli durum ortaya c¢ikt. Her iki durum i¢in problemi inceledik ve sonug
olarak her iki durumda da genellestirilmis gevsetilmis elastik ¢izgiyi bir Euler-Lagrange
denklemi ve 3 sinir sart ile karakterize ettik. Son olarak egrinin jeodezik egriligine,
jeodezik burulmasina ve normal egriligine bagl olarak elde edilen diferansiyel denklem
sistemi i¢in 6zel ¢ozlimler aragtirdik.

1. Introduction

spaces such as Minkowski space. So, we study the problem
of generalized relaxed elastic line on a connected oriented

A relaxed elastic line is a solution of a variational problem
introduced by Manning [1] in 1987 to examine mechanical
features of DNA molecule. Mathematical idealization of
the problem of relaxed elastic line is finding extremals of

L
the bending energy functional [ k*ds under some bound-
0

ary condition (see [1,2]). In [3], we have extended this
problem to finding a generalized relaxed elastic line on
an connected oriented surface in Euclidean 3-space. We
define the generalized relaxed elastic line as a critical point
of the functional which consists of the addition of twisting
energy to bending energy

4
F = /(x2+/12r+/11)ds, 1)
0

among the family of all arcs with fixed length ¢, initial
point and initial direction [3]. We consider that this prob-
lem may be useful for certain problem in non-Euclidean

*Corresponding author: gozdetukel@isparta.edu.tr

541

non-degenerate surface S in Minkowski 3-space R{’. The
main purpose of this paper is how to approach to the study
of finding critical points on a non-degenerate surface S in
Ri and seek what type of differences and similarities are
there between both scenarios. In line with this purpose, we
study the critical points corresponding to curvature energy
functionals defined for non-null curves on S and derive
motion equations for a generalized relaxed elastic line on S
in R?. Finally,we examine whether the non-null geodesics
on pseudo-plane, pseudo-sphere, pseudo-hyperbolic space
and pseudo-cylinder in R% are generalized elastic lines.

2. Basic Concepts, Variational Formulas and Partial
Derivations

Let R‘f denotes Minkowski 3-space with symmetric, bi-
linear and non-degenerate metric (,) such that for vectors
X = (x17x27x3) andy = (ylay25y3) in R%

(x,¥) = x1y1 +x2y2 — X3y3.
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The Lorentzian vector product of x and y is defined by

XAy = (X2y3 — X3y2, —X1Y3 +X3Y1, —X1y2 +X2)1).

We say that a tangent vector x in R% is a spacelike, timelike
or lightlike (null) if (x,x) > 0 (or x = 0), {x,x) <0 or
(x,x) = 0 and x # 0, respectively. So a curve o defined on
an open interval / in R? is a spacelike, timelike or lightlike
(null) at ¢ in I if its velocity vector o' (¢) is a spacelike,
timelike or lightlike, respectively. We consider that S is a
connected oriented surface in Minkowski 3-space. Then,
an immersion @ : § — R? is called spacelike, timelike or
lightlike if all tangent planes (7,M, ¢* (,)) are spacelike,
timelike or lightlike, respectively. A surface is called as
"non-degenerate" if the surface is a spacelike or timelike
[4,5,6].

Let o be a non-null, smooth and regular curve on S. The
Frenet frame of the curve o is given by {7, N,B}. Here
T is the unit tangent vector field to ¢, N is the unit nor-
mal vector field and B is the binormal vector field. The
derivative formulas of the Frenet frame can be written as
follows

T 0 &1 K 0 T
N | =|—-gx 0 &T N
B 0 &t O B

where (T, T) = g = +1, (N,N) =& = +1 and (B,B) =
& = £1. On the other hand 7 (s) is the unit normal vector
of Sand €0 (s) =n(s) AT (s) is the binormal vector field,
where s is the arc length parameter of o, 0 < s < ¢, and
€ =(Q,0) = +£1. Then {T,Q,n} is a Darboux frame on
S along o with the following derivative formulas

T’ 0 €1k, &Ky T
Ol=|-ax, 0 &5 ]||Q ()
n —&k, —€T; 0 n

where (T,T) = gy = +1 and (n,n) = & = £1. Also,
ke =(T',0), K, = (T’,n) and 7, = (Q', n) are the geodesic
curvature, the normal curvature and the geodesic torsion
of «, respectively [4, 5, 6].

From relationship between these two frame, the curvature
K and the torsion 7 of o on § are found as follows

K=/|eik2 + e

3)
and

r:@[ ].(@

Thanks to these curvatures, it is possible to make the fol-
lowing definition.
Definition 1. Any extremal of the functional

£1K; + E2K; K K — Kn K

&1k + &2 | R &1 + &2 |

14
9:/(K2+lzr+l1)ds,
0

among a family of non—null curves with fixed length ¢ and
initial point and direction on a non—degenerate surface S
in Minkowski 3-space R? is called a generalized relaxed
elastic line.
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Definition 1 shows that the problem of a generalized re-
laxed elastic line in R? is an application of variational
calculus because the problem concerns with finding a func-
tion for which the value of a functional is the smallest
possible [7]. In this case, we usually determine a variation
before beginning to solve the problem. For this reason, we
first assume ¢ lies the following coordinate path

X (u,v) = (x(u,v),y(u,v),z(u,v)).

We have the following expression for o(s) =
X (u(s),v(s)) with
du dv
T(s)=0a(s) = X, + —X,
(s) (S) ds l+ds v

and
Q(s) =p(s)Xutq(s)X,

where p(s) and ¢ (s) are some suitable scalar functions.
Now we need define a family of variational arcs with fixed
length ¢. Thus we extend o (s) to o™ (s) defined for 0 <
s < £* with £ > £, but sufficiently close to £ so that a*
lies in the coordinate path. Then, we can give the variation
vector field as follow

p(s)0(s) =n(s)Xu+ & ()X,

along the curve o, where [L(s) is a scalar function of class
C3, not vanishing identically. There are two restrictions
placed on u

(6)

(7

and no other constraints on . Thus, the variation of « is
denoted by

B(o;t) =X (u(0),v(0))+1(n(0),5(0)),

PR _ dB (ot
for 0 < o < ¢*, with §(0,1) = a(0) and % oo =

o/ (0). For |t| < &, (where 6; > 0 depends upon the
choice of a* and u) the point f (o;¢) lies in the coor-
dinate path and the variational arcs have fixed initial point
and direction with o.

B(o;t), 0 < |t| < 6 < &y, can be constrict to an arc of
length ¢ by restricting the parameter ¢ to an interval of
0 <0 < A(r) < /by requiring

Y ap ap
b/ ’< %,£ >’d6=£,

where A4 (0) = ¢. We next need the following derivative

®)

dA

7 ©))

/
=& / UKgds
t=0 0

[8].
By using (2), we obtain some partial derivatives of f (o;¢)
with respect to o or t as follows

9B
Jdo

T, (10)

t=0




and
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9’B
352 t:():T’:elich—i—szlcnn, (11)
%,f =—& (e1k; +ex;) T

+£1( — &K, Ty) O (12)

+& (81 KT+ K1

Jp

— = 13

| pno (13)

and some mixed derivatives of 8 (o;¢) are obtained as

9B
Jc0i| _, = —goUk, T+ &UTn+1'Q, (14)
P = —& (2u'K,+ 1K, + ek, Tg) T
00?0t |,_ & 8 "
+& (21’ —s—ur% — €9l KKy ) 1
+ (1 —aeux; —e18eu7]) Q
(15)
and
84B ror "
36%31 _, =—(3g,1"k, +36, 1L K +& MUK,

+380£2u’1<n T, + 28082;11;, K, + 8082[,L‘L'g1(;l
—&) LKy Ky — ELUK, — E0€1E2 1Ky Ty) T
—(3808|u'K;+36061uKA l+36182,u/1,
+3eient, ,;—u’”)Q (3e0eatt ek
+280£2u1< Kn+80/.u< Te —382/.1 Tg
—382u r 82ur + & UK K,
+£08182[JK' rg+£1ur§)n.

(16)

3. Motion Equations for Generalized Relaxed Elastic

Lines

In this section, we investigate the generalized curvature
energy action for non-null curves on a connected oriented
non-degenerate surface S in Minkowski 3-space R?. We
suppose that ¢ is a smooth non-null curve on S and 3 (0o;7),

0<o<A(t
vector field (6) . Then the functional .#

), |t| < &, is a variation with the variation
(¢) of arcs B(o;1)

can be obtained as follows:

Z(t)
i il

y< 28

x|<

+82)~2

/1(!)
+A1 [

0

)Lj(_l){‘<

0-2780

do2’ do

9B 9B
dc’ do

02B 0?2
Tcrﬁz’ acg >

9B 9B
36’86>’<

B 9B 9B 9B 3
><86’86>

}dc
9B 2 2°B

>\ <30 % 962953
¥

9B 9B
‘< Jdc’ do >’

B 9B 9B 9B

dc’ do >‘

9B 9B
dc’ do

>2<

<3|

9B 9B
dc’do

A0 | <
/

>

do

_1
>‘ de',

where

2B 3°B

H<W»W>
9B B 9B 9B 9B 9B
_2<962’86> <86 ' do ‘<%’%>’
2’8 9B 9B 9B 3|_ 9B 9B
+<352’80'> <80"80'> ‘< do’ do >)

Assume that a be a critical value of the functional .% (
then we have 47 = 0 for arbitrary u satisfying

dt 1t=0
(see [7]). In calculating ‘fi—f, we omit

(o)

since these terms vanishes at t = 0 because (T, 7T”)
Thus we obtain

1),
()
9’ 9B
do?’ do

=0.

w‘m
ql=
U
8

)

N3]
)
=)

~_—

8]
Q
[S

(1198

QU
Q

Qv
=

v Q
Y
=

~_—

o8]
(e}
)

N8
]
=)

SRY
S

P
~_—

Q)
=
Q)
Q

QO
=

~_—

i SR

~_—

N
8

|
—

By using partial derivatives (10 — 16), and (3), (4), (9),
543
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we obtain;
¥ 2
i li=0 ju(&‘ng 2 (0)+ 36Kk
+ (a1%7 +821<) 2(—2epe1 Kk — 28182k, T;
+262K, T, — 280€2 K, n)+lz(£01<g (()
+2K,T— 3828()8182 KoK K2 — 28K, To K 2
— 388K Tk —82811( oK 2—8281821( Tk

+4£2£1Knrgrg1< —|—3£280£1£2K,,ng‘ K2

— 38,€0€) KK, TgK' T+ Eee kT K 2
+ (8157 + &2K7) K~ (egsoelezkgrg—kZezel Ky T2TK
+ 26081 K TK 2 — 28K, T, TK 2+ 28,80k K, TK 2)

—2

¢
+ (g0 + 1)k )ds + [ W (4&2k,T, (€1 K5 + &2K7) K2
0

+ A (ElK + &k, )
—2&¢€ 6K, 2 Te K~ —|—5£281‘C K, K
+3(£1£2— 1)£2£0K K, K 2+38281£2Kg1 K~2))ds

2(—&r808r Ky — AT Ky TK2)
2

K24+ (e k2

)ds

+ fu”(ZKg (e1k; +&257)

2 2 —
+4£2£1821<ng 2 -2u,7 (a1 + &2K; ) K

—hé&e f[.lmKn K 2ds.
0

By standart integration by parts and using (7), the first
variation formula is

dF

z 2(€) +3ep Kk, k>

0 fu(emcg

+ (e1%7 +£2K) 12

( 280811( —2€18 KT,

—282K',,’L' —28082Kg . 4821(' rg+21< "
—2(4821(,,‘L'g 2Ky ) (1Ko Ky + E2Kn K )K*Z
+2(4&2K,Tg — 21<é’,) (e1%7 +£21<,%) 1<*3 K’
+ 41y (81K Ky + €25, K;,) K2+ 4K, (81 (Kg’),)2
KKl + & (k) + E2K K 2(2
- 161% (81 K'gK' + e,k KK — 4K (e1k;
+ ek k3K +12Kg(8] Ke +&K7)K 4(1(’)2
— 4K, (&% +£2K)1< K”+/12(£0Kg (0)
+2K,T — 3828()8182 2 —3e0ey K, Tk
— 681K, To K 2€2Kg K*2—6528182K;,r§1<*
— 68¢ Knrgr;, K2+ 3?32808182 K Kp K K~
+2& €16 KngK_z — 38 6)€1 Ky K',%Tg K2+ (&1 K;
+ & K2 )K‘2(§2£081 82 Ko To + 288 K’gT2”L'K_2
+(4-2g) an K™ +2£280K2Kg1:1< —|—828082K
+ 28081 K, TK 7 —|—4'chan 244K T, TR 2
—8TgK‘nTK‘ 3Kk') — 20861 &K, Tk 31<
+ 6818 Ké/,/‘L'g K2+ 105‘281 Ty Kn K 3K
—6(8182— l)ézS()Kg K_2 3(8182— 1)@280
+6(g16 — 1)801<g21<n1<‘3 K — 108281821<gr’ K3k
1286k " k2 — (88 +2)5 Kk + 12(&
+1)E Kk 4Kk? — (4 +4) & 821( k3K — 2K, 7"
X (e1Kk; + &)k~ + 8K, T (£1%; + &2K;7) kK
— 4,7 (&1 Kg + k2 )k — 40K, T (81K‘ +&K2) K
124828182k, Tk 4 (1K) — 8B2€1 82K, Tk K
+ 8K, T(e1 K7 + £2K7)

2

2
2

—6

KoK

+168K§T(£1K2+82K )1( Sk!
+ 327k, (€1 K K} + E2K, K5, ) KO K
— 871, (&1, K, + €2, n) K4

K./

— 2Ky T (1K} +82K 7) K 487K (81K, K

K2

K./2
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+eK,K ) 4TKg(£1( ) + 1K, K]

+& (K + &K,k k4 — 248K,k K

+188 K,k KK — 28 K,k K

+2(&1%, g+£21<,, VK2 (€02 Ky +4TK, TeK2)

+ (e1K + &%) k2K (—€0&282 K,

—41K, Tk ) + 87, (81K + E2K;
+ (g + 1) Aikg)ds+ u (£) (42K,

—2i5 () (e1%; (€) + &2, (0)) k2

a1, (€) (16, (0) 5 (0) 1 €206, (£) 1 ()2 (0

i, (6) (8102 (0) + €22 (0) K (€)' ()

+12((61 K‘g (ﬂ) + & K‘,% (6)) K2 (f) ( &8 K, (f)

—47, (0) %, (£) T(0) K*Z (£)) — 6&re182K, (€) Ty () k2 (£)

—|—5£281’L' (0) %, (0) k2 (€)+382(8182—1)

X €K, (6) K‘n () k2 (0) — Bre162K, (6) 7 (0) k2 (0)

K'75 K/)
7 (¢)
)

0)
(¢

—282821(' OKk2(0)+ (4€2+2) &K (0) k3 () ()
+8828182Kg () g (0) k3 () K (£)
+2K, () T (£) (s K (0)+ &1 (0)) k4 (0)
+2i5 () T () (e1 %5 )+£21< (0)x=*(0)
+4"g() (0) (e1%g (£) g (£) + &5, (€)
x i, (£) k™4 (0) — 8K, (0) T ) (0) (e152 (£)
+eKk2 (0)k 3 () K (£) — 68K, (Z)K L) (0)
+285, (0) k3 (O) K" (0)) + 1! (5) (25 (0) (e1%5 (£)
+erk; (0))k 2 (0) + &2k (0))x* (£)
+A2(2826:K, () k2 () + 48281 82K, (£) To (€) K2 (£)
=27 (€) kg (¢ )(SIK (0) + e (£)) x4 (0)
—2& K, (L )K (E)K/(K))) 82822,21@1(6)1( (O’ (o)
+&8 4k, (0) k2 (0) 1" (0).

17)

The reader should note that ¥ and 7 in Eq. (17) are
cosidered as in Egs. (3) and (4). Here we use the left
side of the equations for writing simplicity. Now we sup-
pose that « is a critical point of the functional (1) for all
functions p satisfying (7) with arbitrary values of u (¢) and
U’ (£), then it must satisfy the following three boundary
conditions;

Ao (16, (0) 672 (£) " (£) = 1, (0) =2 (0) " (0)) = 0,

(18)
2K, (0) (&1 %5 (0) + &2k (£)) K2 (0)
+& K,% (£)) k4 (0) + 1, (288K, (¢) K2 (0)
+48,€182K, (0) T, (E) K2 (0) (19)
—27(0) 15 (0) (155 (€) + E257 (£)) k4 ()

—2& %, (é) k3 > () =0,

and

(48256, () 7 () — 2, () (2112 (0) + £252 (£)) K2

—4K (0) (81 K (0) K (£) + &2 (€) K (5)) 2(6)

41 (€) (a1, (€) + &2k (0) x> (0) k' (€)

+ha((e1%7 (0) + &3 (£)) k2 (€) (—Er€0€2K, ()

47, (0) Kn(é)r(ﬁ) “2(0)) — 6828182k, () Tg () k2 (£)
+582£1T (0) K, (ﬂ) K2 (f) + 38, (81 e—1)

X €Ky (Z) Kn (£) K2 (0) — Ere182%, (£) Ty () k2 (£

2
—25‘282 K (0) k2 (0)+ (e +2) &, (0) k3 (£) k' (£)
+882€182K, (£) Ty (é) k30K (0)

(
+2i6 (0T (0) (&1, (0) + &0 (1) & (£)

+25 (0) T (0) (&1 g(€)+821< (0)x*(0)
e (1) (0) (e (0 K (0) + &2k (£)
i (0) K™ (0) = 81 (£) T (£) (€1 (0)



G. Ozkan Tiikel, A. Yiicesan / A Study on a Generalized Relaxed Curvature Energy Action

+eKk2 (0)k3 () k' (£) — 68K, (1)

Xk () K2 (0) + 282k, () K (0) K7 (0)) (20)

0,
and the differential equation at the free end:

&Ky K2 (f) +3&k, K2+ (81 K2+ & K‘,%)

XK (—2e0€1 K] — 218K, T,

—28)K, T, — 280€, Ky K3 — 462K, T, + 2K
—2 (482K, T, — 2K, (£1K, K + £2K, K7 ) K2
+2(4&2K,7; — 2K,) (&1 Kg +&Kk2) kK
4K (81K, K} + 216, K) K2 + 4 (81 (K‘é)z
2

+E1K Kg +& (K,Q)2 + SZK,,K,’{) K~
2

— 16K, (1K, + £2K,K;,) KK’ — 4K (€1 K;
- ° 2
+er k) KK + 121 (81 K2 + €27 k4 (K)
— !
—4K, (e1K; +&2k7) kK" 4+ Ay (0K (£)
+2K,T — 3628081 82K Ky K% — 380€2K; Ty K
—6E2€1 K, oK 2 — 28K, T K — 68281 2K, TiK
—68281 K, Ty Ty K 2 + 3828081 £2 Ky Ky K K2
2828182 K,T) K2 — 3828081 KgKaTgk 2+ (€1 K7
+82K, ) K (828081 82K, Ty + 28281 K T TK 2
+(4—28) Ky Ty TK 2+ 26280K7 Ky TK 2 + Er8082K,
+26081 Ky TR 2 + 4T, K, T K2 + 4K T, Tk 2

—8T, Kk, TK k') — 208261 &K, T,k K

+682€182K, T,k > + 10828 T, K, K K

—6(e18— 1) Breokyky K k2 —3 (182 — 1) Ex€0 K K~
+6(e18; — 1) g0kl Kk K — 108281 82K, Tk > K’
286k k2 — (86 +2)5 K/ k3K +12(&

n

-2
2

2

+1)& K kK — (4e +4) Bk, Kk 3K — 2K, 7"
x(e1kg +erk3) k48K, T (e1k; + &2 ) KK
! ! 2 2\ . -—4 2 2 —06 .12
—4KT (81K2 4 £2K7)K ) — 40K, 7T (e1 k5 + &2K; ) KOk
+248281 62K, Tk 4 (K')” — 88281 82K Tk K
+8K,T(e1K; + &2k K K"
+16eK,7 (e1k; + €257 ) KK
+327ky (81K, Ky + E20, K ) KK
—87'1c, (1, K} + €26, K) K
-2k (e1k; + &2K7) K4+ 8;1(;,(81 Ko Kp
/ —4 / /!
+82KnKn2)K' —4ticy(e1 (K))” + €1k K,
+& (k) + ek k! )k *—248 K,k K"
+18& K,k KK — 28K,k K"
+2(&1 KK 4 €25, K)) K2 (E0&2 K +4TH, Ty K %)
+ (a1k + &2k7) k2K (—goer82 K,
—41K, T,k ) + 8Tk (81K + &2K; ) KK)
+(e+1)Aix,=0.
(21)

The above computation give rise to the following theorem.

Theorem 1 Any generalized relaxed elastic line of length
£ on a non-degenerate surface S in Minkowski 3-space R?
is characterized by the Euler-Lagrange equation (21) with
the boundary conditions (18), (19) and (20).

4. Applications

Let P be a vector plane in R?. Then P is a spacelike
(resp. timelike, lightlike) plane if and only if n is a timelike
(resp. spacelike, lightlike) vector, where n is an orthogonal
vector to P [5]. P is known a pseudo-plane in R%. We also
recall that the pseudo-sphere of radius > 0 in }R? is the
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hyperquadric
St ={peRi|<p,p>=r’}

and the pseudo-hyperbolic space of radius » > 0 in R? is
the hyperquadric

Hi (r)={p eRi| <p.p>=—r’}
[6]. On the other hand, we call the set of
Clz(r) = {()C,y,Z) ER:” y2_22 = r27 XER}

as a pseudo-cylinder [6,8]. In this section we examine
whether the non-null geodesics of pseudo-plane, pseudo-
sphere S (r), hyperbolic space H7 (r) and pseudo-cylinder
C? (r) are generalized relaxed elastic lines.

Example 1 The geodesic torsion T, and the normal
curvature K, vanishes for all curves in the pseudo-plane
P.

This gives rise to the following corollary.

Corollary 1 Any non-null geodesic on pseudo-plane P is
a generalized relaxed elastic line.

Example 2 The pseudo-sphere S? (r) and the hyperbolic
space Hg (r) are non-degenerate surfaces in Minkowski
3-space R?. The pseudo-sphere S% (r) is a timelike surface
and the hyperbolic space Hg (r) is spacelike surface [8].
The geodesic torsion Tg is zero and square of the normal
curvature K7 is rizfor all curves on S3 (r) and H3 (r).

Thus, we can give the following corollary.

Corollary 2 Any non-null geodesics of 3 (r) and HZ (r)
are generalized relaxed elastic line in case of Ay = 0, but
they are not generalized relaxed elastic line in case of

A #0.

Example 3 The pseudo-cylinder C3 (r) is a timelike sur-
face in Minkowski 3-space and parametrized by

X (u,v) = (u,rcosh (;) ,¥sinh (;)) )

where r is the radius of the lorentz circle [8].

Then, for a timelike curve & on C% (r) the geodesic curva-
ture K, the normal curvature k;, and the geodesic torsion
T, are

a9
ds’

Kg =

1 1
K, = ——cosh” 6 and Tg = —sinh @ cosh 6,
r

’
respectively, where 0 is the hyperbolic angle between the
v— coordinate curve through a (s)and the curve .

Then, we have the following result;

Corollary 3 If 6 = 0, a timelike geodesic of the pseudo-
cylinder is a generalized relaxed elastic line when Ay =0,
but it is not when A, # 0.
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For a spacelike curve o on Cl2 (r), the geodesic curvature
K,, the normal curvature k;, and the geodesic torsion T, are

de 1, 1
Ko =—, K, =——cos“60 and T, = —sinfcos 0,
& ds” " r &y
respectively, where 0 is the angle between the

u—coordinate curve through o(s) and the curve
.

Similarly we obtain the following result;

Corollary 4 If 6 = 0 and 0 = +m, spacelike geodesics of
the pseudo-cylinder are generalized relaxed elastic lines
when A, = 0, but they are not when Ay #0. If 6 = +Z,
spacelike geodesics of the pseudo-cylinder are generalized
relaxed elastic lines.
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