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1. Introduction 
 

Let ∑ be a compact, connected, orientable surface of 
genus 𝑔 possibly with finitely many punctures or 
boundary components. The mapping class group 𝑀𝑜𝑑(∑) 
is the group of isotopy classes of orientation preserving 
homeomorphisms of ∑. A classical result asserts that 
𝑀𝑜𝑑(∑) is generated by Dehn twists [1-3] which have 
infinite order. In this paper we restrict to the case where 
∑ is the 𝑛 −puntured disk 𝐷𝑛 where n = 3. Throughout the 
article, a curve 𝑐 in 𝐷𝑛  will mean the isotopy class of an 
essential simple closed curve (i.e. 𝑐 is not homotopic to a 
point, a puncture or a boundary component). We denote 
by 𝑡𝑐  the positive (right-handed) Dehn twist  about the 
curve 𝑐. 

Given 𝑘 simple closed curves on a surface  ∑, 
understanding the algebraic structure of the subgroups 
generated by the Dehn twists about these curves is an 
important problem [4-6]. This problem has been 
completely resolved for the case 𝑘 = 2 using the 
geometric intersection number of the curves [7].  More 
precisely, the geometric intersection number 𝑖(𝑐1, 𝑐2) of 
the curves 𝑐1 and 𝑐2 is defined as the minimal number of 
intersection points between representatives 𝛾1 ∈ 𝑐1 and 
𝛾2 ∈ 𝑐2 . Depending on the value of 𝑖(𝑐1, 𝑐2), many results 
have been obtained concerning the classification of the 
groups generated by two Dehn twists. In particular, it is 

shown in [8-10] that if 𝑖(𝑐1, 𝑐2) ≥ 2, then ⟨𝑡𝑐1
, 𝑡𝑐2

⟩ is 

isomorphic to the free group 𝐹2 of rank two. For further 
classifications of groups generated by two Dehn twists, 
see [5,7]. 

In the three-punctured disk 𝐷3, elements of the 
mapping class group are represented by braids. The action 
of the braid group 𝐵3 on curves is described by update 
rules in terms of Dynnikov coordinates [11,12]. In this 
paper, using the update rules for 𝐵3, the action of Dehn 
twists is expressed in Dynnikov coordinates [11,13,14]. 
This coordinate-based alternative approach allows the 
ping–pong dynamics underlying the freeness of the 
subgroup generated by the Dehn twists along the given 
curves to be realized concretely on subsets of a coordinate 
space. 

This paper is organized as follows. In Section 2, we 
briefly introduce the Dynnikov coordinate system and 
present the update rules for 𝐵3. Using these update rules, 
we then describe the action of Dehn twists along standard 
curves in terms of Dynnikov coordinates. In Section 3, we 
prove Theorem 1.1.  

Theorem 1.1 
Let 𝑐1 and 𝑐2 be standard curves in 𝐷3. Then 𝐺 =

⟨𝑡𝑐1
, 𝑡𝑐2

⟩ ≅  𝐹2. 

 

2. Actions of Dehn Twists on Dynnikov Coordinates 

 
In this section, we first briefly introduce the Dynnikov 
coordinate system [11] and the update rules describing 
the action of the braid group 𝐵3  on curves in 𝐷3 in terms 
of Dynnikov coordinates. We then use these rules to 
compute the action of Dehn twists along standard curves 
via the corresponding update rules. 
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2.1 Dynnikov Coordinates 

 
Figure 1. Dynnikov arcs 

Dynnikov coordinates on 𝐷𝑛 are defined using the system 
of Dynnikov arcs 𝛼𝑖  (1 ≤ 𝑖 ≤ 2𝑛 − 4) and 𝛽𝑖  (1 ≤ 𝑖 ≤
𝑛 − 1) shown in Figure 1. For each element ℒ of the set 
ℒ𝑛of multicurves (finite families of curves) in 𝐷𝑛, there 
exists a representative 𝐿 ∈  ℒ that intersects each 
Dynnikov arc minimally. Let the intersection numbers with 
the arcs be denoted again by 𝛼𝑖  and 𝛽𝑖. Then the Dynnikov 
coordinate function 
 

𝜌 ∶  ℒ𝑛 →  ℤ
2𝑛−4   \{0} 

is defined, for 1 ≤  𝑖 ≤  𝑛 − 2, by 

 

𝑎𝑖 =
(𝛼2𝑖− 𝛼2𝑖−1)

2
,    𝑏𝑖 =

(𝛽𝑖− 𝛽𝑖+1)

2
. 

 

Moreover, the Dynnikov coordinates of ℒ are given by 

 

𝜌(ℒ) =  (𝑎;  𝑏) = (𝑎1, … , 𝑎𝑛−2;  𝑏, … , 𝑏𝑛−2). 
 

2.2 Update Rules 
The mapping class group  𝑀𝑜𝑑(𝐷𝑛)   acts well on  ℒ𝑛 

 (each mapping class sends each curve to a curve). 
Moreover, since 𝑀𝑜𝑑(𝐷𝑛)   is isomorphic to the Artin 
braid group 𝐵𝑛, the group 𝐵𝑛 also acts well on  ℒ𝑛. The 
action of  𝐵𝑛 on  ℒ𝑛  is described by update rules in terms 
of Dynnikov coordinates  [11,12]. Since in this paper we 
work on the surface 𝐷3, the update rules required are 
those for 𝐵3, which are given in Theorem 2.1. 
 
Theorem 2.1. Let (a ,b)  ∈  ℤ² \ {0}.  For each      1 ≤ 𝑖 ≤ 2 

, write 𝜎𝑖(𝑎, 𝑏) = (𝑎′, 𝑏′)  and  𝜎𝑖
−1(𝑎, 𝑏) = (𝑎̃, 𝑏̃). 

 

For i = 1: 

𝑎′ =  (𝑎 +  𝑏)  −  𝑚𝑎𝑥(0, 𝑎, 𝑏)  

𝑏′ =  𝑚𝑎𝑥(0, 𝑏)  −  𝑎  

𝑎̃ =  𝑚𝑎𝑥(0, 𝑎 +  𝑚𝑎𝑥(0, 𝑏))  −  𝑏 

𝑏̃  =  𝑚𝑎𝑥(0, 𝑏)  +  𝑎 

 

For i = 2: 
𝑎′ = 𝑚𝑎𝑥(𝑎 + 𝑚𝑎𝑥(𝑎, 𝑏) , 𝑏)  

𝑏′ = 𝑏 − a − 𝑚𝑎𝑥(0, 𝑏)   

𝑎̃ =  𝑎 − 𝑚𝑎𝑥(0, 𝑎 +  𝑏, 𝑏) 

𝑏̃  =  𝑎 +  𝑏 +  𝑚𝑎𝑥(0, 𝑏)  

 

 
Figure 2. Standard curves on the three-punctures disk 
 

Definition. 
In 𝐷3, the curves 𝑐1, 𝑐2 𝜖 ℒ₃  with Dynnikov coordinates  

𝜌(𝑐₁)  =  (0;  1) 

   𝜌(𝑐₂)  =  (0; −1) 

are called standard curves (see Figure 2). 
 
Using the identities 𝑡𝑐1

 =  𝜎₁² and 𝑡𝑐2
 =  𝜎₂² together 

with the update rules given in Theorem 2.1, one can 
derive explicit formulas describing the action of Dehn 
twists along the standard curves in 𝐷3 in terms of 
Dynnikov coordinates. Similar computations apply to 
𝑡𝑐1

−1  =  𝜎1
−2   and 𝑡𝑐2

−1  =  𝜎₂⁻². 
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Lemma 1.1 (Action of  𝒕𝒄𝟏
 ) 

Let ℒ ∈  ℒ₃ be a curve with Dynnikov coordinates 
𝜌(ℒ)  =  (𝑎;  𝑏). Then the Dynnikov coordinates 
𝜌(𝑡𝑐1

(ℒ))  =  (𝑎″;  𝑏″) are given as follows. 

 
Case 1: 𝑎 > 0, 𝑏 > 0  

   (i) 𝑎 > 𝑏     
𝑎″ =  𝑏 −  𝑎,    𝑏″ =  −𝑏  
 

   (ii) 𝑎 < 𝑏 𝑎𝑛𝑑  2𝑎 > 𝑏   
𝑎″ =  −𝑎 +  𝑏,    𝑏″ =  −2𝑎 +  𝑏  
 

   (iii) 𝑎 < 𝑏 𝑎𝑛𝑑 2𝑎 < 𝑏   
𝑎″ =  𝑎,    𝑏″ =  −2𝑎 +  𝑏  

 
Case 2: 𝑎 < 0, 𝑏 > 0   

𝑎″ =  𝑎,    𝑏″ =  −2𝑎 +  𝑏  
 
Case 3:  𝑎 < 0, 𝑏 < 0 
𝑎″ =  𝑎 +  𝑏,    𝑏″ =  −2𝑎 −  𝑏  

 

Case 4: 𝑎 > 0, 𝑏 < 0  
𝑎″ =  −𝑎 +  𝑏,    𝑏″ =  −𝑏  

 

Proof. 
We consider Case 1(i). By Theorem 2.1, writing 

𝜎₁(𝑎, 𝑏)  =  (𝑎′, 𝑏′), we have 
𝑎′ =  (𝑎 +  𝑏) −  𝑚𝑎𝑥(0, 𝑎, 𝑏), 
𝑏′ =  𝑚𝑎𝑥(0, 𝑏)  −  𝑎. 

 

 
Since 𝑎 >  0, 𝑏 >  0, and 𝑎 >  𝑏, it follows that 𝑎′ =

 𝑏 𝑎𝑛𝑑 𝑏′ =  𝑏 −  𝑎. 
Similarly, writing 𝜎₁²(𝑎, 𝑏)  =  (𝑎″, 𝑏″), we obtain 

          𝑎″ =  (𝑎′ +  𝑏′)  −  𝑚𝑎𝑥(0, 𝑎′, 𝑏′),    
                𝑏″ =  𝑚𝑎𝑥(0, 𝑏′)  −  𝑎′ . 

 

 
Thus we find 𝑎″ =  −𝑎 +  𝑏 and 𝑏″ =  −𝑏. 

Consequently, the corresponding matrix is 

(
−1 1
0 −1

)  

The remaining cases are computed in a similar 
manner, yielding the matrices listed in Table 1. 
 

Table 1. Action of the Dehn Twist 𝑡𝑐1
in Dynnikov Coordinates 

𝑎 >  0, 𝑏 >  0  

 

2𝑎 <  0, 𝑏 >  0 

 

 

2𝑎 <  0, 𝑏 <  0 

 

 

2𝑎 >  0, 𝑏 <  0 𝑎 >  𝑏 𝑎 <  𝑏, 2𝑎 >  𝑏 𝑎 <  𝑏, 2𝑎 <  𝑏 

 

(
−1 1
0 −1

) 

 

(
−1 1
−2 1

) 

 

(
1 0

−2 1
) 

 

(
1 0

−2 1
) 

 

(
1 1

−2 −1
) 

 

(
−1 1
0 −1

) 

 

 

The following lemmas are proved in a similar manner. 

Lemma 1.2 (Action of 𝒕𝒄𝟐
 ) 

Let ℒ ∈  ℒ₃ be a curve with Dynnikov 
coordinates 𝜌(ℒ)  =  (𝑎;  𝑏). Then the Dynnikov 
coordinates 𝜌(𝑡𝑐2

(ℒ))  =  (𝑎″;  𝑏″) are given as follows. 

  Case 1: 𝑎 > 0, 𝑏 > 0  

 

𝑎″ =  𝑎 +  𝑏,    𝑏″ =  −2𝑎 −  𝑏, 
 

 

  Case 2: 𝑎 < 0, 𝑏 > 0  

 

𝑎″ =  −𝑎 +  𝑏,    𝑏″ =  −𝑏, 
 

 

  Case 3: 𝑎 < 0, 𝑏 < 0  

 

(i) 𝑎 > 𝑏 𝑎𝑛𝑑  2𝑎 > 𝑏   
 

𝑎″ =  𝑎,    𝑏″ =  −2𝑎 +  𝑏, 
 

 

(ii) 𝑎 > 𝑏 𝑎𝑛𝑑  2𝑎 < 𝑏   
 

𝑎″ =  −𝑎 +  𝑏,    𝑏″ =  −2𝑎 +  𝑏, 
 

 

   (iii)         𝑎 < 𝑏     
 

𝑎″ =  −𝑎 +  𝑏,    𝑏″ =  −𝑏. 
 

 

•     Case 4: 𝑎 > 0, 𝑏 < 0 

 

𝑎″ =  𝑎,    𝑏″ =  −2𝑎 +  𝑏.  

 

Lemma  1.3. (Action of 𝒕𝒄𝟏
−𝟏) 

Let ℒ ∈  ℒ₃ be a curve with Dynnikov coordinates 
𝜌(ℒ)  =  (𝑎;  𝑏). Then 𝜌(𝑡𝑐1

−1(ℒ))  =  (𝑎″;  𝑏″) is given as 

follows. 
•  Case 1: 𝑎 >  0, 𝑏 >  0 

𝑎″ =  𝑎,    𝑏″ =  2𝑎 +  𝑏,  

 

• Case 2: 𝑎 <  0, 𝑏 >  0 

   (i) −𝑎 >  𝑏 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  −𝑏,  

 

   (ii) −𝑎 <  𝑏 𝑎𝑛𝑑 − 2𝑎 >  𝑏 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  2𝑎 +  𝑏,  

 

   (iii)  − 𝑎 <  𝑏 𝑎𝑛𝑑 − 2𝑎 <  𝑏 

𝑎″ =  𝑎,    𝑏″ =  2𝑎 +  𝑏.  

 

• Case 3: 𝑎 <  0, 𝑏 <  0 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  −𝑏,  

 

• Case 4: 𝑎 >  0, 𝑏 <  0 

𝑎″ =  𝑎 −  𝑏,    𝑏″ =  2𝑎 −  𝑏.  
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Lemma 1.4. (Action of 𝒕𝒄𝟐
−𝟏) 

Let ℒ ∈  ℒ₃ be a curve with Dynnikov coordinates 
𝜌(ℒ)  =  (𝑎;  𝑏). Then the Dynnikov coordinates 
𝜌(𝑡𝑐2

−1(ℒ))  =  (𝑎″;  𝑏″) are given as follows. 

• Case 1: 𝑎 > 0, 𝑏 > 0 

 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  −𝑏, 
 

 

• Case 2: 𝑎 < 0, 𝑏 > 0 

 

𝑎″ =  𝑎 −  𝑏,    𝑏″ =  2𝑎 −  𝑏, 
 

 

• Case 3: 𝑎 < 0, 𝑏 < 0 

 

𝑎″ =  𝑎,    𝑏″ =  2𝑎 +  𝑏. 
 

 

• Case 4: 𝑎 > 0, 𝑏 < 0 

 

   (i)  −𝑎 < 𝑏     
 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  −𝑏, 
 

 

   (𝑖𝑖)    − 𝑎 > 𝑏 𝑎𝑛𝑑 − 2𝑎 > 𝑏   
 

𝑎″ =  𝑎,    𝑏″ =  2𝑎 +  𝑏, 
 

 

(iii) −𝑎 > 𝑏 𝑎𝑛𝑑 − 2𝑎 < 𝑏   
 

𝑎″ =  −𝑎 −  𝑏,    𝑏″ =  2𝑎 +  𝑏.  

  
Remark. 

Let the sets 𝑄ᵢ be defined by 

𝑄₁ =  {(𝑎, 𝑏)  ∈  ℝ² | 𝑎 ≥  0, 𝑏 >  0}.  

 

𝑄₂ =  {(𝑎, 𝑏)  ∈  ℝ² | 𝑎 ≤  0, 𝑏 >  0}.  

 

𝑄₃ =  {(𝑎, 𝑏)  ∈  ℝ² | 𝑎 ≤  0, 𝑏 <  0}.  

 

𝑄₄ =  {(𝑎, 𝑏)  ∈  ℝ² | 𝑎 ≥  0, 𝑏 <  0}.  

 

Set 𝑋₁ =  𝑄₁ ∪  𝑄₂ and 𝑋₂ =  𝑄₃ ∪  𝑄₄ (see Figure 3). 
Then, by Lemma 1.1 and Lemma 1.2, we observe that 

𝑡𝑐1
(𝑋₂)  ⊂  𝑋₁ and 𝑡𝑐2

 (𝑋₁)  ⊂  𝑋₂. 

Corollary 1.5. (Action of 𝒕𝒄𝟏

𝒑
 on 𝑸₃ and 𝑸₄) 

For every 𝑝 ∈  ℤ \ {0}, we have 

𝑡𝒄𝟏

𝒑
 (𝑄₃ ∪  𝑄₄)  ⊂  𝑄₁ ∪  𝑄₂.  

 

Proof. 

Let 𝜌(𝑡𝒄𝟏

𝒑
(ℒ))  =  (𝑎′, 𝑏′). Repeating computations 

similar to those carried out in Lemma 1.1, we obtain the 
following cases: 

Case 1: If 𝑝 >  0 and (𝑎, 𝑏)  ∈  𝑄₃, then 

𝑎′ =  𝑎 +  𝑏,    𝑏′ =  −(2𝑝)𝑎 − (2𝑝 − 1)𝑏,  

 

which implies (𝑎′, 𝑏′)  ∈  𝑄₂. 

Case 2: If 𝑝 <  0 and (𝑎, 𝑏)  ∈  𝑄₃, then 

𝑎′ =  −𝑎 −  𝑏,    𝑏′ =  2(𝑝 + 1)𝑎 + (2𝑝 + 1)𝑏,  

 

which implies (𝑎′, 𝑏′)  ∈  𝑄₁. 

Case 3: If 𝑝 >  0 and (𝑎, 𝑏)  ∈  𝑄₄, then 

𝑎′ =  −𝑎 +  𝑏,    𝑏′ =  2(𝑝 − 1)𝑎 − (2𝑝 − 1)𝑏,  

 

which implies (𝑎′, 𝑏′)  ∈  𝑄₂. 

Case 4: If 𝑝 <  0 and (𝑎, 𝑏)  ∈  𝑄₄, then 

𝑎′ =  𝑎 −  𝑏,    𝑏′ =  −2𝑝 𝑎 +  (2𝑝 + 1)𝑏,  

 

which implies (a′, b′) ∈ Q₁. 

Corollary 1.6. (Action of 𝒕𝒄𝟐

𝒑
 on 𝑸₁ and 𝑸₂) 

For all 𝑝 ∈  ℤ \ {0}, we have 

𝑡𝑐2

𝑝
(𝑄₁ ∪  𝑄₂)  ⊂  𝑄₃ ∪  𝑄₄.  

 
Proof. 

Let 𝜌(𝒕𝒄𝟐

𝒑
 (ℒ))  =  (𝑎′, 𝑏′). Repeating computations 

similar to those carried out in Lemma 1.2, we obtain the 
following cases: 
Case 1: If 𝑝 >  0 and (𝑎, 𝑏)  ∈  𝑄₁, then 

𝑎′ =  𝑎 +  𝑏,    𝑏′ =  −(2𝑝)𝑎 − (2𝑝 − 1)𝑏,  
 
which implies (𝑎′, 𝑏′)  ∈  𝑄₃. 

Case 2: If 𝑝 <  0 and (𝑎, 𝑏)  ∈  𝑄₁, then 

𝑎′ =  −𝑎 −  𝑏,    𝑏′ =  2(𝑝 + 1)𝑎 + (2𝑝 + 1)𝑏,  
 
which implies (𝑎′, 𝑏′)  ∈  𝑄₄. 

Case 3: If 𝑝 >  0 and (𝑎, 𝑏)  ∈  𝑄₂, then 

𝑎′ =  −𝑎 +  𝑏,    𝑏′ =  2(𝑝 − 1)𝑎 − (2𝑝 − 1)𝑏,  
 
which implies (𝑎′, 𝑏′)  ∈  𝑄₃. 

Case 4: If 𝑝 <  0 and (𝑎, 𝑏)  ∈  𝑄₂, then 

𝑎′ =  𝑎 −  𝑏,    𝑏′ =  −2𝑝 𝑎 +  (2𝑝 + 1)𝑏,  
 
which implies (𝑎′, 𝑏′)  ∈  𝑄₄. 

 

 
 
 
 

 
Figure 3: The regions  𝑄1 and  𝑄2. 
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3. Proof of the Main Theorem 
 

In this section, letting 𝑐₁ and 𝑐₂ be the standard curves 
shown in Figure 2, we prove that the group generated by 
𝑡𝑐1

 and 𝑡𝑐2
 is free, using the results established in Section 

2. The proof is based on an explicit ping–pong 
construction carried out in Dynnikov coordinates, where 
the update rules make it possible to identify the required 
dynamical properties directly at the level of coordinates. 
The main tool of the proof is the Ping–Pong Lemma, which 
appears in several variants in the literature and provides a 
sufficient criterion for freeness. In this paper, we use the 
version given in [15]. 
 

Ping–Pong Lemma. 
Let G = ⟨g, h⟩ be a group generated by the elements g 
and h acting on a set 𝑋. Suppose that there exist 
nonempty, disjoint subsets 𝑋𝑔, 𝑋ℎ ⊂  𝑋 such that, for 

every 𝑚 ∈  ℤ \ {0},  𝑔𝑚(𝑋ℎ) ⊂  𝑋𝑔 and ℎ𝑚(𝑋𝑔) ⊂  𝑋ℎ. 
Then ⟨𝑔, ℎ⟩ ≅  𝐹2. 
 

Using the Ping–Pong Lemma together with the Corollaries 
in Section 2, we obtain Theorem 1.1. 

 

Proof of Theorem 1.1. 
 

Let 𝐺 = ⟨𝑡𝑐1
, 𝑡𝑐2

⟩ and let 𝑋 =  ℝ2\ {0}. Define subsets 

𝑋1, 𝑋2 ⊂  𝑋 by 𝑋₁ =  { (𝑎, 𝑏)  ∈  ℝ² | 𝑏 >  0 } and              
𝑋₂ =  { (𝑎, 𝑏)  ∈  ℝ² | 𝑏 <  0 }. As illustrated in Figure 3, 
we have 𝑋1= 𝑄1 ∪  𝑄2 and 𝑋2 =  𝑄3 ∪  𝑄4, and clearly 

 𝑋1 ∩  𝑋2 =  ∅. Moreover, by Corollary 1.5 and 

Corollary 1.6, for every 𝑝 ∈  ℤ \ {0} we have 𝑡𝑐2

𝑝 (𝑋1) ⊂

 𝑋2 and 𝑡𝑐1

𝑝 (𝑋2) ⊂  𝑋1. Therefore, by the Ping–Pong 

Lemma, 𝐺 = ⟨𝑡𝑐1
, 𝑡𝑐2

⟩ ≅  𝐹2. 
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